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This paper is devoted to the issues in development and implementation of parallel
algorithms for solving practical problems. We consider a routing problem with constraints
and complicated cost functions. The visited objects are assumed to be clusters, or
megalopolises (nonempty finite sets), and the visit to each one entails certain tasks, which
we call interior jobs. The order of visits is subject to precedence constraints. The costs

of movements depend on the set of pending tasks (not yet complete at the time of the

movement), which is also referred to as "sequence dependence", "position dependence”, and

"state dependence". Such dependence arises, in particular, in routing problems concerning
emergencies at nuclear power plants, similar to the Chernobyl and Fukushima Daiichi
incidents. For example, one could consider a disaster recovery problem concerned with
sequential dismantlement of radiation sources; in this case, the crew conducting the
dismantlement is exposed to the radiation from the sources that have not yet been dealt
with. Hence the dependence on pending tasks in the cost functions that measure the
crew’s radiation exposure. The latter dependence reflects the "shutdown" operations for the
corresponding radiation sources. This paper sets forth an approach to a parallel solution for
this problem, which was implemented and run on the URAN supercomputer. The results
of the computational experiment are presented.

Keywords: dynamic programming; route; sequencing; precedence constraints; parallel
computation.

Introduction

Many real-life problems feature the issues connected with routing (transportation,
routing the tool of CNC plate cutting machines, minimization of staff exposure to
radiation during operations in radioactively contaminated environment). This paper is
devoted to a study of an important class of discrete optimization problems, namely,
the problems concerning multiple movements under constraints. The prototype of the
considered problem is the well-known intractable travelling salesman problem (TSP),
see |1, Ch. 3|; to name just a few works on TSP, [2-9]. However, in applications, one often
has to satisfy certain additional constraints. In particular, constraints arise in the problem
of minimizing the exposure of nuclear power plant staff conducting operations related to
dismantling radiation sources. A typical characteristic of the latter problem is dependence
on the set of pending tasks: only the sources that are not yet dismantled at the time of each
operations do "radiate". There are also other applications [10-12|. Another peculiarity,
which arises, for example, in the known problem of dismantling a decommissioned nuclear
power generation unit, consists in precedence constraints on the sequence of operations;
this is formalized by specifying ordered pairs (OP) of operations where the first component
of the pair must be conducted before the second one. Finally, in contrast with "ordinary"
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TSP, in applications, the "cities" visited may possess some internal structure and are
thus rendered not as "cities" but as clusters of cities, or megalopolises, which introduces
a certain additional variation into the movements — the problem develops a two-layer
hierarchy: layer one is the sequencing of megalopolises through a permutation of their
indices — the route, and layer two is the choice of a "track" along the given route, i.e., the
exact versions of movements through the megalopolises. The arguments leading to a two-
layer optimization problem are stated in [13], and the applications of methods developed
in [13] for problems of nuclear power generation are discussed in [14,15].

Among the applications of theoretical constructions of [13], note the problems of
machine engineering concerned with CNC cutting machines; see [16-20].

In this connection, note that in routing problems of appreciable dimension one could
hardly avoid the use of heuristics, particularly in nonmetric statements (with nonmetric
travel cost functions), which is the case for the problem considered in this paper. However,
then, there appears the problem of testing the heuristics on problem instances of the
corresponding class. This can be conducted (see [21]) on model problem instances of smaller
dimension that nevertheless possess all features of the problem statement: constraints,
cost functions, etc. In the mentioned model problems, we intend to use the DP apparatus
to find the value (extremum). Then, by running the heuristics on the same problems,
after a representative body of statistics is accumulated, one could analyze how close the
heuristic results are to the mentioned extremum. After a heuristic is determined to be
"sufficiently good" in the mentioned sense, we can later apply it to a "big" problem that
can no longer be solved through DP. Thus, DP can be used to create a kind of proving
ground for heuristics; still, it is possible that the success of a heuristic on model problem
instances will not transfer to instances of greater dimension, whence a desire to expand
the usability frame of DP as a testing instrument onto model problem instances of greater
dimension, which could not be solved on a personal computer. It is deemed worthwhile
to use supercomputers to consider the model problem instances the dimensions of which
are closer to their real-life prototypes while retaining all complications and additional
constraints typical in practice (expand the proving ground boundaries). To this end, we
use a parallel version of dynamic programming aimed at supercomputers; in this paper,
we describe the constructions aligned with the problem of minimizing nuclear power plant
staff exposure to radiation during operations connected with dismantling radiation sources.

1. Problem Statement and Discussion

Let us start with general definitions, notions, and notations. The symbol 2 denotes
equality by definition. A set, all elements of which are themselves sets is called a family.
The real line is denoted by R; R 2 {£eR|0KEL N 2 {1;2;...} and Ny 2NU {0} =
{0;1;2;...}, NC Ny C R. For p € Ny and ¢ € Ny, assurnegﬁé {teNo|(p<t)&(t <
q)}. For every ordered pair (OP) z = (a,b) of arbitrary objects a and b, denote by pr,(z)
and pry(z), respectively, its first and second elements: pr,(z) = a, pry(z) = b. For an
object x, the corresponding singleton set is denoted by {x}. For arbitrary objects a, b,
and ¢, by convention [22, p. 17|, assume (a, b, c) 2 ((a,b),c). For three arbitrary sets A,

B, and C| following [22, p. 17|, we assume A X B x C' 2 (Ax B) x C, thus, for y € Ax B
and v € C, we have (u,v) € A x B x C. By R,[S] we denote the set of all functions
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from a nonempty set S into R,. For a set H, denote by P(H) the set of all subsets of H,
’ AN

P'(H) =P(H)\ {@}; denote by Fin(H) the family of all (nonempty) finite sets of P’ (H).
If H is a finite set, then Fin(H) = P'(H). To a nonempty finite set K, assign its cardinality
|K| € N and the (nonempty) set (bi)[K] of all bijections [23, p. 87] of the set 1, | K| onto K;

in addition, |&]| 20 A permutation of a nonempty set 7" is [23, p. 87| a bijection of T’
onto itself; for every permutation « of T, there exists an inverse permutation a~! of the
set T: a(a™(t)) =a at) =t VteT.

Fix a nonempty set X, a point 2° € X, a number N € N, N > 2 (nonempty finite)
sets — megalopolises M; € Fin(X),..., My € Fin(X), and relations M; € P'(M; x
M), ..., My € P'(Myx My). Here and below, assume (2° ¢ M; Vj € 1, N) & (M,NM, =
@ Vpel,N Vqe 1,N\ {p}). For each j € 1, N, OPs from M; determine the feasible
interior jobs connected with visiting M;: the first element of such an OP is the entry point,

and the second element is the exit point. We consider the processes of the following [24,
(3.3)] form:

x° = (pry(21) € Mogry ~ prof 21) € Mp1y) = ... = (pry(2n) € Moy~ Pro(2n) € Mony), (1.1)

where 21 € My, ..., 2y € M), and «a is a permutation of indices of 1, N, hereinafter
referred to as route. Assume that in (1.1) the straight arrows denote the exterior
movements and the wavy arrows denote the motions connected with (interior) jobs. The

objects of our choice are o, 21, ..., 2n. Let M, 2 {pry(z) : z € M} € Fin(M;) Vj €1, N;
X2 {z°} U (UZJL MZ> € Fin(X), X = {z°} U (Uf\i1 MZ> € Fin(X). In connection with
(1.1), note that both exterior movements and interior jobs conducted as the megalopolises

are visited are measured through the given functions, and the results of these measurements
are aggregated additively, which is the natural way for many applications. Here and below,

assume P 2 (bi)[1, N], and also assume that each specific @ € P (see (1.1)) must satisfy
the precedence constraints, which are defined by means of the set K € P(1,N x 1, N) :
OPs from K will be called address pairs; the feasibility of @ € P can be reduced to the
following requirement: for z = (4, j) € K, the set M; must be visited before M;. Here and
below, assume |24, (3.11)] the following:

VK, € P'(K)3z € Ko : pry(z0) # pry(z) Vz € K. (1.2)

Then, the set A of all feasible (with respect to precedence) routes from P has the following
form [24, (3.12)]: A 2 {a € Pla~(pr,(2)) < a'(pry(2)) Vz € K} € P'(P). In connection
with (1.2), note that pry(z) # pry(z) Vz € K. As evident from (1.1), the choice of some
route @ € A does not yet determine the whole process, it must be supplemented with
some track zp, ..., zy. A track has to agree with the given route, and the solution is
constructed in the form of OP consisting of a route and a track, where the route must
be an element of A. It is useful to bear in mind that such interpretation allows one to
consider not only (1.1) but also the partial processes connected with visiting megalopolises
M.k € K, where K C 1,N. Such interpretation is also useful in connection with the
dynamic programming (DP); it was laid out in [21,24,25|. In this paper, we omit its details
and devote most of our attention to the computational concerns. We limit ourselves to
a description of "complete" routes and "tracks" (trajectories), similar to (1.1). Thus, if
a € P, denote by Z, the set of all tuples (z;);cgw 0,N — X x X such that (z =
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(2°,29)) & (2: € My YVt € 1,N); 2, is a nonempty finite set. Feasible solutions will be

represented by the OPs (a, (2);c57), where a € A and (2,5 € Za; N 2p (1,N).
Consider the following cost functions (they are assumed to be known): ¢ € R [X x

XxMN, e € Re[XxXxMN],...,en € Rey[X XX x9N, f € RLX]. In terms of these

functions, let us define the additive criterion: for « € A and (2i),c5xw € Za, set

Callz0) i) 2 le(pra(zeo1),pry (20, {alf) s j € BN+ (1.3)

t=1

+ca (2, {a(7) 1 J € £ NP + f(prsy(2n))-

Our principal problem is as follows: €u[(2;);cox] — min, @ € A, (2);cox € Za; for this
problem, there exists a nonempty set of optimal feasible solutions and the problem’s value
— the following extremum:

A
V = min min €, [(2)..v] € R.. »
€A (zi);epn € Za [(2):ct] + (1.4)

Our goal is to find V' (1.4) and some optimal feasible solution (a®

o € A and (2)),coy € Za0; evidently, they satisfy €ao[(2));com] = V.

, (zo)iem), where

(2

2. Dynamic Programming. Layers of Bellman Function

Our problem is solved by means of a variety of DP [21,24,25], which we specify in a
brief form. We use the construction from [21,24,25], which is based on the layer structure
of the Bellman function; the algorithm of their construction is sketched below. Let us
consider the construction of state space layers by means of the crossing-out operator (for
tasks in the task list) [13, Pt. 2]: I : 91 — 9, specifically, for K € N, set =(K) 2 {z €
K| (pry(z2) € K)& (pry(z) € K)} and I(K) 2 K\ A{pry(z) : z € Z(K)}. Operator I(K)
is used to construct the layers of the state space. To this end, consider a (nonempty)
set G 2 {K € M|Vz € K (pry(2) € K) = (pry(z) € K)}, clearly, I, N € G; we call

its elements feasible task lists. We sort the mentioned lists by their cardinality, G 2

{K € G|s = |K|} Vs € 1, N. Then, the family {G, : j € 1, N} is a partition of G. In
addition, Gy = {{t} : t € 1, N\ K}, where K; = {pr;(2) : z € K}. Also [21, 24, 25],
Gs1 ={K\{j}: KeGy, jeI(K)}Vse2 N. Thus we obtain a recurrence procedure:
Gy ={1,N}, Gy - Gy_1 — ... — Gy. Based on this procedure, we construct the state
space layers, which we denote Dy, Dy, ..., Dy. Specifically, Dy = {(z, @) : x € M}, where
M is by definition the union of all the sets M, i € L, N \ K,. Next, Dy 2 {(2°, T, N)}
(the singleton that contains the OP (2,1, N)). If s € 1, N — 1 and K € G, we have [25]
the following sequence of definitions:

2

J(K) 2 {t e TN\K[{t}UK € Gep ) Mi[K] = | M, D[K]
jeJs(K)
2 {(2,K) 2 € M,[K]} € P'(X x Gy).

Thus, for s € 1, N — 1, the layer D, is defined by the rule

A
D, = | D.K]. (2.1)
Kegs
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It is easy to see that Dy # @, D, # @,...,Dy # @. If s € 1,N, (z,K) € D,,j € I(K),
and z € M, then (pry(2), K\ {j}) € Ds_1.

Recurrence procedure for construction of the layers. Consider a system of
funcions vy € Ry [Dy|,v1 € Ri[D1],...,on € Ry[Dn].

First, define vy € R;[Dy] by the condition vy(x,d) f(x) Vz € 9. Further
constructions implement the following recurrence scheme: for s € 1, N, if the function
Vs—1 € R4 [Ds_1] is already constructed, then vs € R [Ds] can be determined by the rule

1>

vs(x, K) 2 min min [c(z, pry(2), K)+c¢;(2, K)+vs_1(pry(2), K\{j})] V(z, K) € D;. (2.2)

JEL(K)zEM;
From the general constructions of [21,24,25], there follows the equality
V =uy(2°,1,N), (2.3)

which lets us determine the global extremum (see (1.4)). The procedure vy — vy — ... —
V, which is completely defined by virtue of (2.2), can be regarded as an algorithm for
determining V', during which, only one layer of the Bellman function is retained in the
computer’s RAM; for details, refer to [26]. Similar idea was proposed in [27]. Construction
of optimal solution corresponds to [21,24, §4, §7|.

3. Independent Computations of Bellman Function Layers

Further exposition follows a version of general construction [24, 28, 29| connected
with conducting independent computations. Recall that (2.2) and (2.3) state the "final"
formula for determining V' through vy_;. Thus, further constructions require one to
determine vy _1, which is conducted by the procedure below (it is clear how to compute V'
if vy_1 is known). The function vy_; is defined on the set Dy_j, which is defined
through Gy_;. Here and below, assume N > 3; we have

Gyo1 ={LLN\{j}:j € I(1,N)}; (3.1)

since Gy = {1, N}, it is possible to determine Dy_;. Assume all the layer-functions

will be constructed on n nodes, where n 2 |Gy_1| = |I(1, N)| € N. To facilitate these
constructions, each layer Dy, Dy, ..., Dy will be interpreted as a union of n subsets; each
such subset will be distributed to a specific node, which would construct its fragment of
the layer. This construction will be conducted through auxiliary discrete dynamic systems
(DDS), the trajectories of which will be determined through systems of inclusions. Thus,

assume K € Gy_1, and let T[K] be the set of all the tuples (K;),cg7—3:0,N -2 = G

such that (K, £ K)& (Vrel,N—2 Js € I(K,_1): K, = K, \ {s}). Given tuples —
trajectories of the system — are not uniquely determined for each given K; thus, for each

"time" t € 0, N — 2, we have a reachability set (RS) T[K;¢], defined to be the set of all
the lists K; such that (K;) .gv—s are the trajectories from T[K]:

TIK; 1] = {K: : (K:)icow=s € TIK]}, (3.2)

in addition [28,29], ’ﬁ"[K;t] € P/(GN,(tH)). As it is easy to see, for every K € Gy_q,

(TK;0] = {K}) & (T[K;N — 2] C Gy). Now, the families of feasible lists of fixed
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cardinality can be determined through these RSs, specifically,

Gy_gsn = |J T[K:Y] VteO,N-2 (3.3)

KeGn_1

Let us also note that the mentioned RSs could [29, Proposition 16| be determined in a
recurrent fashion for a fixed condition: if K € Gy_; and t € 0, N — 3, then T[K;¢ + 1] =
{P\{h}: P € T[K:t], h € I(P)}. Through RSs, we construct the "individual" (to each
computation node-its own) state space layers: for K € Gy_; and s € 1, N — 1, in view
of (2.1), set

K] |J  DJP eP (D, (3.4)
PeT[K;N—(s+1)]

These layers (3.4) possess the property (pry(z), Q\{s}) € D)[K] Vl€ I, N —2 V(z,Q) €

Di1[K] Vs € I(Q) Vz € M. In view of (3.4), for K € Gy_;1 and s € 1, N — 1, assume

WLIK] = (05(2, P))@e,pyens i) = (0(2, P)) @.pyensii] € R+ [Ds[K]]. (3.5)

In particular, for K € Gy_1, we can determine D;[K] € P'(D;) and W, [K] € R, [D;[K]].
To explicitly describe Dy [K| for K € Gy_1, let us first note, in view of (3.4), that 'ﬁ‘[K; N-—
2] C Gy, whence VP € T[K;N —2] 3t I,N\K, : P = {t}. Consequently [24, 10.4],
we have the property VK € Gy_1 V(z,P) € Di[K] 3t € I, N\K; : P = {t}. In view
of (2.2), and (3.5), we find that, for K € G; and (z, P) € D,[K],

Wi [K](x, P) = vi(z, P) = min min[c(x,pri(2), P) + ¢j(z, P) + vo(pry(2), P\ {4})].

FEI(P) zEM

where P = {t} for a certain ¢t € 1, N \ K; and, consequently [24, Remark 3.2|, I(P) =
I({t}) = {t} = P; then,

Wi [K](x, P) = min min[c(z, pry(2), P) 4+ ¢;(z, P) + f(pry(2))] (3.6)

JjeEP 2€M;

(in (3.6), note that, evidently, M, C 9t and pry(z) € M, since j € P implies j = t). Since
in (3.6) P is a singleton, this formula may be simplified: following [30, (5.7)], consider, for

K € Gy_; (see |29, (62), Proposition 7|, a nonempty set My[K] 2 {he 1,N\ K |{h} €

T[K; N — 2]} for K € Gy_1. In view of (3.4), we obtain

DiKl= |J DPl= |J A{@P):zeM[P]} (3.7)
PeT[K;N—-2] PeT[K;N—2]
where T[K; N — 2] = {{h} : h € My[K]} [27, Proposition 5.1]; thus, from (3.7), we have

]
DyK] = {(z,{h}) : h € My[K], 2 € My[{h}]}. Next, for K € Gy_; and h € My[K],
we have {h} € T[K; N — 2], where h € 1, N \ Ky; thus, {h} € Gy and Ji({h}) = {t €
LN\ {n}|{t;n} € Ga},

M= J M, (38)
jeJi({h})
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In view of (3.6), for K € Gy_1, h € My[K], and = € M;[{h}], we have the following
property: (z,{h}) € D1[K] and

WilE](z, {h}) = min|e(z, pry(2), {h}) + enlz, {h}) + [ (pra(2))]. (3:9)

Through (3.9), we can fully determine the function W;[K], while, to use (3.9) we
have to, knowing K € Gy_; and h € My[K], construct Ji({h}), and then determine
M, [{h}] by means of (3.8), after which we can finally use formula (3.9) for x € M;[{h}].
We determine all the functions W, [K], K € Gy_;. Further constructions will concern
one single computation node. A transformation of a function W;[K] into W;1[K], where
K € Gy_yand [ € 1,N — 2, is determined by a relation similar to (2.2) (indeed, by (3.5),
for (z,Q) € Dl+1[K], s € I(Q), and z € M, the value W[K](pry(2),Q \ {s}) € Ry
is defined and can be used to compute W1 [K](z,Q)). Thus (see (2.2) and (3.5)), for
KeGy 1,1 €1,N—1,and (z,Q) € Di1[K], we have [24, (10.17)]

Wi [K(z, Q) = min min[c(z, pry(2), Q) + ¢(2, @) + WIK](pry(2), Q\ {s})]. (3.10)

Fix K € Gy_;. For this set, we have the corresponding layers Ds[K] (3.4), s €
1, N — 1, which form a nonempty set in the state space. For s € 1, N — 1, the function
WS[K] € R, [Ds[K]| is defined. In particular, the function W, [K| € R, [D; [K]] is defined;
to determine its values, (3.9) should be used in view of the representation of D;[K].
Further construction of functions Wi [K], ..., Wy _1[K] is conducted based on a recurrence
procedure based on (3.10). Specifically, for [ € 1, N — 2, the transformation of W,[K] into
Wii1[K] is determined by the expression V(z, Q) € Dy [K]:

Win[Kl(z, Q) = i mﬁ;[ (z,pri(2), @) + ¢;(2, Q) + WiK](pry(2), @\ {s})]. (3.11)

Rule (3.11) is a specification of (3.10). Thus, (3.11) describes the transformation W,[K] —
Wis1[K]. Since the choice of [ was arbitrary, we obtain the recurrence procedure

Wi [K] = Wh[K] — ... = Wx_1[K]. (3.12)

All computations connected with (3.12) are conducted by a single computation node
independently of other nodes.

4. Construction of Layers of Bellman Function

We note positions [29, Section 7|. In particular, from [29, Proposition 17|, we have the

equalities
| DK] VseILN-T. (4.1)

KeGn_1

Equalities (4.1) provide for a "union" of the processes conducted by the separate
computation nodes. Our intention in this is to construct the layers vy, ..., vy_1. For every
s € 1, N — 1, we have the functions W,[K], K € Gy_;, the domains of which (that is,
the sets D; [K], K € Gy_4) form, in view of (4.1), a cover of Ds. So the function vy

is completely determined. The functions from this collection agree in view of (3.5): for
K,eGy_, Kb eGy_1,s€1,N—1, ({L‘,P) € DS[Kl] ﬂDS[KQ], we have

W[ K4 |(x, P) = vs(x, P) = W[ Ks|(x, P). (4.2)
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In view of (4.1) and (4.2), we obtain the following simple rule of construction of the
function v, for s € 1, N — 1. Having "particular" functions, to determine vg(xg, Ky), where
(x0, Ko) € Ds, first, in view of (4.1), obtain the set Ky € Gy_1 such that (zo, Ky) € Ds[Ko].
Then, in view of (3.5), vs(zo, Ko) = W;s[Ko|(xo, Ko). Property (4.2) means that a specific
choice of Ky € Gy_; with the property (xg, Ky) € Ds[Ko] can be arbitrary. Based on the
given rule, all values of the function vy can be determined and, therefore, the function
itself. Thus, being in possession of functions (3.5), we obtain all the layers vg,vy,...,vn
of the Bellman function. Based on these layers, through procedures that solve the local
problems, we determine the optimal feasible solution. To construct such a solution, the
computer should retain all the layers vy, ..., vy of the Bellman function in its memory.

Algorithm for determining the global extremum. Consider a procedure for
determining V' (2.3), during the implementation of which, in the memory of each
computational node, there is only retained one "particular" function of the form (3.5),
i.e., an "individual" Bellman function layer. Without loss of generality, consider the
computational node that processes the set K € Gy_;. The ultimate goal of the procedure
running on this node is to construct the function Wx_1[K] € R4 [Dn-1[K]].

Principal steps of the iteration procedure.

1) Determine W [K] € R4 [D;[K]] from (3.9).

2) For s € 1, N — 2, assume the "particular" function W;s[K| € R, [D;[K]] is already
constructed. Then, through (3.10), compute the values of the function Wi K], which only
use the values of the function WL[K] (in (3.10), set | = s). This yields the "particular"
function Wsy1[K] € R4 [Ds41]K]]. Next, the memory holding the values W;[K] is released,
and then filled with the values of W, 1[K]: the "particular" functions are overwritten.

3) After consecutively conducting step 2), we obtain Wy_1[K].

After steps 1)-3) are completed at each computation node, there are obtained
Wny_1[K], K € Gy_1. Now, construct vx_; through the equality

Dyva= |J DyvalK] (4.3)

For every state (i,f’) € Dpy_1, determine, by means of (4.3), the set K € Gy_; such
that (&, P) € Dy_1|K]. Then, we have the value Wy_1[K](&, P) € R, for which, in view
of (3.5), there holds the equality vy_y(Z, P) = Wx_1|K](&, P). Thus, we obtain all the
values of the function vy_;. Through the function vy_; (the layer of the Bellman function),
we determine the global extremum V. In connection with this procedure, note [26], where it
was proved that one can determine the value of V' without constructing the optimal feasible
solution for problems of greater dimension. For constructing of the optimal solution, the
above-mentioned algorithm is changed: it is required to determine not only vy_; but all
functions vs,s € 1, N — 1. These functions are required to be kept in the memory of
the computer. The concrete variant of such constructing is connected with (4.2). Under
construction of all functions vg, s € 1, N — 1, it is required to use procedure of Section 3.

5. Model and Computational Experiment

Let us consider a specific version of the general problem; assume X = R x R (the
problem on a plane). We study the formulation where each megalopolis is a system of
entries and exits for a certain zone of heightened intensity of certain harmful factors (in
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particular, radiation). The necessary activities are conducted by a point agent in the
zone. The aim of activities inside a megalopolis is to go from the entry point to the
radiation source, dismantle it, and then leave the megalopolis through an exit point. The
radiation left after dismantling a source is assumed to be negligible. Thus, a megalopolis
is, essentially, a "near zone" of the radiation source. Other (non-dismantled) radiation
sources are also assumed to have a nonnegligible effect both during movement between
megalopolises and during the near zone activities (interior jobs). The effect of radiation is
assumed to be cumulative, whence the additive cost aggregation assumed in this paper.
Another feature of the problem statement is the fact that when moving to a source to
dismantle it, as the agent enters the near zone, the agent is assumed to be affected by it;
however, after dismantlement, as the agent moves to exit the zone, the agent is not affected
by the (dismantled) source anymore. Consequently, the degree of radiation exposure of
the agent during the first stage depends on the length of the stage and, therefore, on the
distance between the entry point and the radiation source. During exterior movements,
the effect of each single source is not as pronounced, however, the cumulative effect of
non-dismantled sources can not be ignored.

Passing by a radiation source s and dismantling it. Let us connect the system
of megalopolises with a system of point "radiating" objects (z;);c1x : 1,N — X with
the following property: z; ¢ M; Vi € 1, N. Dismantlement of the objects zi,...,zy is
the aim of visiting the megalopolises: specifically, during a visit to M,(;), the agent has
to enter some entry point pr;(z;), move to the point z,(;, dismantle the radiation source
number «(i), and then reach an exit point pry(z;). This implements scheme (2.1).

Let us sketch a description of the effect of a single source during the movement from
the given point of the plane to another point (as mentioned before, the exposure suffered
during these movements is summed up) in the "regular" case, when the trajectory does not
pass through any "active" radiation sources. Thus, as the agent moves from a point ¢ to a
point j, the losses (in our model), or rather, the exposure suffered during the movement
due to the effect of the (active) source s is as follows:

eiil{s}] = / o dt =

Pit(t)
(5.1)

_op, e / dp
- (2%} 2 )
VS Rpigp i — pie— ply) + (403500 — (e — PR — PE))?)
where p denotes the Euclidean distance (where necessary, the mentioned distances are
subscripted); s is the intensity of the source s, and v is the movement speed. To calculate
the integral use one of the following table formulas:

/ﬂ_lrt §+0/ﬂ_iln
AL Rz AT 2T 24

depending on whether the sign is 4pz2,jp?73 — (p?’s — p?}s — pij)Q. If the source s lies on the
trajectory of the motion from point ¢ to point j, the cost ¢; j[{s}] is assumed to be a very
large number (roughly speaking, ¢;;[{s}] = oo; in the actual computation, the number
that is several times greater than the most "costly" motion is sufficient).

A+R
A—-R

<
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Approaching radiation source s for dismantlement (determining the cost of
interior jobs). In this case, assume that the point j coincides with s and consider the
exposure suffered by the agent during the approach to the source that is to be dismantled.

Thus, we still follow the model where the exposure is inversely proportional to the
square of the distance to the source; however, to avoid the ill-posedness as the agent
reaches the source, which could lead to a division by 0, the denominator of the integrand
in (5.1) is increased by 1. To account for a more intense radiation in the near zone, we add
factor 3 (which describes the case of radiation intensity not being weakened by obstacles,
the latter being possible during exterior movements). So, in this case, the losses (the
exposure) are calculated by the following formula:

Pij

cisllsh = (sl =3(2) [ 2 = 3(2)actg(p,). 5:2)

v PP+l
0

About constructing of cost functions. For constructing of c,cy,...,cn, it is
required the values defined by (5.1) and (5.2) are summed from s € K, where K is
the corresponding list of tasks that are not implemented at the time of moving (we keep
in mind the determination of values c(z,y, K) or ¢;(z,y, K), where j € 1, N).

Computational experiment. Let us consider the model instances of the routing
problem for dismantling radiation sources on a plane. The megalopolises, which imitate the
possible entry and exit points of the chambers housing the radiation sources, are obtained
by discretizing circles: at each circle, there are 12 points, equally spaced starting with the
point with the angle coordinate of 0. Each megalopolis is assigned a point object, which
imitates the radiation source of the chamber. Let the starting point of the dismantlement
process coincide with the point of origin, i.e., z° = (0,0); after dismantling all radiation
sources, the agent must return to the depot (the point of origin). Recall that function p is
essentially the Euclidean distance. Assume the speed of the agent is 4 times greater outside
the chambers than it is within — this models the intrinsic difficulty of moving inside the
megalopolises, which is due to the presence of hardware, various structures, or mechanisms,
which hamper the rapid movement inside. Here are some results concerning the calculations
on supercomputers URAN. For the model with 30 megalopolises and 30 address pairs (51
pairs in transitive closure [31]) that determine the precedence constraints, the following
results were obtained: total exposure (total losses): 222,9, total computation time: 17m 46s.
For the model with 31 megalopolis and 34 address pairs (63 pairs in transitive closure [31]),
the following results were obtained: total exposure (total losses): 226,5, total computation
time: 15m 56s. Let us now consider the results of the accounts of the same tasks on a
PC. For the model with 30 megalopolises and 30 address pairs, the following results were
obtained: total exposure (total losses): 222,9, total computation time: 7h 26m 7s. For
the model with 31 megalopolis and 34 address pairs, the following results were obtained:
total exposure (total losses): 226,5, total computation time: 6h 29m 55s. A decrease in
computation time for the problem with the greater number of megalopolises is due to
the more "strict" precedence constraints, which significantly decrease both the volume of
computations involved in obtaining the values of the Bellman function and the memory
usage. For more information on the influence of precedence constraints on computation
time and memory usage of dynamic programming solutions, refer to [32]. Calculating the
optimal route for the passage of 45 megacities, with 20 cities each is realized. This setting
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is weakened by 40 conditions of precedence. The calculation was performed on the URAN
supercomputer in the interval 1 hour 1 minute.
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PEINNEHUE 3AJAYYN MAPIIIPYTU3AIINU C UCITOJIBSOBAHUEM
CXEMBI HE3ABUCHUMBbBIX BBIYNCJIEHNN

A.T. Yenuyos'?, A.M. I'puzopves', A.A. Uenuyos'
MucTuryr Maremaruxu u Mexannku uM. H. H. Kpacosckoro YpO PAH, r. Ekarepun6ypr,

Poccmiickast @emeparnst
2Ypanbckuii degepanbHpli yHuBepcHTeT mM. mepsoro Ilpesugenta Poccun B.H. Enpruna,
r. Exarepunbypr, Poccuiickas @enepariust

Crarhs TOCBAIIEHA BOIIPOCAM TOCTPOSHUS W PEAMIAINYN TAPAJIIETIbHBIX AJTOPUTMOB
JIJI PeIeHus MPUKJIAIHBIX 337a4. PaccmarpuBaercs 3aa4a MapIIpyTU3AINAA TepeMerne-
HUH C OTPAHMYEHUSMHU M YCJIOXKHEHHBIMHU (byHKInsaMu croumoctu. lIpenmosaraercs, 9o
OOBEKTHI TIOCEIEHNsST — CYTh METraronchkl (HEMyCThle KOHETHBIE MHOYKECTRA,), TIPH TIOCeIe-
HUU KOTOPBIX JIOJYKHBI BBITIOJHSTCS HEKOTOPBIE PAOOTHI, MMEHYEMBbIE Tajiee BHYTPEHHUMU.
ITo mocranoBKe 3a1a9M MMEIOTCS OTPDAHUYEHWS B BUIE yCJOBUil mpeirnecrsoBanus. CTo-
HMOCTHU MEPEMEeIIeHni 3aBUCAT OT CIHUCKA 33JaHUll, KOTOPHIE HE BBHITIOJHEHBI HA MOMEHT
nepemerriennsi. CuTyanus TaKOro pojia BO3HUKAET, B YACTHOCTH, TIPU ABAPUIHBIX CUTYAIU-
sX, CBga3aHHBIX ¢ paboroit ADC u nomobubix npoucxosdinum B Yepruobbuie u Dykycume.
Peun umer 06 yTuAM3AIMNT UCTOYHUKOB PATAOAKTUBHOIO U3JTyYeHNsI, OCYIIECTBIISIEMON MO~
CJIeIOBATEIbHO BO BPEMEHH; B 3TOM CJIy4Uae HCIOJIHUTENb HAXOOUTCA IOJ BO3AeficTBHEM
HCTOYHUKOB, KOTOPBIE HE ObLINA JIEMOHTUPOBAHBI HA, MOMEHT COOTBETCTBYIOIIETO IepeMe-
mennsi. 3a cYer 3TOro B QYHKIMSIX CTOUMOCTH, ONEHUBAIOIIUX BO3IEHCTBHUE PATUAINN HA
MCIIOJIHUTE I, BOSHUKAET 3aBUCHMOCTH OT CIIMCKA HEBBIMOJHEHHbIX 3aaanuii. [lociemxnme
COCTOSIT B TOM WJI WHOM BAPHUAHTE <BBLIKJIIOUEHUS> COOTBETCTBYIOIIErO UCTOYHUKA. B Ha-
CTOAIIEM HCCIEJOBAHUN W3JIaraeTcs MOAXON K DElIeHUI0 NTaHHOH 33724l IapasiyleIbHBIM
AJITOPUTMOM, peaiu3yeMbiM Ha, cynepkommbiorepe Y PAH. IlpuBenenn! pe3yabTaThl BbIUUC-
JINTETHHOTO IKCIEPUMEHTA.

Katoueevte cno6a: dunamuieckoe npozpamMmuposaHue; Mapuipym; Ycroeus npeduie-

CMMeosaHuA, napaMeJLbem an20pumm.
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