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At present, investigations of Sobolev-type models are actively developing. In the

solution of applied problems the results allowing to get their numerical solutions are very

signi�cant. In the article the algorithm for numerical solving of the initial boundary value

problem is developed. The problem describes the pressure distribution of the homogeneous

�uid in the horizontal layer in the circle. The layer is opened by a vertical well of a small

radius. In our research we suppose that random disturbing loads have an in�uence on the

�uid. The problem was solved under two assumptions. Firstly, we suppose that an unstable

�uid �ow is axially symmetric, and secondly, that in initial moment the pressure in the

layer is constant. After the process of the discretization we modify the original model to

the Cauchy problem for the system of ordinary di�erential equations. For the numerical

solution we use algorithms based on explicit one-step formulas of the Runge � Kutta type

with the seventh-order accuracy and with the selection of the integration step. We also use

the scheme of the eighth-order accuracy to evaluate the calculation accuracy on each steps

of time. According to the results of this control, we choose the time-step. A lot of numerical

experiments have shown high numerical e�ciency of the algorithm that we use to solve the

investigated initial-boundary problem.

Keywords: stochastic Sobolev type equation; numerical solution; Barenblatt � Zheltova

� Kochina model; Cauchy problem.

Introduction. Let G ⊂ Rd be a bounded domain with a boundary ∂G of class C∞.
Consider in the cylinder G× R+ the Barenblatt � Zheltova � Kochina equation [1]

(λ−∆)ut = α∆u+ f, (1)

with the Dirichlet condition

u(x, t) = 0, (x, t) ∈ ∂G× R+. (2)

Model (1), (2) simulates the pressure dynamics of the �uid �ltered in fractured porous
medium with random external in�uences f [2], processes of moisture transfer in a ground
[3] and processes of the solid-to-�uid thermal conductivity in the environment with two
temperatures [4]. In equation (1) α and λ are real parameters, that characterize the
environment; the parameter α ∈ R+, and the parameter λ can also take the negative
values [5]; the additive component f presents the random external load [2]. Our goal is to
�nd the random process u = u(x, t) that satis�es (1), (2) with initial Cauchy condition

u(x, 0) = u0(x). (3)
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It must be noted that the problem (1), (2) in corresponding Hilbert spaces can be
reduced to the linear stochastic Sobolev type equation

Ldu =Mudt+NdW.

You can �nd more historical aspects of the stochastic equations theory (including the
stochastic Sobolev type equations research), for example, in [6].

1. Homogeneous Fluid Filtration. Consider the algorithm of construction of numerical
solution to (1), (2). As an example we consider unstable �ltration of the homogeneous �uid
in the horizontal layer. The layer is opened by a vertical well of a small radius. At the
initial moment pressure of �uid in the layer is constant and is equal to p0. Assume that
a random load begins to in�uence the �uid. Let the domain G ⊂ R2 be presented by
disk with the radius r0 and center on the axis of the well. Introduce a polar system of
coordinates and assume that the �uid �ow is axially symmetric. In this case we can �nd
the �uid pressure in a �ssure if we solve the initial-boundary value problem [1]

(λ−∆r)pt = α∆rp+ A sin(ωt),
|p(0, t)| < +∞, p(r0, t) = 0, p(r, 0) = p0,

(4)

where ∆r =
∂2

∂r2
+

1

r

∂

∂r
, A ∈ R, λ = 1/η, η is a speci�c characteristics of the fractured

ground, α = χ/η, χ is the piezoconductivity coe�cient of the fractured ground.
Then we need to modify (4) to the system of ordinary di�erential equations. So we

make a discretization of the domain G. We work on a segment [0, r0] with the equally
spaced grid rj = (j − 1)hr, j = 1, J , hr = r0/(J − 1), J is the number of discretization
points. It is known that the construction of di�erence approximation for the p-th order
derivatives in the j-th discretization point is based on the formula

(∂pu
∂rp

)
j
=

1

hpr

j+jp∑
i=j−jl

apjiui +O
(
hnu−p
r

)
, (5)

where jl(jp) is the amount of points to the left (right) from the j-th point in which
the derivative is calculated, i is numbers of points that we use in the approximation of
the derivative nu = jl + jp + 1 is the amount of points that we use in the derivative
approximation, nu ≤ J . After we use the expansion of a function p(r, t) in a Taylor series
in the point rj, we can simply receive a system of linear equations to �nd coe�cients
apji. We have already made a special program in Maple Math Software to calculate apji
for p ∈ N-order derivative and for j, i = 1, J . This program gives an opportunity to

use (5) with di�erence approximation errors O
(
hnu−p
r

)
during the process of numerical

simulations.
After we have done the discretization of initial-boundary conditions (4) we obtain a

Cauchy problem for the system of ordinary di�erential equations for the function uj(t).
The system we will write in the matrix form

M
dU(t)

dt
= PU(t) +W,

U(0) = U0.
(6)

118 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2016, vol. 9, no. 2, pp. 117�123



ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

Where M =


1 0 0 . . . 0

b2,1 λ− b2,2 b2,3 . . . b2,J
. . . . . . . . . . . . . . .

bJ−1,1 bJ−1,2 bJ−1,3 . . . λ− bJ−1,J

0 0 0 . . . 1

, U(t) =


u1(t)
u2(t)
...

uJ−1(t)
uJ(t)

,

U0 =


u01
u02
...

u0J−1

u0J

, P =


1 0 0 . . . 0
b2,1 b2,2 b2,3 . . . b2,J
. . . . . . . . . . . . . . .

bJ−1,1 bJ−1,2 bJ−1,3 . . . bJ−1,J

0 0 0 . . . 1

, W =


0

A sin(ωt)
...

A sin(ωt)
0

,

uj is values of pressure in the j-th point of digitalization. If we don't use the point in

derrivativa approximation, then bj,i = 0, otherwise bj,i =
a2ji
h2r

+
a1ji
rjhr

, where the �rst

index j indicates the number of the point in which we make the derivative approximation
and the second index i indicates the number of point, that takes part in the derivative
approximation.

It's easy to show that the determinant of the matrix P is not equal to 0. In rare cases
when we set λ it may be that the determinant of the matrixM equals to 0. In this case we
need to change the amount of points that take part in derivatives approximation. It will
change the value of the determinant of the matrix P and consequently change the value
of the determinant of matrix M . Therefore, we assume that det(M) ̸= 0.

After the invertion of the matrix M from equation (6), we obtain a Cauchy problem
for the �rst-order di�erential equations in the matrix form

dU(t)

dt
= F (t, U(t)), 0 < t ≤ t0,

U(0) = U0,
(7)

where F (t, U(t)) =M−1
(
PU(t) +W

)
.

For the numerical solution of (7) we use algorithms that are based on explicit one-step
formulas of the Runge � Kutta type with the seventh order accuracy [7]:

Un+1 = Un +
13∑
i=1

pn,iki,

ki = hF
(
tn + αiht, ψn +

13∑
j=1

βi,jkj, An +
13∑
j=1

βi,jkj

)
.

(8)

Where ht is a integration step in Runge � Kutta method,

α1 = 0, α2 =
2

27
, α3 =

1

9
, α4 =

1

6
, α5 =

5

12
, α6 =

1

2
, α7 =

5

6
,

α8 =
1

6
, α9 =

2

3
, α10 =

1

3
, α11 = 1, α12 = 0, α13 = 1,

β2,1 =
2

27
, β3,1 =

1

36
, β3,2 =

1

12
, β4,1 =

1

24
, β4,2 = 0, β4,3 =

1

8
,

β5,1 =
5

12
, β5,2 = 0, β5,3 = −25

16
, β5,4 =

25

16
, β6,1 =

1

20
, β6,2 = β6,3 = 0,
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β6,4 =
1

4
, β6,5 =

1

5
, β7,1 = − 25

108
, β7,2 = β7,3 = 0, β7,4 =

125

108
, β7,5 = −65

27
,

β7,6 =
125

54
, β8,1 =

31

300
, β8,2 = β8,3 = β8,4 = 0, β8,5 =

61

225
, β8,6 = −2

9
,

β8,7 =
13

900
, β9,1 = 2, β9,2 = β9,3 = 0, β9,4 =

23

108
, β9,5 =

704

45
, β9,6 = −107

9
,

β9,7 =
67

90
, β9,8 = 3, β10,1 = − 91

108
, β10,2 = β10,3 = 0, β10,4 =

23

108
,

β10,5 = −976

135
, β10,6 =

311

54
, β10,7 = −19

60
, β10,8 =

17

6
, β10,9 = − 1

12
,

β11,1 =
2383

4100
, β11,2 = β11,3 = 0, β11,4 = −341

164
, β11,5 =

4496

1025
, β11,6 = −301

82
,

β11,7 =
2133

4100
, β11,8 =

45

82
, β11,9 =

45

164
, β11,10 = −18

41
,

β12,1 =
3

205
, β12,2 = β12,3 = β12,4 = β11,5 = 0, β12,6 = − 6

41
, β12,7 = − 3

205
,

β12,8 = − 3

41
, β12,9 =

3

41
, β12,10 =

6

41
, β12,11 = 0, β13,1 = −1777

4100
,

β13,2 = β13,3 = 0, β13,4 = −341

164
, β13,5 =

4496

1025
, β13,6 = −289

82
,

β13,7 = −2193

4100
, β13,8 =

51

82
, β13,9 =

33

164
, β13,10 =

12

41
, β13,11 = 0, β13,12 = 1,

p7,1 =
41

840
, p7,2 = p7,3 = p7,4 = p7,5 = 0, p7,6 =

34

105
, p7,7 = p7,8 =

9

35
,

p7,9 = p7,10 =
9

280
, p7,11 =

41

840
, p7,12 = p7,13 = 0.

When we use explicit methods to solve the sti� problem we would like to note that
the integration step is limited not only by calculation accuracy but also by the stability of
the numerical method [8]. We can �nd the local error δn of the method with the seventh
order accuracy by using the next formula [7]

δn =
13∑
i=1

(p8,i − p7,i)ki, (9)

where coe�cients p8i are equals

p8,1 = p8,2 = p7,3 = p7,4 = p7,5 = 0, p7,6 =
34

105
, p8,7 = p8,8 =

9

35
,

p8,9 = p8,10 =
9

280
p8,11 = p8,12 = 0, p8,13 =

41

840
.

If you would like to evaluate the control of the calculation accuracy you can use the next
inequality

||δn|| ≤ ε.
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Here || · || is a norm in RJ , J is the dimension of the matrix column F (t, U(t)), ε is the

necessary calculation accuracy. In our case δn = O
(
h8t

)
. Therefore integration step hac

according to accuracy is calculated with the formula [8]

hac = qht, q = 8

√
ε

||δn||
.

In the case q < 1 we need to repeat the calculation that we received at the step ht and
use the other step hac. Otherwise we must repeat our calculations on the next interval of
time.

2. Results of the Calculation Experiment. The algorithm for solving of problem (4)
that was described in previous paragraph, was implemented in a special program in Maple
Math Software. This program gives us an opportunity to conduct numerical experiments
that �nd the values of the pressure in breaches under a speci�c condition. This condition
describes random loads, that have di�erence in�uence on the seam consumption. We use
the random number generator to choose the constant A ∈ R for function that determines
random loads for the seam consumption. Estimates of experiments show that in equation
(4) the parameter η for di�erent earth materials take the value between very wide limits
η = 10−4 m2 ÷ 106 m2, and the coe�cient χ = 0, 1 m2/s÷ 1 m2/s.

Fig 1. Dependence of pressure p = p(t∗, r)
in a �ssure at moments of time t∗ = 1, 27s,
t∗ = 2, 61s, t∗ = 4s Fig 2. Dependence of pressure p =

p(t, r) in �ssure on t and r

Numerous calculations have shown that the developed algorithm of the solution allows
to �nd the numerical solution of the problem with high computational e�ciency.
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×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÑÒÎÕÀÑÒÈ×ÅÑÊÎÉ
ÌÎÄÅËÈ ÁÀÐÅÍÁËÀÒÒÀ � ÆÅËÒÎÂÀ � ÊÎ×ÈÍÎÉ

Ñ.È. Êàä÷åíêî, Å.À. Ñîëäàòîâà, Ñ.À. Çàãðåáèíà

Â íàñòîÿùåå âðåìÿ àêòèâíî ðàçâèâàþòñÿ èññëåäîâàíèÿ ìàòåìàòè÷åñêèõ ìîäåëåé

ñîáîëåâñêîãî òèïà. Â ðåøåíèè ïðèêëàäíûõ çàäà÷ çíà÷èìûìè ÿâëÿþòñÿ ðåçóëüòàòû,

ïîçâîëÿþùèå ïîëó÷àòü èõ ÷èñëåííîå ðåøåíèå. Â ðàáîòå ðàçðàáîòàí àëãîðèòì ÷èñëåí-

íîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è îïèñûâàþùåé ðàñïðåäåëåíèå äàâëåíèÿ îäíî-

ðîäíîé æèäêîñòè â ãîðèçîíòàëüíîì ïëàñòå, êîòîðûé âñêðûò âåðòèêàëüíîé ñêâàæèíîé

ìàëîãî ðàçìåðà. Ïðåäïîëàãàåòñÿ, ÷òî íà æèäêîñòü äåéñòâóþò âîçìóùàþùèå ñëó÷àé-

íûå íàãðóçêè, à îáëàñòü èññëåäîâàíèÿ ïðåäñòàâëÿåò ñîáîé êðóã ñ öåíòðîì íà îñè ñêâà-

æèíû. Çàäà÷à ðåøàëàñü â ïðåäïîëîæåíèå, ÷òî íåóñòàíîâèâøååñÿ òå÷åíèå æèäêîñòè

îñåñèììåòðè÷íîå, à â íà÷àëüíûé ìîìåíò âðåìåíè äàâëåíèå â ïëàñòå ïîñòîÿííîå. Ïðî-

âîäÿ äèñêðåòèçàöèþ, èñõîäíàÿ çàäà÷à äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ

ïðîèçâîäíûõ, ïðåîáðàçîâàíà ê çàäà÷å Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöè-

àëüíûõ óðàâíåíèé. Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è Êîøè èñïîëüçîâàëèñü àëãîðèòìû,

îñíîâàííûå íà ÿâíûõ îäíîøàãîâûõ ôîðìóëàõ òèïà Ðóíãå � Êóòòû ñåäüìîãî ïîðÿäêà

òî÷íîñòè ñ âûáîðîì øàãà èíòåãðèðîâàíèÿ. Äëÿ îöåíêè êîíòðîëÿ òî÷íîñòè âû÷èñëåíèé

íà êàæäîì âðåìåííîì øàãå èñïîëüçîâàëàñü ñõåìà âîñüìîãî ïîðÿäêà òî÷íîñòè. Èñõîäÿ

èç ðåçóëüòàòîâ ýòîãî êîíòðîëÿ, âûáèðàëñÿ âðåìåííîé øàã. Ìíîãî÷èñëåííûå âû÷èñëè-

òåëüíûå ýêñïåðèìåíòû ïîêàçàëè âûñîêóþ âû÷èñëèòåëüíóþ ýôôåêòèâíîñòè àëãîðèòìà

ðåøåíèÿ èññëåäóåìîé íà÷àëüíî-êðàåâîé çàäà÷è.

Êëþ÷åâûå ñëîâà: ñòîõàñòè÷åñêîå óðàâíåíèå ñîáîëåâñêîãî òèïà; ÷èñëåííîå ðåøå-

íèå; ìîäåëü Áàðåíáëàòòà � Æåëòîâà � Êî÷èíîé; çàäà÷à Êîøè.
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