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The present article is devoted to the study of mathematical models based the Sobolev-
type equations and systems arising in dynamics of a stratified fluid, elasticity theory,
hydrodynamics, electrodynamics, etc. Along with a solution we determine an unknown
right-hand side and coefficients in a Sobolev-type equations of the forth order. The
overdetermination conditions are the values of a solution in a collection of points of a spatial
domain. The problem is reduced to an operator equation whose solvability is established
with the help of a priori estimates and the fixed point theorem. The existence and uniqueness
theorems of solutions for the linear and nonlinear cases are proven. In the linear case the
result is global in time and it is local in the nonlinear case. The main spaces in question are
the Sobolev spaces.
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Introduction

We consider the problem on determining a solution U, the right-hand side, and
coefficients in the equation

LOUtt+L1Ut+L2U:f7 (x7t> GQ:GX (07T>7 (1)

where L; (i = 0, 1,2) are second order operators in the variables z, G is a bounded domain
in R"(n > 1) with boundary ' € C?. The equation is supplemented with the following
initial an boundary conditions:

Ug=¢, S=0Ix(0,T), (2)
Uli=o = Uo(x), Utlt=o = Ur(2). (3)
We assume that the right-hand side in (1) is of the form
F=> alt)filz,t) + folz,1), (4)
=1
where the functions f; (i = 0,1,...,m) are given. The problem is to find the right-hand

side f (i.e. the functions cl(t))) and coefficients of (1) dependent on time with the use
of the overdetermination conditions being the values of a solution U at separate points.
Thus, the overdetermination conditions are as follows:

(il?,, ) ¢2( ) (Z =1,2, "vm)> (5)
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with x; arbitrary points of G. Mathematical models relying on the Sobolev-type
equations of the form (3) arise in many fields of mathematical physics, in particular,
in elasticity theory, hydrodynamics, and electrodynamics. The class of equations (1)
contains the classical Sobolev equation describing small oscillations of a rotating fluid [1],
the Boussinesq — Love model describing the shallow-water waves [2] and longitudinal
oscillations of an elastic rod [3] (see also the monograph [4]), and the models describing
linear waves in a nonmagnetized plasma (see |5]). The inverse problems for the Sobolev-
type equations are not studied well. The main attention in the previous articles was paid to
the equations of the third order, i.e. the pseudoparabolic equations. Describe some results.
The inverse problem of recovering a leading coefficient in a pseudoparabolic equation
with the use of an integral overdetermination condition on the boundary of the domain
is studied in several articles by A.Sh. Lyubanova and E.A. Tani |6, 7]. They establish
local existence and uniqueness theorems and derive some properties of solutions to inverse
problems of this type. Close results but with different overdetermination conditions are
exposed in [8-10, 11]. Some inverse problems for pseudoparabolic equations are presented
in the monograph [12]. The problem of recovering a kernel of an integral operator occurring
in Sobolev-type equations when some functional of a solution is examined in [13|. Close
results are presented in [14]. In the case of forth order models (1), only some particular
results are known. Optimal control problems for the Boussinesq — Love model are examined
in [15-17]. Some inverse problems, one of which is included in our class of inverse problems
(1) - (5), for one-dimensional Boussinesq — Love model is treated in [18,19], where the study
of existence of a solution is reduced to a system of integral equations. Similar existence
theorems in the one-dimensional case are exposed in [20]. Here several inverse problems are
stated. They differ in the overdetermination conditions; an integral condition, the Cauchy
data, the final overdetermination condition, and the condition of the form (5) with m = 1.

In contrast to the previous results, we consider a more general class of multidimensional
models with an arbitrary number of conditions (5). In this case the right-hand side can
be treated as an approximation of an arbitrary function f(t,z) by a finite segment of a
series. In the article we consider the linear case, i.e. the problem on determination of the
right-hand side and nonlinear, i.e. the coefficient problem. The main results are Theorems
3 and 4 stating that in both cases the problem (1) — (5) is well-posed. In the linear case
the result is global in time and respectively local in the nonlinear case.

1. Preliminaries

We employ the Sobolev spaces W, (G) and the Hélder spaces C%(G) (see the definitions
in [21]). The symbol L,(0,7; H) (H is a Banach space) designates the space of strongly
measurable functions defined on [0, 7] with values in H. Below we assume that I' € C?
(see the definition, for example, in Sect. 1, Ch. 1 of [21]), the operators Ly (k = 0,1,2)
are of the form

LU= > afj(w‘,t)Umj + 3 a¥(x, )U,, + af(z, 1)U,
ig=1 i=1

with real coefficients, and Lg is an elliptic operator, i.e., there exists a constant g > 0
such that

m
E 0 2 n )
5,5=1
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Fix a parameter p > n and assume that

@?j € 0(6)7 a?>a8 S C([O,T];LP(G)), @8($at> <0 ae. in @
af; € Ly(0,T; Lo (G)), af,af € Ly(Q) (i,5 =1,2,..,n, k=1,2).

Under these conditions on the coefficients of Ly the following theorem is valid.

Theorem 1. The Dirichlet problem
Lou == f, U,|F == 07 (7)

Jor every f € Ly 0,T;L,(G)) (p > n, ¢ € [l,00]) has a unique solution u €
Ly(0,T;W2(G)) satisfying the estimate

ullzy0 w2y < el fllryo070,)):

where ¢ is independent of f.

Proof. The solvability of problem (7) (depending on the parameter t) results from
uniqueness of solutions (see the maximum principle in Ch. 9 of [22]|) and the Fredholm
property of these problems. Estimates for solutions can be obtained with the use of the
fact that the coefficients of the operator are continuous in ¢ and thus in some neighborhood
of every point ¢y € [0,T], we can prove an estimate of the form ||ullw2() < ¢| Loul, ()
with a constant ¢ independent of ¢. These estimates ensure the global estimate from the
claim of the theorem.

O
Lemma 1. If b € L,(G) with ¢ > n for p < n and ¢ > p for p > n then there ezists a
constant ¢ > 0 such that

16VU L) < ellUllwze) YU € Wi (G). (8)

If b e L,(G) with ¢ > n/2 for p <n/2 and ¢ > p for p > n/2 then there exists a constant
c > 0 such that
60 Iy < lUllwsa) YU € WEG). 9

Proof. The proof coincides with that of Lemma 1 in |23].

Theorem 2. Assume that ¢, ¢, ou € L,(0,T Wg_l/p(G)) (p € (1,00)), f € Ly(Q),
Ui(z) € W}(G) (i = 0,1), conditions (6) for the coefficients and the agreement conditions

@(z,0)|lr = Us(z)|r, ¢i(z,0)[r = Us(x)|r (10)

hold. Then there exists a unique solution to (1) — (3) such that Uy € Ly(0,T;W2(G)),
UU € C([0,T; WHG)). If ¢ =0, Ui(z) =0 (i = 0,1) then there exists a constant ¢ > 0
independent of v € (0,T] and f such that a solution to the problem (1) — (3) satisfies the
estimate

10Ul Loc0riwz@) + Ul L 0rwz@)y + 1Usll L0020 < el fllz,@n (QF =G x (0,7)).
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Proof. Consider the segment [0, 7). Find a function ® such that

D, 0y, Dy € L,(0, T;W2HG)) : @ls =, Plieo = Us(x), Pili—o = Ui(x),

which can be constructed as follows:

Q=+ U+ tUi(z), v = //¢0$Td7df Ao =0, olr = @

(the existence of a function 1 follows from the well-known results, see, for instance, [22]).
The function V = U — ® is a solution to the problem

LoV + LiVi+ LoV = f — Loy — L1 Dy — Lo® =g, V|s=0, V]mo=0, ViJi=o=0.

Theorem 1 yields

t

3
v+// YL \Vi(r,x) + LV (7, 2))drdé = //L Lo(r, x)drde.
0 0

Condition (6) and Lemma 1 validate the estimate (7 < T)

HL(;ILiVHLq(O,T;WI?(G)) S CHVHLQ(O,T;WE(G))a qc [17 00]7 (11)
which for ¢ = oo along with the fixed point theorem allows us to justify the existence
theorem. The estimate from the claim is proven by analogy with that in Theorem 2 in [23].
2. Basic Results
2.1. The Linear Case

Write out the conditions on the data of the problem. In addition to the agreement
conditions (10) we require that

The well-posedness condition. Denote by B the matrix with the entries b;; =
Ly fi(wj,t) and assume that there exists dy > 0 such that

|det B| > &y Vit € [0,T], (13)
where Ly f; is a solution U; to the problem LoU; = f;, Ui|ls = 0.

Theorem 3. Assume that the coefficients of the operators L; (i = 0, 1,2) satisfy conditions
(6), the agreement conditions (10), (12) and the well-posedness condition (13) are fulfilled,
and

fO S Lp(Q)v fz S LOO<OaTa Lp(G))7 Uj € W;(G) (j = 07 ]-)a @7%015’90757? S Lp(O7T7 W;_l/p<G))a

(I GWI?(O,T), i=1,2,....,m, p>n.

Then there exists a unique solution to (1) — (5) such that

UU € C([0,T; W2(@G)), Uy € Lp(0,T; WHG)), ¢ € Ly(0,T), (i=1,2,..,m).
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Proof. As in the proof of Theorem 2, we construct a function ®(z,t) such that &, &, &, €
Ly(0,T; W2(G)), ®ls = @, ®limo = Uo(z), P¢|i=0 = Uir(z). The function V =U — @ is a
solution to the problem

LoVie + LiVi+ LoV = fo— Lo®u — L@y — Lo® + Y cifi = go+ Y cifi,

i=1 i=1

Vi, t) = Uz, t) — (3, 1) = ¢ — (a3, 1) = pi(?),

14
VIs=0, V]eo=0, Vil =0. (14)

Inverting Ly we obtain that
Vie + Ly LoV + Lg LoV = Li'tgo + > ey fi, (15)

i=1
where the operator L' takes a function g into a solution to the problem
LoV =g, V|S =0, V‘t:o =0, V;t|t:0 = 0.

Since @ € W2(G;W7(0,T)) and thereby, (since p > n) changing it on a set of zero
measure if necessary, we can assume that ® € C'(G;W2(0,T)) (see [24]). Therefore,
®(x,-) € W2(0,T), in this case ¢; € WZ(0,T). Putting x = x;, we have

Qpitt+L0_1Ll‘/t<x27 )+L L2V(xl7 ) 0 gO xla +Z 1f] xla Cj(t) Z: 17"'7m'
7j=1

This equality and condition (13) yield

o1 + Lo 'Ly Vi(wy, t) + Ly LoV (21, t) — Ly ' go(1, ) c1
G= B - =

Omitt + Lalle(xma t) + LEILQV(xma t) - Lalgo(l‘m, t) Cm

The latter equality is an operator equation for the vector-function ¢ = (cy, ¢2, .., ¢, ), where
V' = V(c) is an operator taking ¢ into a solution to the problem

AV = LoV + LiVi+ LV = go+ > cifi, Vs =0, V]|=o=0, Vi|=o=0. (16)
i=1

The function V' is representable as V = Ay'go + Ay (O, cifi) = Vo + Ay (O aifi).
Thus, we can rewrite the system for the vector-function ¢ in the form

C=Cp+ R(a7 (17)

P+ Lal(Ll%t<x1; t) + LoVo(z1,t)) — Lalgo(xla t)

Omitt + Lo_l(Ll‘/E)t(xma t) + LQ%(wmy t)) - Lalg()(x’nm t)
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Lo (L10s + Lo) Ayt Y- cifi(a, t)
=1

(2

R(@) = B!

Lo (L0 + Lo) At Y i fi@m, t)
=1

Note that the functions Ly fi(z;,t) belong to Lo (0,T). Indeed, f; € Lo(0,T;L,(G)) and
L7'f; € Loo(0,T;W2(G)). Therefore, for almost all t L™'f; € W2(G). The embedding
theorems (see, for instance, [21]) and the condition p > n imply that the function
Lyt fi(x,t) is continuous in x after a possible modification on a set of zero measure and
we have

1L il )| Los 0y < ClLG  filw, )| o0z (@) < Cullfill Lo 0.0
As easily seen, the estimate || B~ §(¢)||1,0.) < ClIG(t)||L,(0,), is valid for every § € L,(0,7)
and v € [0, 7] with a constant C' independent of v. Thus, we have

m

IRz, 00 < C2 ) I1LoH (Lade + L) AT (D eafi) (s, D)l y0.-

j=1 i=1

In view of embedding theorems and Theorem 2 the right-hand side is estimated by the
quantity

Co Y Lo (L8t L2) Ay O cif)lny0mmwziey < Csl (L0t L) A (O cif)lly0aiLy @y <
j=1 i=1 i=1

< C3y"?||(L,10, + Lz)Aal(Z it L0z, (@) < Cav™?|| ZcifiHLp(QW)-

i=1
The right-hand side here is estimated by C5v'/? > ||ci fill 1, (@) and

v v
lesfillyian = ([ 1eP@) [ 1P (@, 0dod)? < | flaoranen( [ lePEan”
0 G 0

Taking the above inequalities into account, we arrive at the estimate

IR@)[|z, 00 < Cr Pl 0.1, (18)

where C7 is independent of . Thereby, if C7y'/? = gy < 1 then equation (17) is uniquely
solvable. Fix a constant ~y satisfying this condition and examine the equation

é— R(®) = & (19)

We can assume without loss of generality that all constants used in the proof of (18)
are independent of . Let ¢ be a solution to (17) defined on [0,7]. Construct the vector

— < . .
¢ = { 8’ i;z Make the change k1 = ¢ — ¢ (ky = (k' k%, ... k™)) in (19); if Cis a
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solution to (19) on [0,24] then ky = 0 for t < v and ki — R(ky) = @ — & + R(&)). The
right-hand side here vanishes on [0,v] and, respectively, R(k;) = 0 for t < 7.
We can solve the system

ki — R(ky) =@ — & + R(@) (20)

on [7v,2v]. Indeed, if ki € L,(0,2v) then repeating the above argument we establish the
estimate

1RG22 < C Y 16 (Tade + L) A (D K ) (5, ) 1,020 <
=1

J=1

< Z HLal(Llat + LQ)Aal(Z kifi)HLp(%%;W,?(G)) <
i=1

j=1

< Csl|(L10s + L) A O DK £l Lytvzvia(ey) <
=1

< Csy"?||(L1 0, + Lz)Aal(Z K F)ll (2o (cy) < Coy/? Z 15| L, 2 -

i=1 =1
The final estimate is of the form

IRk 1, ¢0,20) < Cov Pkl v,20)

where, without loss of generality, we can assume that C7 is the same constant as that
in (18). Thus, equation (20) has a unique solution ky € L,(0,2v) such that k; = 0 for
t € (0,7). Hence, the function &= & + k; is a solution to (17) from L, (0, 2y). Repeating
the arguments, we can construct a solution ¢ to equation (17) on the whole segment [0, T7].

Construct a function V' as a solution to (16). Demonstrate that V satisfies (14).
Inverting Lo we obtain that V satisfies (15). Taking x = z; in (15), we infer

Vie(wi, 1) + Lo (L0, + L)V (i, t) = Lo go(wi t) + Y Lo 'e;(0) fi(wint). (21)

j=1

But the vector-function ¢ is such that

pin(t) + Lo (L10s + La)V (i, t) = Ly go(wi,t) + Y Lo ¢ () fi(@is 1) (22)
j=1
Subtracting these equalities we obtain Vi (z;,t) — @iu(t) = 0 or OF(V (i, t) — ¢i(t)) = 0.
Integrating from zero to t twice and involving the agreement conditions we obtain that
V(zi,t) — pi(t) = 0. Thus, V(x;,t) = ¢i(t) Vi=1,2,...,m.

O
2.2. Nonlinear Case
Let the right-hand side in (1) and the operators L; (s = 1,2) be of the form
70
=1
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LU =LoU+ Y ()L, I'U = Y (e, t) Uy, + ;af(x, Uy, + ak(x, )U.

k=rs_1+1 1,j=1

The overdetermination conditions are as follows:
Ulpea, = a4(t), a4(t) € WPQ(O,T), r, €G, (i=1,2,..,79). (24)
The agreement conditions are written as
a;(0) = Up(z4,t), a;u(0) =Ui(zit) (1 =1,2,..,r9). (25)

Let a function ® € C*([0, T]; W2(G)) (p > n) is such that & € L,(0,T; W2(G)), ®li—o =
Uo(z), ®4|i=0 = Ur(x), Pli=o = Up(z), ®|s = . Construct a matrix B with rows

Lot fi(mj ), Lyt fa(zj, ), ooy Lo frg (g, 1), — Lo " L0 @ (4, 8), ..., — Lo ' L7 @y (0, 1),
— Ly Lt & (2, ), ., =Ly 'L @ (2, 1), §=1,2,..., 79,
and assume that there exists a constant dg > 0 such that
|det B| > 09 Vt € [0,T], (26)

where Ly f; is a solution U; to the problem LoU; = f;, Ui|s = 0. It is easy to justify that
locally in time condition (26) is independent of the choice of ® under the conditions of the
theorem below.

The condition (A). The operator Ly is a second order elliptic operator and its
coefficients satisfy the first condition in (6), the operators Loi, Loz are of the same form as
Ly, Ly from the previous section and their coefficients satisfy the second condition in (6).
The coefficients of the operators L* (k =17+ 1,...,7;) satisfy the relations

af; € Leo(Q), (i,5=1,2,..,n), af,af € Loo(0,T; Ly(G)), k=ro+1,...,m2. (27

Theorem 4. Assume that condition (A), the agreement conditions (25) and (10), and
the well-posedness conditions (26) hold and

fo € Ly(@Q), fi € Lus(0, T3 Ly(G)), Uj(z) € W(G) (j =0,1),

©, o1, ou € Ly(0, T W;_l/”(G)), a; € WpQ(O,T),i =1,2,...,r9, p>n.

Then there exists a constant vo > 0 such that there exists a unique solution (U, cq,. .., ¢Cpy)
to (1) — (3), (24) fort € [0,70] such that

U, Uy € C([0,7%); WHG)), Uu € Lp(0,70: WZ(G)), ci(t) € Ly(0,7) (i=1,2,...,r2).

Proof. Let ® be a solution to the problem (see Theorem 2)
Lo®y = fo, ®li=o = Up, Pifi=0 = Ui, s = .

We have that &, ®, € C([0,T]; W} (G)), Py € Ly(0,T; W7 (G)). Without loss of generality
we can assume that (26) is fulfilled with this function ®. Then the function V =U — ® is
a solution to the problem

0 71 . 2 .
L()V;t + Ll‘/t + LQV = Z Cz(t)fl(l’, t) - Z Ci(t)Ll(I)t - Z Ci(t>Ll¢, (28)
=1 i=ro+1 i=r1+1
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Vo =0, Vis =0, V(z;,t) = o;(t) — (z;,t) = a5(1). (29)

We have that & € W2(G;W2(0,T)) and thus ® € C'(G;W2(0,T)) after possible
modification on a set of zero measure (see, for instance, (5.4) in [25]). In particular,
®(x5,-) € W2(0,T) and thereby a; € W2(0,T) (j = 1,2,..,r2). Inverting Lo in (28),
we arrive at the equality

To T1 T2
Vit Lo (L0 + L)V = ) () Lo filw, )= Y ci(t) Ly L'®— Y ci(t) Ly L', (30)
i=1 i=ro+1 i=ri+1

Note that the traces Ly ' L'®(z;,t) (i = ro+1,...,71), Ly ' Li®(x;,t) (i = r1+1,...,79) are
defined for almost al ¢ and every of these functions belongs to L. (0,7"). Indeed, we have
Ly L', € W2(G; Ly(0,T)) and thus there exists the trace [25, (5.4)], Ly 'Li®,(x;,) €
L,(0,T). For almost all ¢, we have

Lo 'Ly, 1)| < ]| Li®y(2, )| 1,00 < el P, ) lwz(e-
Therefore,

||L61Liq)t<xjat||Loo(0,T) S CH(ptHLoo(O,T;Wg(G))ﬂ Z =Tp + ]., AT (31)

Similarly we can prove that Ly ' Li®(x;,+) € Loo(0,T) (i = r1+1,...,79) and Ly fi(x;,-) €
L(0,T). Take z = z; in (30). In view of (24), we obtain that

Qjie + Ly (Lo10y + Loo)V (xj,0) + Y. ¢(t) Ly ' L'Vi(wy,t) + Y ct)Ly 'LV (x,t)

i=ro+1 i=r1+1
o 1 ) T2 )
=Y alt)Ly filwyt) = 30 ()L Li®u(zy,t) — 30 cilt)Lg ' L'®(xy, 1),
i=1 i=ro+1 i=r1+1
, . o (32)
where j = 1,2,..,79. Equalities (32) can be written in the form
Bi+ Ri(c) I
Bi= - C A= | 8= d
B’I‘Q + RTQ (6)7 /87‘2
r1 )
where Rk<5> = L61<L018t + L()Q)V(Ik, t) + Z Ci(t>LalL2%(QZk, t) +
i=ro+1
To )
o ¢i(t) Ly L'V (x,t). Thus, we arrive at the operator equation
i=r1+1
B+ Ri(c)
c=c=DB" = R(?). (33)

By + Roy(D),

The right-hand side is an operator R(¢) taking the vector ¢(t) into the right-hand side
of (33), with V(z,t) a solution to (28). Study the properties of this operator. Fix Ry =
QHB‘lBHLP(O,T). By construction, &;; € L,(0,T). Since the entries of the matrix B belong
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t0 Loo(0,T), we have B~ € L,(0,T). Theorem 2 implies that, for every vector-function
c(t) € Br, ={c € Ly(0,T) : ||| z,0,r) < Ro}, the problem

0 T1 T2

LoV + (L0, + Lo)V = 3 () fi(z, t) — 3 a(t)L'®— 3 (t) L',
i=1 i=ro+1 i=r1+1 (34)
V‘t:o = 0, Vt’t:O = 0, V‘S = 07

has a unique solution. For A > 0, we have the estimates

B 1 T B 1/p
supe [Vt 2)lwz o) < T\[1a (/O IVellvz (e Atpdt) Cp+1/g=1.  (35)

In view of (35) and (34), we infer

Viellwz@e ™ Nzy0m) < el (L + L)V Ly L0+

o 1 ) r2 ]
+1 Zlci(t)fi(%t) - X 1Ci(t)L@t - 1Ci(t)L"PllLP(G)@_“HLAo,T)) < (36)
Lo 1=ro+ i=r1+

< ¥z ldlz,0m) + DlIVaee ™l 0.rmwz@) + alldlz,on,

where the constant ¢ is independent of A\. Choosing sufficiently large A > 0 and estimating
the quantity ||c]|z,0,7) by Ro, we obtain that

Vel L, 0mwzay + Vil orwz) + VI L,omwze) < elld,or < c(Ro),  (37)

where ¢(Ry) is independent of ¢ € Bg,. Proceed with further estimates. Let ¢',¢* € Bg,
and let V', V2 be respective solutions to (34). Thus, we infer

LoVt + (Lo1Oy + Loo) VI + 3001, L () LIV + 3702 L () LV =
_Zj 1 ;( )fl(x t) Z] ro+1 ]( )L]®t Z] r1+1 ]( )L]q)

Note that the functions V* satisfy (37). Subtracting equalities (38) for i = 1,2 and denoting
w=V!—V?2 we derive that

(38)

Lowy + (Lo10y + Lo2)w + Z ( )L]Wt + Z ( )LJW =

j=ro+1 j=r1+1
To 1 .
= Zl(c} — ) filz, 1) — Eﬂ(cjl- — )LV - (39)
J= J=ro
— Y (=L Y (= AOLId— Y (¢~ A ()LD
j=ri+1 Jj=ro+1 Jj=ri+l

Inequality (37) and the previous arguments validate the estimate

[wetl| L, 0.0w2(0)) + Wz, 0.mw2@) + Wil L, 0mw26) < callet — A, 0.m)- (40)

The arguments of Theorem 2 imply the estimate

lwiell 0wz (@) + llwillz,0mmzie) + lwllLopwze) < esllet = AL, (41)
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valid for all v € [0,7]. The corresponding estimate of the form (37) is also true with
a constant cs independent of . The estimate is valid for all ¢(t) € Bg,, = {c(t) :
€]l z,0,)<Ro }- Proceed with the estimates for the operator R. The estimate (41) yields

IR(c") = R(A)lz,00) < €3 1L (L@ + Lo2) (V! = V) (5, 1)+
j=1

r

r1 ) 1 ) T2 )
+ 2 ALy LV t) = X Ly LV (wyt) + X oLy L'V (xy,t)—

i=rg+1 i=ro+1 i=r1+1
T ) o 1 g
— X AL LV t)||1,00) Z(H > (ch = ALy LV ayt)+ (42)
i=r1+1 7=1 i=ro+1
+ 3 (e =)Ly LV (w5, 0) | n,00) + |l S (LG LV — V) (1) +
i=r1+1 i=ro+1
+ ZH(C?LSW(VI = V) (@5 t)llzy0m) + calle = ALy
i=ry

Estimate the summands on the right-hand side as follows:
(et = )L ' L'V, (5, )| L00) < llei = Ellz,0m 1L LTV (@5, D) L0,

(e} = )L " L'V (x5, )| 00 < e = Elln,0m I Lo LTV @, )| o)
The embedding theorems and Theorem 1 imply that

1L LV @, )| Ltoy < llVAH@ O Laommzens < v IVill,oamzey G+1=1).
Lo LV @5, )| oy < ellVH@ O Laommzens < YNV 00wz G +3=1).
Hence, we have the estimates
I(ch = )L LV @, 1) 1000 < v 4llel = 1,00, (43)
I(ct = AL LV (@, 1) 000 < 17t = A1, 00), (44)

where the constant ¢; depends on Ry and is independent of . Similarly, employing (41)
we obtain that

le? (Lo " L (Vi (5,1) = Vi (@5, 0)) 2,000 < RocllViH (@, 8) = V(@ )l L owzon <

< RoeyV1||ViE = VB, 0mw2an < eavVelldd = Al 0.
(45)
I (Lo "L (V (g, 1) = V25, 0) | y0) < Roell Ve, 1) = V@, 0) | nesonswiziey <

< RoeyV1||[VE = V2| 0mwzien < ervVelld = Al 0.

(46)
In accordance with (42) — (46), we conclude that
IR(c") = R(*) I, 0 < evlet = 1,00 (47)
Choose vy @ ¢, Va - = 1/2. In this case for ¢*,¢* € Bg,, with v < 7y we have inequality
(47). Moreover, R(¢) = R(¢) — R(0) + R(0) and
1 Ry Ry
IR@lzy02) < IRO)zy00 + 5 180lzy0m < 52+ =2 = Fo.
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Thus, R takes the ball Bg, ., into itself and contractive. The fixed point theorem ensures
the solvability of (34). The facts that V' is a solution to (28) and satisfies conditions (29)
can be proven as in the linear case.
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OBPATHBIE 3AJTAYN JIJIAd MATEMATNYECKUX
MO/JEJIE COBOJIEBCKOI'O THUIIA

C.I. Ilamxos, C.H. Illepeun

Pabora mnocesiiena paccMOTPeHNI0 OOPATHBIX 331a% [T PsI/Ia MATEeMATHIECKUX MOJIe-
neff, OCHOBAHHBIX Ha ypaBHeHHAX U cucreMax CoBONEBCKOrO THIA, BOBHUKAIONMX B THHA-
MUKe CTPATU(DUIMPOBAHHON YKUIKOCTH, TEOPUHU YIIPYTOCTH, THAPOINHAMUKE, 3JIEKTPOINHA~
MUKe U Jpyrux obmacTax. Bmecre ¢ pemmenneM ompeedaoTcsa Hen3BeCTHAs TPABOH 9acT U
ko3 durnments! B ypasuernu Tuna CoboieBa 4eTBEPTOro mopsinka. B KkadecTse ycaoBus me-
peonpeseneHnsa 6epyTCsa 3HAUEHNST PEIIeHUST B OTIEIbHBIX TOYKAX IPOCTPAHCTBEHHOM 00a-
cTu. 3a/1a4a CBOJUTCS K HEKOTOPOMY OIEPATOPHOMY YPaBHEHMUIO, PA3PEIIMMOCTh KOTOPOTO
YCTAHABJIMBAETCS IMPU HOMOIIM ANPHUOPHBIX ONEHOK KM TEOPEMbI O HEMOJBUXKHON TOYKE.
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,ZLOK&SBIB&IOTCH TEOpEMBbI O CymeCTBOBAaHNH M € IMHCTBCHHOCTH PEIICHUA IIOCTaBJIEHHOH 3a-
Ja9n JJIsd JUHEHOTO U HEeJUHEHHOTO caydad. B JINHEITHOM Caydae pe3yJjbTaT ABJIACTCH
I‘.TIO63JIbeIM II0 BpeMeHH, a B HEeJNHENHOM JOKAJbHBIM IIO BpeMEHun. B Ka4yeCTBE€ OCHOBHBIX
MPOCTPAHCTB paccMmarpuaioTces mpocrpanctsa C.J1. Cobosena.

Karoueswe caosa: modeau coboaescrozo muna; ypasuenue Coboaesa; mamemamuie-
CKAA MOOEAD; MEOPEMA CYULLCTNE06AHUA U COUHCTNBERHOCTNY, PEUEeHUA; 00PamHas 3a0aua;
KPaesas 3a0a4a; 80AHbL 6 NAGIME; BPAULAIOULAACH HCUudKocmb; modesv Byccunecka — Jlasa.

JIureparypa

1.

10.

11.

12.

13.

14.

15.

Cob6ones, C.JI. O6 oxmoit HOBOI 3amate maremarndeckoii dbusukn / C.JI. Cobosnes // 13-
Bectust Pocenmiickoit akagevmnn mayk. Cepmst maremarmdeckas. — 1954, — T. 18. — C. 3-50.

Boussinesq, J.V. Essai sur la theorie des eaux courantes / J.V. Boussinesq // Mem. Pesentes
Divers Savants Acad. Sci. Inst. France. — 1877. — Ne 23. — P. 1-680.

Love, A.E.H. A Treatise on the Mathematical Theory of Elasticity. — N.Y.. Dover
Publications, 1944.

Jluneiinble n Hesmueitabie ypasuenust Cobosesckoro tuna / A.I. Ceemnaukos, A.B. Asbius,
M.O. Kopnycos, FO.. Ilieraep. — M.: @u3zmaraut, 2007. — 736 c.

Uxesu, X. DKcrepuMenTaIbHOE UCCIen0Banne coauToHOB B maasme / X. Ukesu // Comuronsr
B neticreun. — M.: Mup, 1981. — C. 163-184.

Jliobanosa, A.IIl. Uaenrudukanus koadduiuenra B CrapiieM 4jieHe ICeBI01apadoIMdecKo-
ro ypasaenns tuna dbuabrpanun / AL JTobanosa // Cubupckuii XKypHaJI HHIYCTPUATHHOM
maremaruku. — 2013. — T. 54, Ne 6. — C. 1315-1330.

Lyubanova, A.Sh. On Inverse Problems for Pseudoparabolic and Parabolic Equations of
Filtration / A.Sh. Lyubanova, A. Tani // Inverse Problems in Science and Engineering.
—2011. - V. 19, Ne 7. — P. 1023-1042.

Koxanos, A.. O paspemumoctu 00paTHBIX 33149 BOCCTAHOBJIEHNS KOI(MDMUIIMEHTOB B ypaB-
uernugax cocrasuoro tuma / A.V. Koxanos // Becrauk HoBocubupckoro rocyiapcrBeHHOTO
yuuBepcuteta. Cepusi: MaTeMaTuKa, Mexannka, nagopmarnka. — 2008. — T. 8, Ne 3. — C. 81-99.

Koxanos, A.1. Hesmueiinble norpyskennbie ypapaenus u obparubie 3aaun / AJ. Koxanos
// 2KypHas BBIYHCIUTEIHHON MaTeMaTHKU 1 MaTeMaTuaeckoil pusuku. — 2004. — T. 44, Ne 4,
- C. 694-716.

Koxanos, A.W. O paspemumoctu K03DPUIMEHTHBIX 00PATHBIX 3a/1a4 JIjisi HEKOTOPBIX ypaB-
uennii coboeBckoro tuma / A.U. Koxkanos // Hayumnsre Bemomoctu Bearoposckoro rocymap-
cTtBeHHOrO yHuUBepcuTeta. Maremarnka. Pusnka. — 2010, — T. 18, Ne 5. — C. 88-98.

Fedorov, V.E. An Inverse Problem for Linear Sobolev Type Equations / V.E. Fedorov,
A.V. Urazaeva // Journal of Inverse and Ill-Posed Problems. — 2004. — V. 12, Ne 4. -
P. 387-395.

Abuabexos, B.C. O6parubie 3ajaun s ncesgonapabonnyeckux ypasuenuit / B.C. AGsabe-
K0B. — bumkek: Wamwm, 2001.

Asanov, A. An Inverse Problem for a Pseudoparabolic Integro-Defferential Operator Equation
/ A. Asanov, E.R. Atamanov // Siberian Mathematical Journal. — 1995. — V. 38, N\e 4. —
P. 645-675.

Favini, A. Differential Equations: Inverse and Direct Problems / A. Favini, A. Lorenzi. —
Boca Raton; London; N.Y.: Chapman and Hall/CRC, 2006. — 304 p.

BambiniseBa, A.A. Onruma/ibHOE yIpaB/eHUe PEIIeHUsIMI HaUaIbHO-KOHEUHOM 33 a9u JIjIs
ypasuenust Byccunecka — JIssa / A A. Bamsimuigesa, O.H. Hpimrerkosa // Becrauk FOYp-
I'V. Cepusi: Maremarnueckoe mojenupoBanue u nporpamvuposanue. — 2012, — Ne 5 (264),
Boi. 11. — C. 13-24.

88

Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2016, vol. 9, no. 2, pp. 75—-89



MATEMATNYECKOE MOJIE/INPOBAHUE

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Bambiisiesa, A.A. HawasbHo-koneunasi 3ajava Jyisi ypaBHenusi Byccunecka-Jlsisa /
A.A. Bamvpmmisiesa, A.B. FOzeesa // Becrank FOVpPI'Y. Cepust: Maremarutieckoe MOZeInpo-
BaHmue u nporpamvuposanme. — 2010. — Ne 16 (192), o, 5. — C. 23-31.

BawmbinisieBa, A.A. Onrumanbaoe ynpasjienue pemenusivu 3aaqu [loyorrepa — Cugoposa
— Mupuxie jyist ypasuenusi Byccunecka — JIgsa / A.A. BampimuisieBa, O.H. Lpimienkosa //
Huddepennmanbubie ypauenusi. — 2013. — T. 49, Ne 11. — C. 1390-1398.

Merpauues, Z.T. Obparnas kpaeBas 3ajada /i ypaBHeHus Byccunecka — JIgBa ¢ romo/iHu-
TeJIbHBIM MHTEerPaJibHbIM yeaoBueM // Cubupckuil »KypHasl HH/LyCTPUAIBHON MaTeMaTHKK. —
2013. - T. 16, Ne 1 (53). — C. 75-83.

Mehraliyev, Ya.T. On Solvability of an Inverse Boundary Value Problem for the Boussinesq
— Love Equation / Ya.T. Mehraliyev // Journals of Siberian Federal University. Mathematics
and Physics. — 2013. — V. 6, Ne 4. — P. 485-494.

Abnabekor, b.C. ObparHasi 3aja4a BOCCTAaHOBJIEHUsT IPABOIl YacTu it ypaBHeHusi Byccu-
necka — Jlgsa / B.C. Abnabekos, A.A. Kaceivanmesa // Bropas Mex TyHapojgHas HaydHAs
mKoJIa-KOH(MepeHng < 1eopusi 1 YUCIEHHBIE METObI PEIIeHUsT O0PATHBIX U HEKOPPEKTHBIX
zajiads, 21-29 cenrabpsa 2010 r. — HoBocubupck: Uncturyt maremaruku um. C.JI. CobosieBa
CO PAH, 2010. - C. 2-4.

Jagpokenckas, O.A. Jluneiinble W KBasuaWHENHbIE yPaBHEHWs SJIMITHYECKOrO THNA /
O.A. Jlageixkenckas, H.H. Ypaasiesa. — M.: Hayka, 1973.

lunbapr, 1. Danunruaeckue nuddepeHinajibHble yPpaBHEHUsT ¢ YaCTHBIMU TPOU3BOJIHBIME
Broporo mopsaka / . T'mn6apr, H. Tpyaunarep. — M.: Hayxka, 1989.

Pyatkov, S.G. On Some Mathematical Models of Filtration Theory / S.G. Pyatkov,
S.N. Shergin // Becrauk FOYpI'Y. Cepus: Maremarudeckoe MOAEIHPOBAHUE U IIPOrPAM-
muposanme. — 2015. — T. 8, Ne 2. — C. 105-116.

Amann, H. Compact Embeddings of Vector-Valued Sobolev and Besov Spaces / H. Amann
// Glasnik matematicki. — 2000. — V. 35, Ne 1. — P. 161-177.

Amann, H. Operator-Valued Foutier Multipliers, Vector-Valued Besov Spaces and
Applications / H. Amann // Mathematische nachrichten. — 1997. — V. 186, Ne 1. — P. 5-56.

Cepreit I'puropbeBuu llaTkoB, 10KTOp (pH3HKO-MaTeMaTHIeCKHX HAyK, Hpodeccop,

kadeapa <Bricmast maremarukas, KOropekuii rocygapctensbiil yausepcureT (T. XaHTh-
Mamucwuiick, Poccniickast @enepanust), S pyatkov@ugrasu.ru.

Cepreit Hukosraesna Illeprun, acnmpant, kadeapa <Beicimas maremarukas, HOrop-

ckuii rocyiapcTBeHHbiii yHuBepcuter (r. Xantei-Mancuiick, Poccuiickag Peneparust),
ssn@ugrasu.ru.

Hocmynuaa 6 pedaxyuro 3 mapma 2016 2.

Bectuuk FOYpI'Y. Cepusa «MaTteMaTudecKoe MoJejinpoBaHUe 89
u nporpammupoBanues (Becruuk FHOYpI'Y MMII). 2016. T. 9, Ne 2, C. 75-89





