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ÎÁÐÀÒÍÛÅ ÇÀÄÀ×È ÎÏÐÅÄÅËÅÍÈß ÃÐÀÍÈ×ÍÛÕ
ÐÅÆÈÌÎÂ ÄËß ÍÅÊÎÒÎÐÛÕ ÓÐÀÂÍÅÍÈÉ
ÑÎÁÎËÅÂÑÊÎÃÎ ÒÈÏÀ

À.È. Êîæàíîâ

Â ðàáîòå èçó÷àåòñÿ ðàçðåøèìîñòü îáðàòíûõ çàäà÷ íàõîæäåíèÿ âìåñòå ñ ðåøåíèåì
íåêîòîðûõ óðàâíåíèé ñîáîëåâñêîãî òèïà òàêæå íåèçâåñòíûõ êîýôôèöèåíòîâ ñïåöèàëü-
íîãî âèäà, îïðåäåëÿþùèõ ãðàíè÷íûå ðåæèìû (ãðàíè÷íûå äàííûå) â ïåðâîé èëè ñîîò-
âåòñòâåííî òðåòüåé íà÷àëüíî-êðàåâûõ çàäà÷àõ. Íàëè÷èå â ïîäîáíûõ çàäà÷àõ íåèçâåñò-
íîãî êîýôôèöèåíòà ïðåäïîëàãàåò, ÷òî íàðÿäó ñ êðàåâûìè è íà÷àëüíûìè óñëîâèÿìè,
õàðàêòåðíûìè äëÿ ñîîòâåòñòâóþùåãî êëàññà äèôôåðåíöèàëüíûõ óðàâíåíèé, çàäàåòñÿ
òàêæå äîïîëíèòåëüíîå óñëîâèå � óñëîâèå ïåðåîïðåäåëåíèÿ. Â íàñòîÿùåé ðàáîòå óñëî-
âèå ïåðåîïðåäåëåíèÿ åñòü óñëîâèå èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ � óñëîâèå ðàâåí-
ñòâà íóëþ íåêîòîðûõ èíòåãðàëîâ ïî ñå÷åíèÿì öèëèíäðè÷åñêîé îáëàñòè ïëîñêîñòÿìè
t = const. Öåëü ðàáîòû � äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåãóëÿðíûõ (èìåþùèõ âñå
îáîáùåííûå ïî Ñ.Ë. Ñîáîëåâó ïðîèçâîäíûå, âõîäÿùèå â óðàâíåíèå) ðåøåíèé. Íàðÿäó
ñ êîíêðåòíûìè ðåçóëüòàòàìè ïðèâåäåíû íåêîòîðûå âîçìîæíûå èõ îáîáùåíèÿ.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; îáðàòíûå çàäà÷è; íåèçâåñòíûå

ãðàíè÷íûå äàííûå; èíòåãðàëüíîå ïåðåîïðåäåëåíèå; ðåãóëÿðíûå ðåøåíèÿ; ðàçðåøè-

ìîñòü.

Çàäà÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, â êîòîðûõ âìåñòå ñ ðåøåíèåì òðåáóåò-
ñÿ îïðåäåëèòü òîò èëè èíîé ïàðàìåòð ñàìîé çàäà÷è, â ìàòåìàòèêå è â ìàòåìàòè÷åñêîì
ìîäåëèðîâàíèè íàçûâàþò îáðàòíûìè çàäà÷àìè [1, 2]. Â íàñòîÿùåé ðàáîòå íåèçâåñò-
íûì ïàðàìåòðîì ÿâëÿåòñÿ êîýôôèöèåíò, îïðåäåëÿþùèé ãðàíè÷íûé ðåæèì; ïðåäïî-
ëàãàåòñÿ, ÷òî ýòîò êîýôôèöèåíò åñòü ôóíêöèÿ îò âðåìåííîé ïåðåìåííîé. Ïîäîáíûå
çàäà÷è ðàíåå èçó÷àëèñü [3�9], íî íå äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà. ×àñòè÷íî âîñ-
ïîëíèòü ýòîò ïðîáåë è äîëæíà ïðåäëàãàåìàÿ ÷èòàòåëÿì ñòàòüÿ.

Íàëè÷èå â îáðàòíûõ çàäà÷àõ íåèçâåñòíîãî ïàðàìåòðà (êîýôôèöèåíòà) ïðåäïîëà-
ãàåò, ÷òî íàðÿäó ñ êðàåâûìè óñëîâèÿìè, õàðàêòåðíûìè äëÿ ñîîòâåòñòâóþùåãî êëàññà
äèôôåðåíöèàëüíûõ óðàâíåíèé, çàäàåòñÿ äîïîëíèòåëüíîå óñëîâèå � óñëîâèå ïåðå-
îïðåäåëåíèÿ. Â íàñòîÿùåé ðàáîòå óñëîâèå ïåðåîïðåäåëåíèÿ åñòü óñëîâèå èíòåãðàëü-
íîãî ïåðåîïðåäåëåíèÿ, èëè, äðóãèìè ñëîâàìè, óñëîâèå ðàâåíñòâà íóëþ íåêîòîðûõ
èíòåãðàëîâ îò ðåøåíèÿ ïî ïðîñòðàíñòâåííîé îáëàñòè.

Äëÿ ðàçëè÷íûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-
ìè çàäà÷è ñ óñëîâèÿìè â âèäå ðàâåíñòâà íóëþ íåêîòîðûõ èíòåãðàëîâ îò ðåøåíèÿ ïî
ïðîñòðàíñòâåííîé îáëàñòè äîñòàòî÷íî àêòèâíî èçó÷àþòñÿ â ïîñëåäíåå âðåìÿ, íî ïðè
ýòîì â îñíîâíîì ðàññìàòðèâàåòñÿ îäíîìåðíûé ñëó÷àé, è â îñíîâíîì èçó÷àþòñÿ çà-
äà÷è äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé. ×òî æå êàñàåòñÿ óðàâíåíèé
ñîáîëåâñêîãî òèïà, òî ïîäîáíûå çàäà÷è ïðåäñòàâëÿþòñÿ ìàëî èçó÷åííûìè � îòìåòèòü
ìîæíî ëèøü ðàáîòû [10�14].

È ïîñëåäíåå çàìå÷àíèå ïåðåä ñîäåðæàòåëüíîé ÷àñòüþ ðàáîòû. Ïî èñïîëüçóåìîé
òåõíèêå íàñòîÿùàÿ ñòàòüÿ áëèçêà ê ñòàòüÿì àâòîðà [15, 16].

Ïåðåéäåì ê ïîñòàíîâêå çàäà÷ è ê èçëîæåíèþ ïîëó÷åííûõ ðåçóëüòàòîâ.
Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà Rn ñ ãëàäêîé (áåñêîíå÷íî-

äèôôåðåíöèðóåìîé) ãðàíèöåé Γ, Q åñòü öèëèíäð Ω×(0, T ) êîíå÷íîé âûñîòû T , f(x, t),
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h(x), N(x) åñòü çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω, t ∈ [0, T ], σ(x) åñòü çà-
äàííàÿ ôóíêöèÿ, îïðåäåëåííàÿ ïðè x ∈ Γ, α åñòü çàäàííîå äåéñòâèòåëüíîå ÷èñëî.
Íàêîíåö, îáîçíà÷èì ÷åðåç S áîêîâóþ ãðàíèöó öèëèíäðà Q: S = Γ× (0, T ).

Îáðàòíàÿ çàäà÷à I: íàéòè ôóíêöèè u(x, t) è q(t) òàêèå, ÷òî

∂

∂t
(u−∆u) + α∆u = f(x, t), (1)

u(x, 0) = 0, x ∈ Ω, (2)

u(x, t) = q(t)h(x), (x, t) ∈ S, (3)∫
Ω

N(x)u(x, t) dx = 0, t ∈ (0, T ) (4)

(çäåñü è äàëåå ∆ åñòü îïåðàòîð Ëàïëàñà, äåéñòâóþùèé ïî ïåðåìåííûì x1, . . . , xn).
Îáðàòíàÿ çàäà÷à II: íàéòè ôóíêöèè u(x, t) è q(t) òàêèå, ÷òî äëÿ ôóíêöèè

u(x, t) âûïîëíÿþòñÿ óñëîâèÿ (2) è (4), è âûïîëíÿåòñÿ òàêæå óñëîâèå

∂u(x, t)

∂ν
+ σ(x)u(x, t) = q(t)h(x), (x, t) ∈ S (5)

(çäåñü è äàëåå ν = (ν1, . . . , νn) åñòü âåêòîð âíóòðåííåé íîðìàëè ê Γ òåêóùåé òî÷êå
x).

Íåêîòîðûå îáîáùåíèÿ îáðàòíûõ çàäà÷ I è II è ïîëó÷åííûõ äëÿ íèõ ðåçóëüòàòîâ,
â òîì ÷èñëå äëÿ èíûõ, íåæåëè (1), óðàâíåíèé ñîáîëåâñêîãî òèïà, áóäóò ïðèâåäåíû â
êîíöå ðàáîòû.

Óðàâíåíèå (1) ïðåäñòàâëÿåò ñîáîé èçâåñòíîå óðàâíåíèå Áàðåíáëàòòà � Æåëòîâà
� Êî÷èíîé, îïèñûâàþùåå ïðîöåññ ôèëüòðàöèè â òðåùèíîâàòîé ñðåäå [17].

Ïóñòü {w1k(x)}∞k=1 åñòü ñèñòåìà ñîáñòâåííûõ ôóíêöèé çàäà÷è

∆w = λw â Ω, w|Γ = 0,

îðòîíîðìèðîâàííàÿ â ïðîñòðàíñòâå L2(Ω), λ1k, k = 1, 2, . . ., åñòü ñîîòâåòñòâóþùèå
ñîáñòâåííûå ÷èñëà.

Îïðåäåëèì ëèíåéíîå ïðîñòðàíñòâî X1:

X1 = {v(x, t) : v(x, t) ∈ L∞(0, T ;W 2
2 (Ω)), vt(x, t) ∈ L2(0, T ;W

2
2 (Ω))}.

Çàäàäèì â ýòîì ïðîñòðàíñòâå íîðìó:

∥v∥X1 =
(
∥v∥2L∞(0,T ;W 2

2 (Ω)) + ∥vt∥2L2(0,T ;W 2
2 (Ω))

) 1
2
;

î÷åâèäíî, ÷òî ïðîñòðàíñòâî X1 ýòîé íîðìîé ÿâëÿåòñÿ áàíàõîâûì ïðîñòðàíñòâîì.
Ïóñòü v1(x, t) åñòü ðåøåíèå ïåðâîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (1) ñ

îäíîðîäíûìè óñëîâèÿìè (2) è (3); ïðè âûïîëíåíèè âêëþ÷åíèÿ f(x, t) ∈ L2(Q) ôóíê-
öèÿ v1(x, t) ñóùåñòâóåò è ïðèíàäëåæèò ïðîñòðàíñòâó X1. Äàëåå, îïðåäåëèì ôóíêöèþ
h1(x) êàê ðåøåíèå çàäà÷è

∆h1(x)− h1(x) = 0 ïðè x ∈ Ω, h1(x) = h(x) ïðè x ∈ Γ.
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Íàêîíåö, ïîñòðîèì ôóíêöèþ V1(x, t), ïðåäñòàâëÿþùóþ ñîáîé ðåøåíèå çàäà÷è

∂

∂t
(V1 −∆V1) + α∆V1 = −αq(t)h1(x), (x, t) ∈ Q,

V1(x, 0) = 0, x ∈ Ω,

V1(x, t)|S = 0.

Ïðåäñòàâèì ôóíêöèþ ∆h1(x) ðÿäîì Ôóðüå:

∆h1(x) =
∞∑
k=1

a1kw1k(x), a1k =

∫
Ω

∆h1(x)w1k(x) dx.

Ôóíêöèþ V1(x, t) òàêæå îïðåäåëèì ðÿäîì Ôóðüå:

V1(x, t) =
∞∑
k=1

ck(t)w1k(x)

ñ íåèçâåñòíûìè ïîêà ôóíêöèÿìè ck(t). Ýòè íåèçâåñòíûå ôóíêöèè îïðåäåëèì êàê ðå-
øåíèÿ çàäà÷è Êîøè

(1− λk)c
′
k(t) + αλ1kck(t) = −αa1kq(t),

ck(0) = 0.

Îáîçíà÷èì β1k =
αλ1k

1−λ1k
, γ1k = −αλ1ka1k

1−λ1k
. Èìåþò ìåñòî ðàâåíñòâà

ck(t) = γ1k

t∫
0

e−β1k(t−τ)q(τ) dτ, V1(x, t) =
∞∑
k=1

γ1k t∫
0

e−β1k(t−τ)q(τ) dτ

w1k(x).

Ââåäåì åùå îáîçíà÷åíèÿ:

ψ1(t) =

∫
Ω

N(x)v1(x, t) dx, b1k =

∫
Ω

N(x)w1k(x) dx, k = 1, 2, . . . ,

G1(t) =
∞∑
k=1

γ1kb1ke
−β1kt, N1 =

∫
Ω

N(x)h1(x) dx.

Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

N1q(t) +

t∫
0

G1(t− τ)q(τ) dτ = −ψ1(t). (6)

Ýòî óðàâíåíèå ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà. Èìåÿ ðàçðå-
øèìîñòü ýòîãî óðàâíåíèÿ, íåòðóäíî áóäåò ïîñòðîèòü ðåøåíèå îáðàòíîé çàäà÷è I.

Ïîëîæèì β1k = max(β1k, 0).
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Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

N(x) ∈ C(Ω), h(x) ∈ W 2
2 (Ω), f(x, t) ∈ L2(Q);

÷èñëîâîé ðÿä
∞∑
k=1

γ1kb1ke
−β1kT

àáñîëþòíî ñõîäèòñÿ;
N1 ̸= 0.

Òîãäà îáðàòíàÿ çàäà÷à I èìååò ðåøåíèå {u(x, t), q(t)} òàêîå, ÷òî u(x, t) ∈ X1, q(t) ∈
W 1

2 ([0, T ]).

Äîêàçàòåëüñòâî. Èç óñëîâèé òåîðåìû âûòåêàåò, ÷òî óðàâíåíèå (8) åñòü èíòåãðàëüíîå
óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà, è ÷òî ýòî óðàâíåíèå èìååò ðåøåíèå q(t), ïðèíàä-
ëåæàùåå ïðîñòðàíñòâó W 1

2 ([0, T ]). Îïðåäåëèì ôóíêöèþ u(x, t):

u(x, t) = v1(x, t) + q(t)h1(x) + V1(x, t).

Î÷åâèäíî, ÷òî ýòà ôóíêöèÿ åñòü ðåøåíèå óðàâíåíèÿ (1), è ÷òî äëÿ íåå âûïîëíÿþò-
ñÿ óñëîâèÿ (2) è (4). Òàêæå î÷åâèäíî, ÷òî äëÿ ôóíêöèé u(x, t) è q(t) âûïîëíÿåòñÿ
ðàâåíñòâî (3). Ñëåäîâàòåëüíî, ôóíêöèè u(x, t) è q(t) äàþò èñêîìîå ðåøåíèå çàäà÷è I.

Òåîðåìà äîêàçàíà.

Çàìåòèì, ÷òî â ñëó÷àå N1 = 0 óðàâíåíèå (6) áóäåò óðàâíåíèåì Âîëüòåððà ïåðâîãî
ðîäà. Êàê õîðîøî èçâåñòíî, â ýòîì ñëó÷àå óðàâíåíèå (6) òðåáóåòñÿ ïðîäèôôåðåíöèðî-
âàòü ïî ïåðåìåííîé t, è åñëè îêàæåòñÿ, ÷òî G1(0) ̸= 0, òî äëÿ ôóíêöèè q(t) âíîâü áóäåò
âûïîëíÿòüñÿ óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà. Óòî÷íèì ëèøü, ÷òî â ýòîé ñèòóàöèè
åñòåñòâåííûì îáðàçîì ïîÿâÿòñÿ äîïîëíèòåëüíûå óñëîâèÿ íà âõîäíûå äàííûå.

Äëÿ îáðàòíîé çàäà÷è II èìåþò ìåñòî ðåçóëüòàòû, â öåëîì àíàëîãè÷íûå âûøåïðè-
âåäåííûì.

Ïóñòü {w2k(x)}∞k=1 åñòü ñèñòåìà ñîáñòâåííûõ ôóíêöèé çàäà÷è

∆w = λw â Ω,
∂w(x)

∂ν
+ σ(x)w(x)|Γ = 0,

îðòîíîðìèðîâàííàÿ â ïðîñòðàíñòâå L2(Ω), λ2k, k = 1, 2, . . ., åñòü ñîîòâåòñòâóþùèå
ñîáñòâåííûå ÷èñëà.

Äàëåå, ïóñòü ôóíêöèÿ v2(x, t) åñòü ðåøåíèå êðàåâîé çàäà÷è

∂

∂t
(v2 −∆v2) + α∆v2 = f,

v2(x, 0) = 0,
∂v2(x, t)

∂ν
+ σ(x)v2(x, t)|S = 0,

ôóíêöèÿ h2(x) � ðåøåíèå çàäà÷è

∆h2(x)− h2(x) = 0 ïðè x ∈ Ω,
∂h2(x)

∂ν
+ σ(x)h2(x) = h(x) ïðè x ∈ Γ.
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Ïîëîæèì

a2k =

∫
Ω

∆h2(x)w2k(x) dx, β2k =
αλ2k

1− λ2k
,

γ2k = −αλ2ka2k
1− λ2k

, b2k =

∫
Ω

N(x)w2k(x) dx, ψ2(t) =

∫
Ω

N(x)v2(x, t) dx,

G2(t) =
∞∑
k=1

γ2kb2ke
−β2kt, N2 =

∫
Ω

N(x)h2(x) dx, β2k = max(β2k, 0).

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ

N(x) ∈ C(Ω), h(x) ∈ W 2
2 (Ω), σ(x) ∈ C(Γ), f(x, t) ∈ L2(Q);

σ(x) ≤ 0 ïðè x ∈ Γ;

÷èñëîâîé ðÿä
∞∑
k=1

γ2kb2ke
−β2kT

àáñîëþòíî ñõîäèòñÿ;
N2 ̸= 0.

Òîãäà îáðàòíàÿ çàäà÷à II èìååò ðåøåíèå {u(x, t), q(t)} òàêîå, ÷òî u(x, t) ∈ X1, q(t) ∈
W 1

2 ([0, T ]).

Äîêàçàòåëüñòâî. Ðàññìîòðèì èíòåãðàëüíîå óðàâíåíèå

N2q(t) +

t∫
0

G2(t− τ)q(τ) dτ = −ψ2(t). (7)

Ðåøåíèå q(t) ýòîãî óðàâíåíèÿ ñóùåñòâóåò, è åñòü ôóíêöèÿ, ïðèíàäëåæàùàÿ ïðîñòðàí-
ñòâó W 1

2 ([0, T ]). Ïîëîæèì

V2(x, t) =
∞∑
k=1

γ2k t∫
0

e−β2k(t−τ)q(τ) dτ

w2k(x), u(x, t) = v2(x, t) + q(t)h2(x) + V2(x, t).

Ôóíêöèè u(x, t) è q(t) è äàäóò èñêîìîå ðåøåíèå çàäà÷è II.
Òåîðåìà äîêàçàíà.

Â ñëó÷àå N2 = 0, êàê è ðàíåå, ìîæíî ïåðåéòè ê ïðîäèôôåðåíöèðîâàííîìó ïî
ïåðåìåííîé t óðàâíåíèþ (7).

Îáñóäèì íåêîòîðûå âîçìîæíûå îáîáùåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ. Ïóñòüm åñòü
öåëîå ïîëîæèòåëüíîå ÷èñëî, L åñòü îïåðàòîð, äåéñòâèå êîòîðîãî íà çàäàííîé ôóíêöèè
v(x, t) îïðåäåëÿåòñÿ ðàâåíñòâîì

Lv =
∂m

∂tm
(v −∆v) + α∆v.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 2. Ñ. 37�45

41



À.È. Êîæàíîâ

Äëÿ óðàâíåíèÿ Lu = f ðàññìîòðèì îáðàòíûå çàäà÷è, àíàëîãè÷íûå çàäà÷àì I è II, íî
ñ çàäàíèåì íà÷àëüíûõ óñëîâèé

∂ku(x, t)

∂tk

∣∣∣∣
t=0

= 0, x ∈ Ω, k = 0, . . . ,m− 1.

Äëÿ ýòèõ çàäà÷ íåòðóäíî ñ ïîìîùüþ îïèñàííîãî âûøå àëãîðèòìà ïîëó÷èòü äëÿ ôóíê-
öèè q(t) èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà. Ïðè âûïîëíåíèè óñëîâèé, âïîëíå àíàëî-
ãè÷íûõ óñëîâèÿì òåîðåì 1 èëè 2, ïîëó÷åííîå èíòåãðàëüíîå óðàâíåíèå áóäåò ðàçðåøè-
ìî â íóæíîì êëàññå; èìåÿ æå ôóíêöèþ q(t), íåòðóäíî ïîñòðîèòü ôóíêöèþ u(x, t), äëÿ
êîòîðîé âûïîëíÿåòñÿ óðàâíåíèå Lu = f , è âûïîëíÿþòñÿ ñîîòâåòñòâóþùèå íà÷àëüíûå
è êðàåâûå óñëîâèÿ.

Óòî÷íèì, ÷òî ïðè m = 2 óðàâíåíèå Lu = f ÿâëÿåòñÿ ëèíåéíûì óðàâíåíèåì Áóñ-
ñèíåñêà ðàñïðîñòðàíåíèÿ âîëí â ïëàçìå [18].

Ñëåäóþùåå çàìå÷àíèå. Êàê è â ðàáîòå [9], ðàññìîòðèì îáðàòíûå çàäà÷è, áîëåå
îáùèå ïî ïîñòàíîâêå, íåæåëè èçó÷åííûå. Ïóñòü N1(x), . . . , Np(x), h1(x), . . . , hp(x)
åñòü çàäàííûå ôóíêöèè, îïðåäåëåííûå ïðè x ∈ Ω.

Îáðàòíàÿ çàäà÷à Ip: íàéòè ôóíêöèè u(x, t), q1(t), . . . , qp(t) òàêèå, ÷òî äëÿ
íèõ âûïîëíÿåòñÿ óñëîâèå

u(x, t) =

p∑
k=1

qk(t)hk(x), (x, t) ∈ S,

äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ óðàâíåíèå (1) è óñëîâèå (2).
Îáðàòíàÿ çàäà÷à IIp: íàéòè ôóíêöèè u(x, t), q1(t), . . . , qp(t) òàêèå, ÷òî äëÿ

íèõ âûïîëíÿåòñÿ óñëîâèå

∂u(x, t)

∂ν
=

p∑
k=1

qk(t)hk(x), (x, t) ∈ S,

äëÿ ôóíêöèè u(x, t) âûïîëíÿþòñÿ óðàâíåíèå (1) è óñëîâèå (2).
Èññëåäîâàíèå ðàçðåøèìîñòè îáðàòíûõ çàäà÷ Ip è IIp ïðîâîäèòñÿ â öåëîì âïîëíå

àíàëîãè÷íî èññëåäîâàíèþ ðàçðåøèìîñòè îáðàòíûõ çàäà÷ I è II, îòëè÷èå ñîñòîèò
ëèøü â òîì, ÷òî âìåñòî îäíîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà ïîÿâèòñÿ ñèñòåìà
ïîäîáíûõ óðàâíåíèé.

Çàìåòèì, ÷òî îáðàòíûå çàäà÷è òèïà çàäà÷ Ip è IIp íåòðóäíî èçó÷èòü è äëÿ óðàâ-
íåíèé Lu = f â ñëó÷àå m > 1.

Â óñëîâèÿõ (3) è (5) èçâåñòíàÿ ôóíêöèÿ h âïîëíå ìîæåò áûòü ôóíêöèåé ïåðåìåí-
íûõ x è t. Ñîîòâåòñòâóþùèå ÷èñëîâûå ðÿäû â ýòîì ñëó÷àå çàìåíÿòñÿ ôóíêöèîíàëü-
íûìè ðÿäàìè, óñëîâèå àáñîëþòíîé ñõîäèìîñòè � óñëîâèåì ðàâíîìåðíîé ñõîäèìîñòè
ðÿäîâ, ñîñòàâëåííûõ èç ìîäóëåé ñëàãàåìûõ. Àíàëîãè÷íîå óòî÷íåíèå ìîæíî ñäåëàòü
è äëÿ îáðàòíûõ çàäà÷ Ip è IIp.

Äàëåå, âî âñåõ îïèñàííûõ âûøå ñèòóàöèÿõ îïåðàòîð Ëàïëàñà ìîæíî çàìåíèòü
ýëëèïòè÷åñêèì îïåðàòîðîì â ñàìîñîïðÿæåííîé ôîðìå è ñ êîýôôèöèåíòàìè, íå çàâè-
ñÿùèìè îò ïåðåìåííîé t.

Íàêîíåö, ïðåäñòàâëåííàÿ òåõíèêà âïîëíå ïîçâîëÿåò ïðîàíàëèçèðîâàòü ñèòóàöèþ,
êîãäà óñëîâèå (4) çàìåíÿåòñÿ äèñêðåòíûì óñëîâèåì

l∑
k=1

δku(xk, t) = 0,
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â êîòîðîì δk åñòü çàäàííûå ÷èñëà, xk åñòü ôèêñèðîâàííûå òî÷êè èç îáëàñòè Ω, k =
1, . . . , l.

Ðàáîòà ïîääåðæàíà Ðîññèéñêèì ôîíäîì ôóíäàìåíòàëüíûõ èññëåäîâàíèé,
ïðîåêò 15-01-06582.
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Inverse Problems for Determining Boundary Regimes for Some
Equations of Sobolev Type

A.I. Kozhanov, Sobolev Institute of Mathematics, Novosibirsk, Russian Federation,
kozhanov@math.nsc.ru

We study the solvability of the inverse problems of �nding a solution to some Sobolev
type equations along with the unknown coe�cients of a special type de�ning the boundary
modes (boundary data) in the �rst or the third initial-boundary value problems respectively.
The presence of an unknown coe�cient in such problems supposes that there is an additional
condition � an overdetermination condition along with the initial and boundary conditions
that are typical for the corresponding class of di�erential equations. In the present work
this condition is represented by the integral overdetermination, when some integrals by the
cross-section of the cylindrical domain by planes t = const are equal to zero. The goal of
this research is to prove the existence of regular (with all needed generalized according to
S.L. Sobolev derivatives) solutions of equation. Along with the speci�c results there are also
some of their possible generalizations.

Keywords: Sobolev type equations; inverse problems; unknown boundary data; integral

overdetermination; regular solutions; solvability.
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