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ÏÐÎÒÅÊÀÍÈß ÄËß ÓÐÀÂÍÅÍÈÉ ÍÀÂÜÅ � ÑÒÎÊÑÀ

Â.Â. Ïóõíà÷åâ

Â ðàáîòå Æ. Ëåðý (1933) äîêàçàíà ðàññóæäåíèåì îò ïðîòèâíîãî ðàçðåøèìîñòü
êðàåâîé çàäà÷è äëÿ óðàâíåíèé Íàâüå � Ñòîêñà ïðè äîïîëíèòåëüíîì óñëîâèè íóëå-
âîãî ïîòîêà ÷åðåç êàæäóþ ñâÿçíóþ êîìïîíåíòó ãðàíèöû îáëàñòè òå÷åíèÿ. Ïðè ýòîì
æå óñëîâèè Ý. Õîïô (1941) ïîëó÷èë àïðèîðíóþ îöåíêó ðåøåíèÿ. Îñòàåòñÿ îòêðûòûì
âîïðîñ: èìååò ëè ýòà çàäà÷à ðåøåíèå ïðè âûïîëíåíèè ëèøü íåîáõîäèìîãî óñëîâèÿ ñóì-
ìàðíîãî íóëåâîãî ïîòîêà? Ðàíåå ðàçðåøèìîñòü òðåõìåðíîé çàäà÷è ïðîòåêàíèÿ óñòà-
íîâëåíà ïðè ìàëûõ çíà÷åíèÿõ ïîòîêîâ (Õ. Ôóäæèòà, 1961; Ð. Ôèíí, 1961), ëèáî ïðè
óñëîâèè áëèçîñòè òå÷åíèÿ ê ïîòåíöèàëüíîìó (Õ. Ôóäæèòà è Õ. Ìîðèìîòî, 1995). Â ñå-
ðèè ðàáîò Ì.Â. Êîðîáêîâà, Ê. Ïèëåöêàñà è Ð. Ðóññî (2011 � 2015) ïîëîæèòåëüíûé îòâåò
íà ýòîò âîïðîñ ïîëó÷åí äëÿ ïëîñêèõ è îñåñèììåòðè÷íûõ òå÷åíèé áåç îãðàíè÷åíèé íà
âåëè÷èíó ïîòîêîâ. Â äàííîé ðàáîòå çàäà÷à ïðîòåêàíèÿ äëÿ óðàâíåíèé Íàâüå � Ñòîêñà
ðàññìàòðèâàåòñÿ â òðåõìåðíîé îáëàñòè òèïà ñôåðè÷åñêîãî ñëîÿ. Ïîëó÷åíà àïðèîðíàÿ
îöåíêà ðåøåíèÿ ýòîé çàäà÷è ïðè ñëåäóþùèõ äîïîëíèòåëüíûõ óñëîâèÿõ: òå÷åíèå èìååò
ïëîñêîñòü ñèììåòðèè; ïîòîê ÷åðåç âíóòðåííþþ ãðàíèöó îáëàñòè ïîëîæèòåëåí. Èç ýòîé
îöåíêè âûòåêàåò ðàçðåøèìîñòü óêàçàííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à ïðîòåêàíèÿ; ñèììåòðè÷íûå ðåøåíèÿ; âèðòóàëüíàÿ

äðåíà.

1. Ïîñòàíîâêà çàäà÷è
Ðàññìàòðèâàåòñÿ ñòàöèîíàðíîå òå÷åíèå íåñæèìàåìîé âÿçêîé æèäêîñòè â îáëàñòè Ω òè-

ïà ñôåðè÷åñêîãî ñëîÿ ñ âíóòðåííåé ãðàíèöåé Γ1 è âíåøíåé ãðàíèöåé Γ2 êëàññà Ëèïøè-
öà. Ïðåäïîëîæèì äëÿ ïðîñòîòû, ÷òî ïîâåðõíîñòè Γ1 è Γ2 ÿâëÿþòñÿ çâåçäíûìè îòíîñè-
òåëüíî íà÷àëà êîîðäèíàò. Îáîçíà÷èì ÷åðåç r, φ, z öèëèíäðè÷åñêèå êîîðäèíàòû, à ÷åðåç
u, v, w −ñîîòâåòñòâóþùèå ïðîåêöèè âåêòîðà ñêîðîñòè u. Óðàâíåíèÿ Íàâüå � Ñòîêñà â öè-
ëèíäðè÷åñêèõ êîîðäèíàòàõ èìåþò âèä
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Äëÿ ñèñòåìû (1) çàäàþòñÿ êðàåâûå óñëîâèÿ

u = ai(x), x ∈ Γi, i = 1, 2, (2)

ãäå ôóíêöèè ai ∈ W 1/2, 2(Γi) óäîâëåòâîðÿþò óñëîâèþ∫
Γ1

a1 · n1 dΓ1 = −
∫
Γ2

a2 · n2 dΓ2 = F (3)

(ni îáîçíà÷àåò åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè Γi). Çàäà÷à (1)-(3) ïðåä-
ñòàâëÿåò ïðèìåð çàäà÷è ïðîòåêàíèÿ äëÿ óðàâíåíèé Íàâüå-Ñòîêñà. Íåèçâåñòíî äî ñèõ ïîð,
èìååò ëè ýòà çàäà÷à ðåøåíèå, åñëè âåëè÷èíà F íå ÿâëÿåòñÿ ìàëîé. Äàííàÿ ðàáîòà ñîäåðæèò
äîñòàòî÷íûå óñëîâèÿ åå ðàçðåøèìîñòè.

2. Ëåììà Õîïôà
Ðàññìîòðèì áîëåå îáùóþ ñèòóàöèþ. Ïðåäïîëîæèì, ÷òî ãðàíèöà ∂ Ω îáëàñòè Ω ñîñòîèò

èç N ñâÿçíûõ êîìïîíåíò Γi: ∂ Ω = Γ1 ∪ Γ2 ∪ ... ∪ ΓN è Γi ∩ Γj = ∅, i ̸= j. Òðåáóåòñÿ íàéòè
ðåøåíèå u, p óðàâíåíèé Íàâüå-Ñòîêñà,

−ν∆u+ u · ∇u + ∇p = 0, x ∈ Ω, (4)

div u = 0, x ∈ Ω, (5)

óäîâëåòâîðÿþùåå óñëîâèþ

u = a, x ∈ ∂ Ω. (6)

Âñëåäñòâèå óðàâíåíèÿ íåðàçðûâíîñòè (1.2), ôóíêöèÿ a äîëæíà óäîâëåòâîðÿòü óñëîâèþ∫
∂ Ω

a · n dS = 0, (7)

ãäå n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ∂ Ω, âûðàæàþùåìó ðàâåíñòâî íóëþ îáùåãî
ïîòîêà íåñæèìàåìîé æèäêîñòè ÷åðåç ãðàíèöó îáëàñòè òå÷åíèÿ. Îáîçíà÷èì ÷åðåç Fi ïîòîê
âåêòîðà a ÷åðåç ïîâåðõíîñòü Γi. Ïðåäïîëîæèì, ÷òî âûïîëíåíî áîëåå ñèëüíîå óñëîâèå, ÷åì
(2), à èìåííî, ∫

Γi

a · n dS ≡ Fi = 0, i = 1, ..., N. (8)

Ïðè âûïîëíåíèè ýòîãî óñëîâèÿ çàäà÷à (4)-(6) èìååò, ïî êðàéíåé ìåðå, îäíî ðåøåíèå [1].
Â óêàçàííîé ðàáîòå Æ. Ëåðý ýòîò ðåçóëüòàò ïîëó÷åí ðàññóæäåíèåì îò ïðîòèâíîãî. Ý. Õîïô
[2] ïîëó÷èë àïðèîðíóþ îöåíêó ðåøåíèÿ. Ñëåäóÿ [3], îïðåäåëèì ïðîñòðàíñòâî H(Ω) êàê çà-
ìûêàíèå ìíîæåñòâà âåêòîð-ôóíêöèé ξ ∈ C∞

0 (Ω), div ξ = 0, â íîðìå èíòåãðàëà Äèðèõëå

∥∇w∥2L2(Ω ) =

∫
Ω

3∑
i, k=1

(∂wi/∂xk)
2d x. (9)

Ëåììà 1. [2] Ïðåäïîëîæèì, ÷òî ãðàíèöà ∂ Ω îáëàñòè Ω ïðèíàäëåæèò êëàññó Ëèïøè-

öà è ÷òî çàäàííîå íà ãðàíèöå âåêòîðíîå ïîëå a ïðèíàäëåæèò êëàññó W 1/2, 2(∂ Ω). Åñëè

96 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2015, vol. 8, no. 2, pp. 95�104



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

âûïîëíåíî óñëîâèå (8), òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ñîëåíîèäàëüíîå ïðîäîëæåíèå

b (x, ε) ∈ W 1, 2 (Ω ) ãðàíè÷íîãî ïîëÿ a â îáëàñòü Ω òàêîå, ÷òî

∣∣∣∣∣∣
∫
Ω

b ·w · ∇w d x

∣∣∣∣∣∣ ≤ ε ∥w∥2w1, 2(Ω ) , ∀w ∈ H(Ω).

Äîêàçàòåëüñòâî ëåììû èçëîæåíî â ìîíîãðàôèè Î.À. Ëàäûæåíñêîé [3]. Êëþ÷åâóþ ðîëü
â ýòîì äîêàçàòåëüñòâå èãðàåò òîò ôàêò, ÷òî ïðè âûïîëíåíèè óñëîâèÿ (8) âîçìîæíî ïðîäîë-
æåíèå âåêòîðíîãî ïîëÿ a â îáëàñòü Ω â âèäå B =rot D, D∈ W 2, 2(Ω). Çàòåì ýòî ïðîäîëæå-
íèå ïîäïðàâëÿåòñÿ ñ ïîìîùüþ ñðåçàþùåé ôóíêöèè Õîïôà ξ(x, ε), çàâèñÿùåé îò ïàðàìåòðà
ε > 0, òàê ÷òî A = rot(ξ(x, ε) D (x)) .

Ýôôåêòèâíîå ïîñòðîåíèå âåêòîðíîãî ïîëÿ B =rot D â ñëó÷àå ãëàäêèõ ïîâåðõíîñòåé
Γi ïðåäëîæåíî Õ. Ôóäæèòà [4] è Ð. Ôèííîì [5]. Èìè æå óñòàíîâëåíà ðàçðåøèìîñòü òðåõ-
ìåðíîé çàäà÷è ïðîòåêàíèÿ â ñëó÷àå ìàëûõ çíà÷åíèé ïîòîêîâ Fi. Âïîñëåäñòâèè Õ.Ôóäæèòà
è Õ. Ìîðèìîòî [6] äîêàçàëè àíàëîãè÷íûé ðåçóëüòàò äëÿ òå÷åíèé, ìàëî îòëè÷àþùèõñÿ îò
ïîòåíöèàëüíûõ. Ì.Â. Êîðîáêîâ, Ê. Ïèëåöêàñ è Ð. Ðóññî óñòàíîâèëè ðàçðåøèìîñòü ïëîñ-
êîé è îñåñèììåòðè÷íîé çàäà÷è ïðîòåêàíèÿ áåç îãðàíè÷åíèé íà âåëè÷èíó ïîòîêîâ. Îáçîð èõ
ðåçóëüòàòîâ èìååòñÿ â ñòàòüå [7].

Îêàçûâàåòñÿ, ÷òî äîñòàòî÷íîå óñëîâèå (8) äëÿ ñóùåñòâîâàíèÿ ñîëåíîèäàëüíîãî ïðîäîë-
æåíèÿ À(x, ε) ãðàíè÷íîãî ïîëÿ a â îáëàñòü Ω, äëÿ êîòîðîãî íåðàâåíñòâî (4) âûïîëíåíî ñ
ëþáûì ε > 0, ÿâëÿåòñÿ è íåîáõîäèìûì. Ïåðâûé ïðèìåð, äîêàçûâàþùèé ýòîò ôàêò, áûë ïî-
ñòðîåí â ðàáîòå À. Òàêåøèòà [8]. Âïîñëåäñòâèè ïîÿâèëèñü è äðóãèå ïðèìåðû (îíè ïðèâåäåíû
â îáçîðå [7]).

Ñ ïîìîùüþ (9) ïîëó÷àþòñÿ îöåíêè ∥u∥W 1, 2(Ω) ≤ C, ∥∇p∥L2(Ω) ≤ C äëÿ âñåõ âîç-
ìîæíûõ ðåøåíèé u, p çàäà÷è (4)-(6), ãäå ïîëîæèòåëüíàÿ ïîñòîÿííàÿ C çàâèñèò îò íîðìû
∥a∥W 1/2, 2(∂ Ω) è êîíñòàíòû Ëèïøèöà ôóíêöèé, ïàðàìåòðèçóþùèõ ïîâåðõíîñòü ∂ Ω [3]. Âîç-
íèêàåò âîïðîñ: êàê çàäàòü ïðîäîëæåíèå âåêòîðà a â îáëàñòü Ω ïðè âûïîëíåíèè ëèøü íåîá-
õîäèìîãî óñëîâèÿ (7), ÷òîáû íåðàâåíñòâî (9) èìåëî ìåñòî? Â ðàáîòàõ Ë.È. Ñàçîíîâà [9] è
Õ. Ôóäæèòà [10] äàåòñÿ îòâåò íà ýòîò âîïðîñ â ñëó÷àå ïëîñêèõ ñèììåòðè÷íûõ âåêòîðíûõ
ïîëåé. Â ðàáîòå àâòîðà [11] àíàëîãè÷íàÿ êîíñòðóêöèÿ ïðåäëîæåíà äëÿ îñåñèììåòðè÷íûõ
âåêòîðíûõ ïîëåé â òðåõìåðíîì ïðîñòðàíñòâå.

3. Ñèììåòðè÷íûå ðåøåíèÿ óðàâíåíèé Íàâüå � Ñòîêñà
Õîðîøî èçâåñòíî, ÷òî óðàâíåíèÿ Íàâüå-Ñòîêñà äîïóñêàþò áåñêîíå÷íîìåðíóþ ïñåâäî-

ãðóïïó Ëè (ñì., íàïðèìåð, [12, 13] è öèòèðóåìóþ òàì ëèòåðàòóðó). Ýòî èõ ñâîéñòâî ÿâ-
ëÿåòñÿ èñòî÷íèêîì òî÷íûõ ðåøåíèé äàííûõ óðàâíåíèé è èìååò ðÿä äðóãèõ ïðèëîæåíèé.
Ìåæäó òåì, ýòè óðàâíåíèÿ îáëàäàþò è äèñêðåòíûìè ñèììåòðèÿìè, â ÷àñòíîñòè, ñèììåò-
ðèÿìè ïî îòíîøåíèþ ê îòðàæåíèÿì. Íàïðèìåð, ñèñòåìà (4), (5) îáëàäàåò ðåøåíèÿìè, â
êîòîðûõ êîìïîíåíòû u1, u2 âåêòîðà ñêîðîñòè è äàâëåíèå p ÿâëÿþòñÿ ÷åòíûìè ôóíêöèÿìè
x3, à êîìïîíåíòà u3 ÿâëÿåòñÿ íå÷åòíîé ôóíêöèåé x3 (uk îáîçíà÷àåò ïðîåêöèþ âåêòîðà u íà
îñü xk äåêàðòîâîé ñèñòåìû êîîðäèíàò â ïðîñòðàíñòâå R3). Â ïëîñêîì ñëó÷àå ñóùåñòâóþò
ñèììåòðè÷íûå ðåøåíèÿ ýòîé ñèñòåìû, â êîòîðûõ u1 è p − ÷åòíûå ôóíêöèè ïåðåìåííîé x2,
à u2 − íå÷åòíàÿ ôóíêöèÿ ýòîé ïåðåìåííîé.

Ïðåäïîëîæèì, ÷òî îáëàñòü Ω ∈ R2 èìååò îñü ñèììåòðèè x2 = 0, è ÷òî çàäàííîå íà åå
ãðàíèöå âåêòîðíîå ïîëå a = (a1, a2) îáëàäàåò ñâîéñòâîì ñèììåòðèè â óêàçàííîì âûøå ñìûñ-
ëå. Êðîìå òîãî, ïóñòü îñü ñèììåòðèè ïåðåñåêàåò êàæäóþ èç ñâÿçíûõ êîìïîíåíò Γi ãðàíèöû
îáëàñòè Ω. Åñëè âåêòîð a è ïîâåðõíîñòü ∂ Ω óäîâëåòâîðÿþò óñëîâèÿì Ëåììû 1, òî çàäà÷à
ïðîòåêàíèÿ äëÿ óðàâíåíèé Íàâüå-Ñòîêñà (5) � (7) èìååò, ïî êðàéíåé ìåðå, îäíî îáîáùåííîå
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ðåøåíèå, â êîòîðîì u ∈ W 1,2(Ω) è ∇ p ∈ L2(Ω). Âïåðâûå ýòîò ðåçóëüòàò áûë óñòàíîâëåí
×.Äæ. Ýìèêîì [14] è íåçàâèñèìî Ë.È. Ñàçîíîâûì [9] ðàññóæäåíèåì îò ïðîòèâíîãî. Â ýòèõ
ðàáîòàõ ñèììåòðè÷íàÿ îáëàñòü Ω áûëà êðèâîëèíåéíûì êîëüöîì ñ âíóòðåííåé ãðàíèöåé Γ1

è âíåøíåé ãðàíèöåé Γ2. Âåðîÿòíî, Ë.È. Ñàçîíîâ íå çíàë î ðàáîòå Ýìèêà, íî îí äîêàçàë òåî-
ðåìó ñóùåñòâîâàíèÿ áîëåå ïðîñòûì ñïîñîáîì, èñïîëüçóÿ ïîíÿòèå âèðòóàëüíîé äðåíû. Ñàì
ýòîò òåðìèí áûë ââåäåí Ôóäæèòà [10], êîòîðûé òàêæå ïîëó÷èë àïðèîðíóþ îöåíêó íîðìû
∥u∥W 1, 2(Ω) â ïëîñêîé ñèììåòðè÷íîé çàäà÷å ïðîòåêàíèÿ è íà åå îñíîâå äàë êîíñòðóêòèâíîå
äîêàçàòåëüñòâî òåîðåìû ñóùåñòâîâàíèÿ.

Êàê óæå îòìå÷àëîñü, ñîëåíîèäàëüíîå ïðîäîëæåíèå çàäàííîãî íà ïîâåðõíîñòè ∂ Ω âåê-
òîðíîãî ïîëÿ a âíóòðü îáëàñòè Ω â âèäå ðîòîðà íåêîòîðîé ôóíêöèè íåâîçìîæíî, åñëè íà-
ðóøåíî óñëîâèå (8). Èäåÿ âèðòóàëüíîé äðåíû ñîñòîèò â ïðåäñòàâëåíèè æåëàåìîãî ïðîäîë-
æåíèÿ â âèäå ñóììû b = c + d, ãäå ôóíêöèÿ d óäîâëåòâîðÿåò óñëîâèþ íóëåâûõ ÷àñòíûõ
ðàñõîäîâ ∫

Γi

d · n dS = 0, i = 1, ..., N, (10)

à íîñèòåëü ôóíêöèè c = (c1(x2), 0) ñîñðåäîòî÷åí â óçêîé ïîëîñêå, ïðèìûêàþùåé ê îñè ñèì-
ìåòðèè x1. Ýòî ñëàãàåìîå â ñóììå b = c + d îáåñïå÷èâàåò ïåðåòåêàíèå æèäêîñòè ñ îäíîé
êîìïîíåíòû ãðàíèöû îáëàñòè Ω íà äðóãóþ, ïðè÷åì åãî âêëàä â âûðàæåíèå â ëåâîé ÷àñòè
íåðàâåíñòâà, àíàëîãè÷íîãî (9), îöåíèâàåòñÿ ñâåðõó âåëè÷èíîé C

∑N
1 |Fi|. Ôóíêöèÿ c1(x2)

òàêæå âûðàæàåòñÿ â òåðìèíàõ ñðåçàþùåé ôóíêöèè, ïîäîáíîé ôóíêöèè Õîïôà. Ýëåãàíòíàÿ
êîíñòðóêöèÿ òàêîé ôóíêöèè ïðåäëîæåíà Ôóäæèòà [10]. Â ñëåäóþùåì ðàçäåëå ìû ñòðîèì
ìîäèôèêàöèþ ñðåçàþùåé ôóíêöèè Õîïôà � Ôóäæèòà, ïîçâîëÿþùóþ äîêàçàòü àíàëîã íåðà-
âåíñòâà (9) äëÿ òðåõìåðíûõ ñèììåòðè÷íûõ ñîëåíîèäàëüíûõ âåêòîðíûõ ïîëåé â îáëàñòè òèïà
ñôåðè÷åñêîãî ñëîÿ, êîòîðûå óäîâëåòâîðÿþò íåîáõîäèìîìó óñëîâèþ (7).

4. Ìîäèôèêàöèÿ ñðåçàþùåé ôóíêöèè
Îïðåäåëèì ñåìåéñòâî ôóíêöèé ςκ ( t ) ñ ïîìîùüþ ñîîòíîøåíèé

ςκ ∈ C2, Lip
0 (R); ςκ ≥ 0, ςκ (− t ) = ςκ ( t ), t ∈ R; ςκ ≤ 1

t
( 0 < t < ∞ ),∣∣ς ′κ∣∣ ≤ 2

t2
(0 < t < ∞), ςκ = 0 (1 ≤ t < ∞), ςκ =

1

t
(κ ≤ t ≤ 1

2
), ς ′κ = 0 (0 ≤ t ≤ κ

2
).

(11)

Ïî ñðàâíåíèþ ñ êîíñòðóêöèåé ñðåçàþùåé ôóíêöèè, ïðåäëîæåííîé Ôóäæèòà, çäåñü äîáàâ-
ëåíî îãðàíè÷åíèå íà âåëè÷èíó |ς ′κ| è òðåáîâàíèå, ÷òîáû ςκ = const, åñëè |t| < κ/2. Ïîëàãàÿ

γκ =
∫∞
−∞ ςκ ( t ) d t =

∫ 1
−1 ςκ ( t ) d t, ìû çàìå÷àåì, ÷òî γκ ≥ 2

∫ 1/2
κ

d t
t → ∞, åñëè κ → 0.

Ââåäåì âñïîìîãàòåëüíóþ ôóíêöèþ η ( t ) = η ( t; δ, κ ) ïîñðåäñòâîì ðàâåíñòâà

η ( t ) =
1

γκ

1

δ
ςκ

(
t

δ

)
, t ∈ R, (12)

ãäå ïîñòîÿííàÿ δ > 0 äîñòàòî÷íî ìàëà, íî ôèêñèðîâàíà. Èç (11), (12) âûòåêàþò îöåíêè

0 ≤ η ( t ) ≤ 1

γκ

1

δ

δ

t
=

1

γκ

1

t
, 0 ≤

∣∣ η′ ( t ) ∣∣ ≤ 1

γκ

2

δ2
δ2

t2
=

1

γκ

2

t2
, ( t ̸= 0 ),

êîòîðûå âëåêóò ñîîòíîøåíèÿ

sup
t

| t | η ( t ) → 0, sup
t

t2
∣∣ η′( t ) ∣∣ → 0, åñëè κ → +0. (13)
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Óñëîâèÿ (11) áóäóò âûïîëíåíû ïðè ñëåäóþùåì âûáîðå ôóíêöèè ςκ:

ςκ =
31

24κ
, 0 ≤ t ≤ κ

2
; ςκ =

1

κ

[
31

24
− 16

3

(
t

κ
− 1

2

)3

+ 6

(
t

κ
− 1

2

)4
]
,
κ

2
≤ t ≤ κ; (14)

ςκ =
1

t
, κ ≤ t ≤ 1

2
; ςκ = 112(1− t)3 − 320(1− t)4 + 256(1− t)5,

1

2
≤ t ≤ 1.

5. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà
Âåðíåìñÿ ê çàäà÷å (1) � (3). Ïóñòü ñóùåñòâóåò ôóíêöèÿ b òàêàÿ, ÷òî

div b = 0, x ∈ Ω, (15)

b = ai, x ∈ Γi, i = 1, 2. (16)

Íèæå áóäåì ðàññìàòðèâàòü ôóíêöèè b èç ïðîñòðàíñòâà Ñîáîëåâà W 1, 2(Ω). Â ýòîì ñëó-
÷àå óðàâíåíèå (15) âûïîëíÿåòñÿ â ñìûñëå ðàñïðåäåëåíèé. Äàëåå ñ÷èòàåòñÿ, ÷òî îáëàñòü Ω
èìååò ïëîñêîñòü ñèììåòðèè z = 0. Ïðåäïîëîæèì, ÷òî ïðîåêöèè âåêòîðîâ a1, a2 íà îñè
r, φ öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò ÿâëÿþòñÿ ÷åòíûìè ôóíêöèÿìè ïåðåìåííîé z, à
èõ ïðîåêöèè íà îñü z − íå÷åòíûå ôóíêöèè z. Â ýòèõ óñëîâèÿõ ìîæíî ðàññ÷èòûâàòü íà òî,
÷òî çàäà÷à (1)-(3) èìååò ñèììåòðè÷íîå ðåøåíèå, â êîòîðîì ïðîåêöèè âåêòîðà ñêîðîñòè u
íà îñè r, φ öèëèíäðè÷åñêîé ñèñòåìû êîîðäèíàò è äàâëåíèå p áóäóò ÷åòíûìè ôóíêöèÿìè
ïåðåìåííîé z, à ïðîåêöèÿ u íà îñü z áóäåò íå÷åòíîé ôóíêöèåé z.

Îáîçíà÷èì ÷åðåç Hs(Ω) ïîäïðîñòðàíñòâî ïðîñòðàíñòâà H(Ω), îáðàçîâàííîå âåêòîð-
ôóíêöèÿìè, ñèììåòðè÷íûìè â óêàçàííîì âûøå ñìûñëå. Ôóíêöèÿ u íàçûâàåòñÿ îáîáùåí-
íûì ðåøåíèåì çàäà÷è (1) � (3), åñëè u = U+ b, ãäå U ∈ Hs(Ω), è âûïîëíåíî èíòåãðàëüíîå
òîæäåñòâî

ν

∫
Ω

∇U · ∇η dx−
∫
Ω

(U+ b) · ∇) η ·U d x−
∫
Ω

(U · ∇)η · b d x =

= −ν

∫
Ω

∇b · ∇η dx+

∫
Ω

(b · ∇)η · b d x ∀ η ∈ Hs(Ω). (17)

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ

Ëåììà 2. Ïðåäïîëîæèì, ÷òî ãðàíèöà ∂Ω = Γ1 ∪ Γ2 îáëàñòè Ω ïðèíàäëåæèò êëàññó

Ëèïøèöà è ÷òî çàäàííûå íà ãðàíèöå ôóíêöèè a1, a2 ïðèíàäëåæàò êëàññó W 1/2, 2(∂ Ω).
Ïóñòü âûïîëíåíû óêàçàííûå âûøå ïðåäïîëîæåíèÿ îòíîñèòåëüíî ñèììåòðèè îáëàñòè Ω
è ôóíêöèé a1, a2. Åñëè, ñâåðõ òîãî, âûïîëíåíî óñëîâèå∫

Γ1

a1 · n1 dΓ1 = −
∫
Γ2

a2 · n2 dΓ2 = F > 0 , (18)

òî èìååò ìåñòî àïðèîðíàÿ îöåíêà

∥∇U∥2L2(Ω ) ≤ C∗ (19)

îáîáùåííîãî ðåøåíèÿ çàäà÷è (1) � (3).
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6. Äîêàçàòåëüñòâî Ëåììû 2
Ïîëîæèì â òîæäåñòâå (10) η = U. Ýòî äàåò:

ν

∫
Ω

∇U · ∇U dx−
∫
Ω

b · (U · ∇)Ud x = −ν

∫
Ω

∇b · ∇U dx+

∫
Ω

b · (b · ∇) ·U d x. (20)

Ïî àíàëîãèè ñ ðàáîòîé Ôóäæèòà [10], ìû ñòðîèì âåêòîð-ôóíêöèþ b, óäîâëåòâîðÿþùóþ
ñîîòíîøåíèÿì (15), (16), â âèäå b = c+ d, ãäå

c = (cr, 0, 0), cr =
F

2πr
η(z) (21)

(âèðòóàëüíàÿ äðåíà), à ôóíêöèÿ d óäîâëåòâîðÿåò óñëîâèþ íóëåâûõ ÷àñòíûõ ðàñõîäîâ (10)
ñ N = 2. Íà îñíîâàíèè ëåììû Õîïôà, ìû â ñîñòîÿíèè âûáðàòü d òàêèì îáðàçîì, ÷òîáû
îáåñïå÷èòü âûïîëíåíèå íåðàâåíñòâà |I2| ≤ ε

2 ∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω)∣∣∣∣∣∣
∫
Ω

d ·U · ∇U d x

∣∣∣∣∣∣ ≤ ε

2
∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω). (22)

(Âûáîðîì âåëè÷èíû ε ìû ðàñïîðÿäèìñÿ ïîçæå). Îñíîâíàÿ òðóäíîñòü ñîñòîèò â îöåíêå âû-
ðàæåíèÿ

−
∫
Ω

c · (U · ∇)Ud x =
F

2π

∫
Ω

ηV 2

r
d r dφ d z−

− F

2π

∫
Ω

η (U
∂ U

∂ r
+

V

r

∂ U

∂ φ
+W

∂ U

∂ z
) d r dφ d z ≡ I1 + I2, (23)

âîçíèêàþùåãî ïðè ïîäñòàíîâêå âûðàæåíèÿ äëÿ ôóíêöèè b â ëåâóþ ÷àñòü ðàâåíñòâà (20).
(Çäåñü U, V, W − ïðîåêöèè âåêòîðà u íà ñîîòâåòñòâóþùèå îñè öèëèíäðè÷åñêîé ñèñòåìû
êîîðäèíàò). Ïðè âûâîäå ñîîòíîøåíèÿ (23) áûëè èñïîëüçîâàíû óðàâíåíèÿ (1) è ðàâåíñòâà
(21). Åñëè F > 0, òî âåëè÷èíà I1 íåîòðèöàòåëüíà. Ïîêàæåì, ÷òî çà ñ÷åò ïîäõîäÿùåãî âûáîðà
ôóíêöèè η ìîæíî îáåñïå÷èòü âûïîëíåíèå íåðàâåíñòâà

|I2| ≤
ε

2
∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω). (24)

Ó÷èòûâàÿ óðàâíåíèå íåðàçðûâíîñòè, óñëîâèÿ ñèììåòðèè è òîò ôàêò, ÷òî ôóíêöèè
U, V, Wîáðàùàþòñÿ â íóëü íà ãðàíèöå îáëàñòè Ω, à ôóíêöèÿ η (z) îáðàùàåòñÿ â íóëü ïðè
|z| ≥ δ, ìû ïîñëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïðèõîäèì ê ñîîòíîøåíèþ:

I2 =
F

2π

∫
Ω

[η′(z)UW − 1

r
η (z) U2] d r dφ d z. (25)

Ââåäåì îáîçíà÷åíèÿ

I3 =

∫
Ω

η′(z)UW dr dφd z, I4 =

∫
Ω

1

r
η (z) U2d r dφ d z. (26)

Íåðàâåíñòâî (24) áóäåò äîêàçàíî, åñëè ìû óñòàíîâèì, ÷òî

F

2π
|I3| ≤

ε

4
∥∇U∥2L2(Ω ) ,

F

2π
|I4| ≤

ε

4
∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω). (27)
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Ðàññìîòðèì ÷åòíóþ ôóíêöèþ χ (z) ∈ C∞(R) ñî ñëåäóþùèìè ñâîéñòâàìè: χ ≥ 0,
χ′ ≤ 0, z ∈ R+; χ (0) = 1, χ = 0, z ≥ κ2. Îïðåäåëèì ôóíêöèè U1 è U2 ñîîòíîøåíèÿìè

U1 = [1− χ (z) ]U (r, φ, z), U2 = χ (z)U (r, φ, z). (28)

Î÷åâèäíî, ÷òî

U (r, φ, z) = U1 + U2, U1(r, φ, 0) = 0, U2 = 0, |z| ≥ κ2. (29)

Äàëåå áóäåì ñ÷èòàòü, ÷òî κ < 1/2.
Îïðåäåëåííîå ïåðâûì èç ðàâåíñòâ (26) âûðàæåíèå I3 ïðåäñòàâèìî â âèäå

I3 =

∫
Ω

η′(z)U1W dr dφd z +

∫
Ω

η′(z)U2W dr dφd z =

∫
Ω

η′(z)U1W dr dφd z (30)

(çäåñü ìû èñïîëüçîâàëè ïîñëåäíåå èç ðàâåíñòâ (21) è òîò ôàêò, ÷òî η′ = 0, åñëè |z| ≤ κ/2). Èç
(29), âòîðîãî ðàâåíñòâà (28), óñëîâèÿ W (r, φ, 0) = 0 è íåðàâåíñòâà Õàðäè âûòåêàþò îöåíêè:

|I3| ≤
∫
Ω

z2
∣∣η′∣∣ · |U1|

|z|
· |W |
|z|

d r dφ d z ≤

≤ sup
z

(z2
∣∣η′∣∣)

∫
Ω

U2
1

z2
d r dφ d z

1/2∫
Ω

W 2

z2
d r dφ d z

1/2

≤

≤ C1 sup
z

(z2
∣∣η′∣∣) ∥U1∥H1(Ω) ∥W∥H1(Ω) ≤ C1 sup

z
(z2

∣∣η′∣∣) ∥∇U∥2L2(Ω) , (31)

ãäå ïîñòîÿííàÿ C1 > 0 çàâèñèò òîëüêî îò ãåîìåòðèè îáëàñòè. Íà îñíîâàíèè (19) ìû ìîæåì
âûáðàòü ïàðàìåòð κ ñòîëü ìàëûì, ÷òî F C1 (2π)−1 sup

z
(z2 |η′|) < ε/4 (ïðè áîëüøèõ F ýòîò

ïàðàìåòð èìååò ïîðÿäîê exp (−aF ), a = const > 0). Èòàê, çà ñ÷åò âûáîðà ïàðàìåòðà κ
ìû äîáèëèñü âûïîëíåíèÿ ïåðâîãî èç íåðàâåíñòâ (27). Äîêàæåì âòîðîå íåðàâåíñòâî (27).
Ïðåäñòàâèì âåëè÷èíó I4 â âèäå ñóììû òðåõ èíòåãðàëîâ, I4 = I5 + I6 + I7, ãäå

I5 =

∫
Ω

1

r
η (z) U2

1d r dφ d z, I6 =

∫
Ω

2

r
η (z) U1 U2 d r dφ d z, I7 =

∫
Ω

1

r
η (z) U2

2d r dφ d z.

(32)
Ó÷èòûâàÿ, ÷òî U1(r, φ, 0) = 0, è ðàññóæäàÿ òàê æå, êàê ïðè ïîëó÷åíèè îöåíêè (23), ìû
óáåæäàåìñÿ, ÷òî çà ñ÷åò âûáîðà ìàëîãî ïàðàìåòðà κ ìîæíî îáåñïå÷èòü íåðàâåíñòâà

F

2π
|I5| ≤

ε

12
∥∇U∥2L2(Ω ) ,

F

2π
|I6| ≤

ε

12
∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω). (33)

Äëÿ ïîëó÷åíèÿ îöåíêè âåëè÷èíû |I7| âîñïîëüçóåìñÿ íåðàâåíñòâàìè Ëàäûæåíñêîé è Þíãà:

|I7| ≤
1

ρ2

∫
Ω′

η3/2r d r dφ d z

2/3∫
Ω

U6
2 r d r dφ d z

1/3

≤

≤ (48)1/3

ρ2
∥U2∥H1(Ω)

∫
Ω′

η3/2r d r dφ d z

2/3

, (34)
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ãäå ρ = dist (Γ1, {0}), à îáëàñòü Ω′ åñòü ïåðåñå÷åíèå îáëàñòè Ω è ñëîÿ |z| < κ2. Òåïåðü
çàìåòèì, ÷òî ôóíêöèÿ ςκ(t) äîïóñêàåò îöåíêó ñâåðõó, ςκ ≤ a/κ ïðè âñåõ t ∈ R, à âåëè÷èíà
γκ îöåíèâàåòñÿ ñíèçó, γκ ≥ b ln (1/κ) (ìîæíî âçÿòü a = 2, b = 1). Îòñþäà è èç îïðåäåëåíèÿ
(18) ôóíêöèè η ïîëó÷àåòñÿ íåðàâåíñòâî∫

Ω′

η3/2r d r dφ d z ≤ C2
δ κ1/2

[ln (1/κ)]3/2
, (35)

ãäå ïîñòîÿííàÿ C2 > 0 çàâèñèò ëèøü îò îáëàñòè Ω, à âåëè÷èíà δ ôèêñèðîâàíà. Ó÷èòûâàÿ
íåðàâåíñòâà (26), (27) è âûáèðàÿ ïàðàìåòð κ äîñòàòî÷íî ìàëûì, ìû ïðèõîäèì ê îöåíêå

F

2π
|I7| ≤

ε
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∥∇U∥2L2(Ω ) , ∀U ∈ Hs(Ω). (36)

Ñóììèðóÿ íåðàâåíñòâà (33) è (34), ìû çàêëþ÷àåì ñïðàâåäëèâîñòü âòîðîãî íåðàâåíñòâà (27),
îòêóäà ñëåäóåò îöåíêà (24). Âìåñòå ñ ñîîòíîøåíèåì (23) è íåðàâåíñòâîì (22), ýòà îöåíêà
ïîçâîëÿåò ïîëó÷èòü èñêîìóþ àïðèîðíóþ îöåíêó íîðìû ∥∇U∥L2(Ω), èñõîäÿ èç ðàâåíñòâà
(20). Ýòî çàâåðøàåò äîêàçàòåëüñòâî Ëåììû 2.

7. Çàêëþ÷èòåëüíûå çàìå÷àíèÿ
Ïðÿìûì ñëåäñòâèåì îöåíêè èíòåãðàëà Äèðèõëå ðåøåíèÿ çàäà÷è (1) � (3) ÿâëÿåòñÿ

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ Ëåììû 2. Òîãäà ñóùåñòâóåò îáîáùåííîå ðåøåíèå

v, p çàäà÷è (1) � (3), â êîòîðîì v ∈ W 1,2 (Ω),∇p ∈ L2(Ω), è ñïðàâåäëèâà îöåíêà (19).

Äîêàçàòåëüñòâî Òåîðåìû ñëåäóåò ñòàíäàðòíûì ñõåìàì, èçëîæåííûì â [3, 4, 5]; îíî
çäåñü íå ïðèâîäèòñÿ. Âîïðîñ î åäèíñòâåííîñòè ðåøåíèé ñòàöèîíàðíûõ çàäà÷ äëÿ óðàâ-
íåíèé Íàâüå � Ñòîêñà î÷åíü ñëîæåí. Ýòî ïîäòâåðæäàåòñÿ ñëåäóþùèì ïðèìåðîì. Ïóñòü
Ω ∈ R2 − êðóãîâîå êîëüöî, r1 < r = (x21 + x22)

1/2 < r2. Íà ãðàíèöå Ω çàäàþòñÿ óñëîâèÿ
u = (2πri)

−1F, v = 0, r = ri, i = 1, 2, ãäå F = const, à u è v −ðàäèàëüíàÿ è îêðóæíàÿ êîì-
ïîíåíòû âåêòîðà ñêîðîñòè â ïîëÿðíîé ñèñòåìå êîîðäèíàò. Òîãäà çàäà÷à ïðîòåêàíèÿ èìååò
ðåøåíèå u = (2πr)−1F, v = 0. Îíî îïèñûâàåò ðàäèàëüíîå òå÷åíèå, ïîðîæäåííîå èñòî÷íèêîì
èëè ñòîêîì èíòåíñèâíîñòè F , ðàñïîëîæåííûì â íà÷àëå êîîðäèíàò. Òåîðåìà åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è ïðîòåêàíèÿ ñêâîçü êðóãîâîå êîëüöî äîêàçàíà ëèøü â ñëó÷àå ìàëûõ ÷èñåë
Ðåéíîëüäñà Re = F/ν. Äëÿ ïðîèçâîëüíûõ çíà÷åíèé ïàðàìåòðà Re óäàåòñÿ äîêàçàòü òîëüêî
èçîëèðîâàííîñòü ýòîãî ðåøåíèÿ [15].

×òî êàñàåòñÿ ãëàäêîñòè îáîáùåííîãî ðåøåíèÿ çàäà÷è (1) � (3), òî îíà ïîâûøàåòñÿ ñ
ïîâûøåíèåì ãëàäêîñòè ïîâåðõíîñòåé Γi è îïðåäåëåííûõ íà íèõ ôóíêöèé ai(i = 1, 2). Òàê,
åñëè ïîâåðõíîñòè Γi ïðèíàäëåæàò êëàññó Ã�åëüäåðà C2+α(0 < α < 1) è ai ∈ C2+α(Γi), òî
ñïðàâåäëèâû âêëþ÷åíèÿ u ∈ C2+α(Ω̄), ∇p ∈ Cα(Ω̄) [3].

Ðåçóëüòàòû ðàáîòû äîïóñêàþò îáîáùåíèå íà ñëó÷àé ñèììåòðè÷íûõ â ñìûñëå ï. 5 ðå-
øåíèé çàäà÷è ïðîòåêàíèÿ, â êîòîðûõ ÷èñëî ñâÿçíûõ êîìïîíåíò ãðàíèöû N > 2. Îäíàêî
îáðåìåíèòåëüíîå óñëîâèå ïîëîæèòåëüíîñòè ïîòîêîâ (â ðàññìîòðåííîì â ñòàòüå ñëó÷àå ýòî
óñëîâèå F > 0) ñíÿòü íå óäàåòñÿ. Çäåñü óìåñòíî ïðîâåñòè àíàëîãèþ ñ äðóãèìè çàäà÷àìè, â
êîòîðûõ òå÷åíèÿ, ïîðîæäåííûå èñòî÷íèêàìè è ñòîêàìè, èìåþò ðàçíûå êà÷åñòâåííûå ñâîé-
ñòâà. Ýòî õîðîøî ïðîÿâëÿåòñÿ â ðåøåíèè êëàññè÷åñêîé çàäà÷è îá àâòîìîäåëüíîì òå÷åíèè â
ïëîñêîì äèôôóçîðå [16]. Äðóãîé ïðèìåð äåìîíñòðèðóåò ðàññìîòðåííàÿ â [17] çàäà÷à îá îñå-
ñèììåòðè÷íîì òå÷åíèè â îáëàñòè, îãðàíè÷åííîé ïîâåðõíîñòüþ âðàùåíèÿ è ïåðåñåêàþùåé
åå îñüþ ñèììåòðèè, íà êîòîðîé ñîñðåäîòî÷åíû èñòî÷íèêè èëè ñòîêè ñ ïîñòîÿííîé ëèíåéíîé
ïëîòíîñòüþ F . Ñëó÷àé F > 0 ñîîòâåòñòâóåò èñòî÷íèêàì, à ñëó÷àé F < 0 − ñòîêàì. Òåîðå-
ìà ñóùåñòâîâàíèÿ ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è ïðîòåêàíèÿ äîêàçàíà ïðè âûïîëíåíèè
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îäíîñòîðîííåãî íåðàâåíñòâà F < 2πν. Îíî íàêëàäûâàåò îãðàíè÷åíèå íà èíòåíñèâíîñòü èñ-
òî÷íèêîâ, â òî âðåìÿ êàê èíòåíñèâíîñòü ñòîêîâ ìîæåò áûòü ëþáîé.

Ñëåäóþùàÿ ãèïîòåçà ïðåäñòàâëÿåòñÿ âïîëíå ïðàâäîïîäîáíîé. Ïóñòü òå÷åíèå èìååò äâå
ïëîñêîñòè ñèììåòðèè, êîòîðûå ïåðåñåêàþò êàæäóþ ñâÿçíóþ êîìïîíåíòó ãðàíèöû îáëàñòè
òå÷åíèÿ. Ïóñòü âõîäíûå äàííûå çàäà÷è ïðîòåêàíèÿ óäîâëåòâîðÿþò óñëîâèÿì, óêàçàííûì â
ôîðìóëèðîâêå Ëåììû 2. Òîãäà çàäà÷à ïðîòåêàíèÿ èìååò, ïî êðàéíåé ìåðå, îäíî îáîáùåííîå
ðåøåíèå.

Àâòîð âûðàæàåò ïðèçíàòåëüíîñòü Ê. Ïèëåöêàñó è Ì.Â. Êîðîáêîâó çà âíèìàíèå ê

ðàáîòå è ïîëåçíûå îáñóæäåíèÿ.

Ëèòåðàòóðà / References
1. Leray J. Etude de diverses equations integrales non lineaires problemes que pose

l'hydrodynamique. J. Math. Pures Appl., 1933, vol. 12, no. 9, pp. 1�82.

2. Hopf E. Ein allgemeiner Endlichkeitssatz der Hydrodynamik. Math. Ann., 1941, vol. 117,
no. 1, pp. 764�775.

3. Ëàäûæåíñêàÿ, Î.À. Ìàòåìàòè÷åñêèå âîïðîñû äèíàìèêè âÿçêîé íåñæèìàåìîé æèäêîñòè
/ Î.À. Ëàäûæåíñêàÿ. � 2-å èçä. � Ì.: Íàóêà, 1970. [Ladyzhenskaya O.A. The Mathematical

Theory of Viscous Incompressible Flow. Math. Appl., vol. 2. N.Y., London, Paris, Gordon
and Breach Science Publ, 1969. 224 p.]

4. Fujita H. On the Existence and Regularity of the Steady-State Solutions of the Navier �
Stokes Equations. J. Fac. Sci. Univ. Tokyo Sect. 1, 1961, vol. 9, pp. 59�102.

5. Finn R. On the Steady-State Solutions of the Navier � Stokes Equations. III. Acta Math.,
1961, vol. 105, no. 3-4, pp. 197�244. DOI: 10.1007/BF02559590

6. Fujita H., Morimoto H. A Remark on the Existence of the Navier � Stokes Flow with Non-
Vanishing Out�ow Condition. Nonlinear Waves (Sapporo, 1995), GAKUTO Intern. Ser.

Math. Sci. Appl., Gakkotosho, Tokyo, 1997, vol. 10, pp. 53�61.

7. Çàäà÷à ïðîòåêàíèÿ äëÿ óðàâíåíèé Íàâüå � Ñòîêñà / Ì.Â. Êîðîáêîâ, Ê. Ïèëåöêàñ,
Â.Â. Ïóõíà÷åâ, Ð. Ðóññî // Óñïåõè ìàòåìàòè÷åñêèõ íàóê. � 2014. � Ò. 69, � 6 (420). �
Ñ. 115�176. [Korobkov M.V., Pileckas K., Pukhnachev V.V., Russo R. The Flux Problem for
the Navier � Stokes Equations]. Russian Math. Surveys, 2015, vol. 69, no. 6, pp. 1065�1122.
DOI: 10.1070/RM2014v069n06ABEH004928]

8. Takeshita A. A Remark on Leray's Inequality. Paci�c J. Math., 1993, vol. 151, no. 1,
pp. 151�158. DOI: 10.2140/pjm.1993.157.151

9. Ñàçîíîâ, Ë.È. Î ñóùåñòâîâàíèè ñòàöèîíàðíîãî ñèììåòðè÷íîãî ðåøåíèÿ äâóìåðíîé çà-
äà÷è î ïðîòåêàíèè æèäêîñòè / Ë.È. Ñàçîíîâ // Ìàòåìàòè÷åñêèå çàìåòêè. � 1993. � Ò. 54,
� 6. � Ñ. 138�141. [Sazonov L.I. On the Existence of a Stationary Symmetric Solution of
the Two-Dimensional Fluid Flow Problem. Math. Notes, 1993, vol. 54, no. 6, pp. 1280�1283.
DOI: 10.1007/BF01209092]

10. Fujita H. On Stationary Solutions to Navier � Stokes Equations in Symmetric Plane Domains
under General Out�ow Condition. Navier � Stokes equations: theory and numerical methods
(Varenna, 1997), Pitman Res. Notes Math. Ser. Longman, Harlow, 1998, vol. 388, pp. 16�30.

11. Pukhnachev V.V. Viscous Flows in Domains with a Multiply Connected Boundary. New
Directions in Mathematical Fluid Mechanics, Adv. Math. Fluid Mech., Basel, Birkhauser
Verlag, 2010, pp. 333�348.

12. Ïóõíà÷åâ, Â.Â. Ñèììåòðèè â óðàâíåíèÿõ Íàâüå � Ñòîêñà / Â.Â. Ïóõíà÷åâ // Óñïåõè
ìåõàíèêè. � 2006. � Ò. 4, � 1. � Ñ. 6�76. [Pukhnachev V.V. [Symmetries in the Navier �
Stokes equations]. Uspekhi mekhaniki, 2006, vol. 4, no. 1, pp. 6�76 (in Russian)]

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2015. Ò. 8, � 2. Ñ. 95�104

103



Â.Â. Ïóõíà÷åâ

13. Andreev V.K., Kaptsov O.V., Pukhnachov V.V., Rodionov A.A. Application of

Group-Theoretical Methods in Hydrodynamics. Dordrecht, Kluwer Acad. Publ., 1998.
DOI: 10.1007/978-94-017-0745-9

14. Amick Ch.J. Existence of Solutions to the Nonhomogeneous Steady Navier � Stokes
Equations. Indiana Univ. Math. J., 1984, vol. 33, no. 6, pp. 817�830. DOI:
10.1512/iumj.1984.33.33043

15. Fujita H., Morimoto H., Okamoto H. Stability Analysis of Navier � Stokes Flows in Annuli.
Math. Methods Appl. Sci., 1997, vol. 20, no. 11, pp. 659�678. DOI: 10.1002/(SICI)1099-
1476(19970725)20:11<959::AID-MMA895>3.0.CO;2-D

16. Êî÷èí, Í.Å. Òåîðåòè÷åñêàÿ ãèäðîìåõàíèêà. ×. 2 / Í.Å. Êî÷èí, È.À. Êèáåëü, Í.Â. Ðî-
çå. � 4-å èçä. � Ì.: Ôèçìàòãèç, 1963. [Kochin N.E., Kibel' I.A., Rose N.V. Theoretical
Hydromechanics, part 2. N.Y., Interscience Publ., 1964. 569 p.]

17. Pukhnachev V.V. Singular Solutions of Navier � Stokes Equations. Proceedings of the St.

Petersburg Mathematical Society, vol. XV: Advances in Mathematical Analysis of Partial

Di�erential Equations, Amer. Math. Soc. Transl. Ser. 2, Amer. Math. Soc., 2014, vol. 232,
pp. 193�218.

Âëàäèñëàâ Âàñèëüåâè÷ Ïóõíà÷åâ, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåñ-
ñîð, ÷ëåí-êîððåñïîíäåíò ÐÀÍ, ãëàâíûé íàó÷íûé ñîòðóäíèê, Èíñòèòóò ãèäðîäèíàìè-
êè èì. Ì.À. Ëàâðåíòüåâà ÑÎ ÐÀÍ; ïðîôåññîð, êàôåäðà ≪Òåîðåòè÷åñêàÿ ìåõàíèêà≫,
Íîâîñèáèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò (ã. Íîâîñèáèðñê, Ðîññèéñêàÿ Ôåäåðàöèÿ),
pukhnachev@gmail.com

Ïîñòóïèëà â ðåäàêöèþ 30 ìàðòà 2015 ã.

MSC 76D05 DOI: 10.14529/mmp150208

Three Dimensional Flux Problem
for the Navier � Stokes Equations
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Solvability of the �ux problem for the Navier � Stokes equations has been proven by J.
Leray (1933) under an additional condition of zero �ux through each connected component
of the �ow domain boundary. He used arguments from contradiction was by contradiction
and did not give a priory estimate of solution. This estimate was obtained by E. Hopf (1941)
under the same condition concerning �uxes. The following problem is open up to now: if
exists a solution of the �ux problem, when only the necessary condition of total zero �ux is
satis�ed? For small �uxes values, solvability of three dimensional problem was established
independently by H. Fujita and R. Finn (1961). H. Fujita and H. Morimoto (1995) proved
existence theorem for �ows, which are close to potential ones). M.V. Korobkov, K. Pileckas
and R. Russo (2011 � 2015) gave the positive solution of the �ux problem for planar
and axially symmetric �ows without restrictions on the �ux values. The present paper
is devoted to consideration of �ux problem in the domain of a spherical layer type. We
obtained an a priori estimate of solution under following additional conditions: the �ow has
a symmetry plane; the �ux through the inner domain boundary is positive. This estimate
implies solvability of the problem.

Keywords: �ux problem; symmetric solutions; virtual drain.
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