VK 517.952, 517.977

O MOJAEJIBHBIX /IBU>KEHNAX B 3A/TAYE
YIIPABJIEHU Y ITPU ®YVHKIINMOHAJIBHBIX
OI'PAHNYEHUNAX HA ITOMEXY

. A. Cepxos

PaccmarpuBaercs 3amada yupaBiIeHns CHCTEMOR, OMUCHIBAEMON OOBIKHOBEHHBIM IH(-
depennuanpubiM ypasHeruneM. lIpeanosiaraercs, 4TO 3HAYEHHUS YIPABICHUS M IOMEXU B
KaxKJIbIi MOMEHT BPEMEHU COAEPIKATCS B HEKOTOPBIX KOMIMAKTHBIX MHOXKecTBax. lIpemrmo-
JaraeTcs TaKzKe, 9TO IMOMEeXM YIOBJIETBOPAKT HEKOTODBIM JOIOJHUTE/IBHBIM OIDAHUYEHU-
AM (DYHKIIMOHATBHOIO XapaKTEPa, OTPAKAIONIMM ITPUPOY paccMarpuBaeMoi 3amaqdn. Ka-
9eCTBO yIPABJIEHHUA ONEHUBAETCH (DYHKIMOHAIOM, 33 TaHBIM HA MHOXKeCcTBe (Pa30BBIX Tpa-
EKTOpUI pacCMaTPUBAECMON CUCTEMbl, 1 HEIIPEPBIBHBIM B METPUKE PABHOMEPHON CXOAUMO-
ctr. Pamee ycTaHOBJNIEHO, YTO CTPATErws C MOJTHON TAMSTBIO PAa3peIaeT TAHHYIO 33739y
YOPABJIEHNS TP KOMITAKTHBIX OIPAHUYEHUSX HA TOMEXY U IPHU APYTUX (DYHKIMOHAJIBHBIX
OTPAHUIEHUAX, KOTOPbIE K HUM CBOAATCA. BMecTe ¢ TeM, TOCTPOEHHBIE TS 3TUX CIYIAEB
CTpaTeruu He ABJAINCH YHUBEPCAJIbHBIMH, TO €CTb OHU 3aBHCEIN OT HAYAJILHON MO3ULIUH
JIBUKEHUS CHCTeMbl. Tak>ke OCTaBaJjCs OTKPBITHIM BOIMPOC O BO3MOXKHOCTH Pa3perieHus
3a1a4 yupasieHus ¢ QyHKIUMOHAJbHbIMU OIPAHUYEHUAMU B OoJiee y3KOM (KJIACCHUYECKOM)
MHOYKECTBe CTPaTeruii — MO3UIMOHHBIX cTpaTeruii. B manHoll cTaThe MPUBOIUTCS KOHCTPYK-
IUsT ONTUMAJIBHON CTPATErnu, UCIOJb3YIONAasd B IENu OOPATHON CBSI3M BCIIOMOTATEIBHYIO
MOJIEJTb YIIPABJISIEMOM CUCTEMbI U 0B IAI0As CBOMCTBOM YHUBEPCATBHOCTHU. JlaHbI TpuMe-
PBL, MOTUBHPYIOIIHNE PACIINPEHNE KAACCA PA3PEHIAIONINX CTPATEeruil 10 CTpaTeruii ¢ MOJTHON
[IAMATBIO.

Karoueevte ca06a: onmumaivtas 26panmus, cmpamezut ¢ nosHotl namamoio, @ymk-

YUOHAADHDBLE 02DAHUMEHUA.

BBenenue

PaccmarpuBaercs 3a/ja9a ONTUMHU3ANNN TAPAHTHPOBAHHOTO PE3yJIbTaTa B CIyUasIX, KOTIa Ha
TTOMEXY HaJIOXKEHbI JTOTTOJTHUTE/IbHBIEC OT'DAHNYCHU A beHKL[I/IOHaJH)HOFO XapaKTepa. PaCCMOTpeHHe
OCHOBBIBAETCS HA TTOAXOAAX, Oepymux Hada o B mkoje H. H. Kpacosckoro mo reopun ynpasiiemHms
(em. [1, 2]).

Sagaun ympasieHusa ¢ (PYHKIHOHAJLHO OTPAHWYEHHON TOMEXOW WMEIOT COIepIKATeTbHBIE
LPEJIIOCHUIKM U UCCJIEJI0BAJIMCH B KadecTBe caMocTosTesbHble npobsemsl [3, 4, 5]. B paborax
[3, 4] mccremoBasmCch MHOXKECTBA MPOrPAMMHOTO TOTJIONeHus |6, 7| /s crydaes, KOrja mome-
xa (pOpMUpyeTCs Ha OCHOBE HEMPEPBIBHON MO3WIIMOHHON CTpaTeruu, Jubo MOCPEICTBOM TIOTyHE-
MTPEPBIBHOTO CBEPXY MHOTO3HATHOTO OTOOPAYKEHWs, OTMPEIETEHHOTO Ha PACITHPEHHOM (ha30BOM
MPOCTPAHCTBE YIPaBJsieMoil cucreMbl. B pabore [5| paccMaTpuBaimuch mMOMeXu, OrpaHUYEHHBIE
HEKOTOPBIM HEN3BECTHBIM KOMIAKTHBIM (B Tomosorun npocrpancrsa Lo(T, R™) — dbyukunii u3
T C R B R" cymmmpyemsix mo Jlebery ¢ KBaapaToMm) MOJMHOKECTBOM MHOXKECTBA JOMYCTUMBIX
IIoOMex (I[a,ﬂee B TEKCTE€ TaKuWe OIrpaHUYeHUud Ha IIOMEeXHn 6y/1yT NMEHOBATHCA <<L2—KOMHaKTHI)IMI/I
OrPaHUIEHUSIME HA TOMEXY» ). jIst 9T0r0 Bua OrpaHUYeHnil YCTAHABINBACTCSI, B YaCTHOCTH, Pa-
BEHCTBO OITHUMAJIbHBIX PE3Y/IbTATOB, JIOCTUIAEMbIX B KJIACCE CTPATEruil ¢ I0JIHOM namsarbio |1,
§ 95| u B kyTacce KkBasucTparernii |2, c. 24|.

WseecTHo, 4910 CcTparerdsi ¢ MOJHOW HaMATHIO Pa3pernaeT 3ajady yhpasjieaus mpu Lo-
KOMITAKTHBIX OTPAHUYEHUSIX HA TOMEXY W TPH JAPYTUX (PYHKITHOHAIBHBIX OTPAHUYEHUIX, CBO-
nanmxcsa K #um [5, 8]. Ciemyer oTMeTuTh, 94TO MOCTPOEHHBIE B 9TUX pab0TaX CTPATErWH HE $B-
JIAJINCH YHUBEPCAJIBHBIMU, TO €CTh OHU 3aBUCEJIN OT HAaYaJIbHOM IIO3UIUN Z(). TaK)Ke OCTaBaJICA
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OTKPBITBHIM BOIIPOC O BO3MOXKHOCTU PA3PEIeHUs 3324 YIpaBJIeHUs ¢ (PyHKIMOHATBHBIMUA OTPa-
HUYEHUSIMU B 00Jiee y3KOM (K/IACCHMIECKOM) MHOYKECTBE CTPATErnii — MO3MIIMOHHBIX CTPATErwnii.
Henb 9T0#t paboThl COCTOUT B MOCTPOEHUN CTPATETUU C MOJHON MaMSIThIO0 YHUBEPCAJBHON U OT-
TUMAJIbHON TTPU Lo-KOMIIAKTHBIX OIPAHUYEHUSAX HA IIOMEXY, a TAK2Ke MPUMEPOB, TOKA3hIBAIOIINX,
9T0 TpH (DYHKIHOHAJIE KavecTBa TePMUHAJBLHOrO Tuma (06Imero Buja), BooOIe roBops, He Cy-
HIECTBYET YHUBEPCAJLHO MO3UIMOHHOT cTpaTernu (MO3UIMOHHON CTPATErnn) ONTUMA/ILHO Py
Lo-KOMIIAKTHBIX OTPAHUYEHUSX HA [TOMEXY.

1. IlocTtaHoBKa 3amadu

PaccmarpuBaerca ympasisieMasi CHCTEMa, ONMUCHIBaeMasi OOBIKHOBEHHBIM mauddepeHnmaib-
HBIM ypaBHEHUEM
i(1) = f(r,2(r),u(r),v(r)), T€T=2[ty,9] CR, (1)

u HauaapHBIM yeaosmeM T(tg) = 29 € Go C R”, rje «2» 03HAUAeT «PABHO MO OTPEIEICHIIOS.
Peanmzannu ynpasienns u(-) u nomexu v(:) TpeanosaraioTcs u3MepuMbivu o Bopemo dbyHk-
USIMY, YIOBJIETBOPSIIONMMHI reoMerpudeckum orpanndenusm u(7) € P C RP) v(1) € Q C RY,
7 € T. MHuoXkeCcTBa BCEX TAKUX PeAU3aluii ypaBIeHns u oOMexXu 0003HaYNM COOTBETCTBEHHO U
u V. MuoxkectBa Gg, P u Q@ CyTh KOMIIAKTHI B COOTBETCTBYIOIINX €BKJINIOBBIX TPOCTPAHCTBAX.

B ornomenun dbyuxmun f(-) Gygem npeanosararh, 9To OHA

— OIpe/ie/IeHa, 1 HEIPEPHIBHA 10 COBOKYIIHOCTH apryMeHToB B obmactu R x P x Q;

— JIOKaJIbHO JIMIIIINATEBA 10 BTOPOi mepemenuoit: || f(7,z1,u,v) — f(7,22,u,v)|| < Ly|lzr —
x|, e (1,21), (1,22) € S, u € P, v € Q, S — s0boe orpanudentoe noaMHoxKecTso u3 R
Ly £ Ly(S) — xoncranTa Jlunmuma, 3aBucAITas OT MHOKeCTBa S;

— yIOBJIETBOpSET yCja0BuIO noaiuueiinoro pocra: || f(7,x,u,v)|| < K(1+ [jz|]), K > 0 aaa
Beex (T,z,u,v) € T x R" x P x Q.

[Tpu ykazaHHBIX ycaoBusx perterne B cmbiciae Kapareomopu 3amaun Kommn (1) cymectsyer
Ha BCeM mHTEpBAE (o, V] M emMHCTBEHHO Jy1st MI0OBIX peasm3anmit ynpasaeanst u(-) € U u nomexu
v(-) €V (em. [9, IL4]). dna (te,z) € T x R™ u(-) € U, v(-) € V obozraunm (-, s, 24, u(-), v(-))
Takoe pemenne 3aga49u (1) ¢ HaYATBHBIM yCoBueM T(ty) = Tx.

Beigesinm crieyioniee moqMHOKECTBO TPOCTPAHCTBA COCTOsHMI cucTeMmbl (1):

G 2 clpypn {(T,.’B) € [to, 9] x R" | x = z(7, o, 20, u(-),v()), 20 € Go,u(:) € U,v(:) € V}.

Iycrs Ap 2 {A c 2\ {2} ’ |A| < 00, mingea 7 = tg, MaxX;eA T = 19}. Jnsa Beskoro A €

A7 onpegenum uncio d(A)£ max {min 7 — 7} (zanee — Juamemp pasbuenus A) u emun-
reA\{9} e

CTBEHHBIH KOpTeX (T;)ico.n, € A"A, na = |A|, coxpamsommii ecrecTBeHHEI TOPsTOK B T:
T > Ti—1, ¢ € 1.na. Daementsl Ar OymeMm HasbBaTh pasbuenusmu orpeska 1. Kaxmoe pas-
Guenne A € Ap nmopoxkJaeT AM3BLIOHKTHOE TOKPLITHE WHTEpBaIa [to, V) CHCTEMOIl MHTEPBAJIOR
[7’2‘_1,7'1'), Ti—1,Ti € A, 1 € l.nA.

g npoussoabaoro A € Ap o6ozuaunm U(A) C U moaMHOKECTBO peanusaluii yrpasaenust
HEIIPEPBIBHLIX CIPaBa U KyCOYHO IMOCTOSHHBIX HA MHTEPBAJIAX, IOPOXKIAeMBIX pasonenmem A.

O6o3naunM S ¥ HA30BEM CMPAMERUAMU YNPAGACHUA MHOKECTBO Beex dynkumit U Buaa

U:TxC(T,R") x Ap — P, (2)

rae C(T,R™) npocrpancrso dyuknmii u3 7' 8 R™ menpepblBHBIX B paBHOMEpPHOIT HOpMe. [loscanm
COJIEPKATETHHBII CMBICJT ApIYMEHTOB B (2):
— TIEPBBIIl OTBEYAET TEKYIIeMy MOMEHTY BPEMEHU B MPOIecce yIIPAaBJICHUST;
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— BTOpOi ApryMeHT — NCTOPHU JBUKEHUs; OH IPEJCTABIACTCA (DYHKIIUIMHI, OIPEIETeHHbI-
vu Ha T, HO B CHJIy TIPUBEJECHHON HUKE MOMIAroBOil mpouepypbl (hOPMUPOBAHUS [IBUKCHUI Ha
yIIpaBJIeHue BJIUSAIOT JIUIIb 3HAYEHUs 3TUX (PYHKIHMHA B MOMEHTHI, IPEIIECTBYONHE TEKYIeMy
MOMeHTY (TIePBBIil apryMeHnT);

— MOCTETHUI apryMeHT J0CTABAgeT WH(MOPMAIMIO O BLIODAHHOM pa3OHeHNH HHTEpBaJIa
YIPABJICHUS.

Jna nponsBobHBIX 29 € Go, v(-) € V u A € Ap 0603Ha4UM

22OV 2 2( 0,20, U, A o(), ul) 2l (- t0, 20, U, A, v(-)) € U(A)

[OIIArOBOE JIBUKEHNE W COOTBETCTBYIONIYIO peajn3aluio yrupasienus |1|, mopoxgaembie cTpa-
rerueit U € S u3 mavanbuoit nosunuu (o, zg) npu pasbuennn A u nomexe v(-), onpejensempie
caeayoomuM 06pa3om:

U(Tv to, 20, U, A, U()) = U(Ti’ x[%o,n](')? A)a
T E [Ti,Ti+1), 1€ O..(TLA — 1),

22 () 22 (-, to, 20, u (), v(")),

rje Jig IpPOU3BOIbHBIX t1,ty € T, t1 < to u dyukuuu h(-) : [t1,t2] — H cumBoJibI h[tm](-)
obozHavaroT ciepyonyio dyrkuio us T 8 H:

h(tl)v TE [thtl],
h[tl,tz](T)é h(t2), T € [t2,], (3)
h(t), T & [to,t1] U [ta, V).

DKkcTpanosanys (3) UCmob30BaHa B MOCTPOCHUH MyYKa, [IBUKEHUI JI7IT TOr0O, YTOOLI B TIPO-
necce hbOpMUPOBAHMS yIPABAEHUS JOONPEIEIUTh BTOPOil apryment crparerun U € S (me us-
BECTHBII K TEKYIIEeMy MOMEHTY II€JIMKOM) J0 3jeMenTa u3 obaacru ompesaenenns U. Ilpu takom
OIIpeIeJIEHUN IOIIArOBLIX JABUKEHHUI He BOSHUKAET HEOOXOIUMOCTH B CBOMCTBE HEYIIPEKIAEMO-
cru (dbusnunocTn) crparernii u3 S, a TpebyIoOmeecs B MOCTPOEHUSAX CBOMCTBO HEYTIPEKTAEMOCTH
IIYYKOB KOHCTPYKTUBHBIX JIBUYKEHUN BO3HUKAET KAK CIEICTBHE HEYIPEXKIAEMOCTH IIOMIATOBLIX
JOBUZKCHUN.

[Iycrs umetorea zg € Go, U € S u V C V. Onpenenum nyuok apuxkennit X (zo, U, V) kax
mHO)KecTBa Beex ajeMenToB z(-) € C(T,R™), st KOTOPBIX HANYTCs T10CIEA0BATETBHOCTH

{(zok, vk (), Ar) € Go X V X A | k € N},
YJOBJIETBOPSAIONINE YCIOBUAM liMy o0 20k = 20, liMg_yoo d(Ag) = 0,

lim [Jz(-) — z(:, to, 2ok, U, Ak, v (-)) oz rn) = 0,

k—o0

¥ BBeJIeM B PACCMOTPEHUE CJAEAYIOINe IMMyYKN KOHCTPYKTUBHBIX JIBUXKEHU, ITOPOXKIECHHBIE CTPa-
Terueit U € S:

Xo(20,U) = clepm U X(20,U,V) ¢,
Vecompy, (rra)(V)

XP(anU) = CIC(T,R") U X(z():Uv {’U()}) )
v(-)EV
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e clo(r ey O3HaTaeT 3ambikanue B Tomoorun mpoctpanctea C(T5R™), a compy, r.rey (V) —
CeMeliCTBO BCEX TOJMHOYKECTB V), KOMIIAKTHBIX B CHILHO Tonosoruu npocrpancrsa Lo(T; R™).
KauectBo nemxkenns cucrembl (1) 6ymem oreHuBaTH (byHKIHOHATIOM

7(): C(T,R") = R, (4)

nenpepbiBabiM B npoctpancree C(T, R™). Cropona, dopMupyiomas ynpasienune u(-) € U, crpe-
MUTCS MUHUMU3UPOBATH MOKa3aTes b Kadecrsa (4).

lapanTupoBaHHBIM pe3yabTaToM crparteruit U € S as navaabHoi mosurun 29 € Go npu npo-
2PAMMHLL 02PAHUMERUAT Ha NOMeTY (Npu Lo-KoMNaKmmur 02panudenuss na nomMery) Ha3oBeMm
BEJIMIUHY

Te(20,U) 2 sup  y(z(1)  (Tolz0,U)=  sup  y(z())).
z(-)€Xp(20,U) z(-)EXs(20,U)

OmpesienM BeJIMUNHY ONTHMATBHOTO rapaHTupoBanHoro pesyabrara ['p(20) (Ie(20)) B KIacce
crparernit S st HawaabHON nosunuu zg € Go NPU NPOZPAMMHHIT 02PAHUNEHUAT NG NOMELY
(npu La-KoMnaxmmoiz 02panuuenuas na nomexy):

FP(ZJ())é inf FP(Z(),U) (FC(Z())é inf FC(ZO,U)).
Ues UeS

Cnenys |2, c. 24|, nazoBem keasucmpamezuet; (yupas/enus) Bcsgkoe orobpaxkenue af-) @ V — U
Taxoe, u4ro jus Beakux 7 € T, v(:),v'(-) € V raxux, aro v(-)|gy,) = V'()|j,r), BEIIOIHSCTCSH
a(v(-)itg,r] = (V' (*))lg,r]- 371€Ch omeparus +|[, ;) O3HAYACT CyKeHHE ONEPAH/IA, OLIPE/IEICHHOr0
Ha WHTEpBaJe, COIepKAIIeM 0TPe30K [a, b], na orpe3ok [a, b]. [Tycts QQ — MHOKECTBO BCEX TAKUX
kBasucrparernit. s kaxapix zo € R™ u a(-) € Q s1eMeHTh MHOXKEeCTBa

X (20, () =z (-, 20, a(v(), 0()) | v(-) € V}

NPEJICTABIISIOT CO00# deusicenus N3 HadaIbHON To3unnn 2o € G, TTOPOXK JEHHbIE KBA3NCTPATE -
eit o-). 3navenne
Tolzo)2 inf  sup  4(z())
a()EQz()EX (20,0("))
€CTb ONMUMAALHVLT 2APAHMUPOSANHBIT PE3YALMAM B HadaIbHOM cocrosiuuu zg € Go 6 kaacce
keasucmpamezud; (Ipu OTCYTCTBUN (DYHKIMOHATBHBIX OTPAHIYEHII HA TOMEXH).

3ameuanue 1. [log06HO0 TOMY, KAK 9TO CeIaHO BbIIIE, MOYKHO TAKKe OIPE/IETUTH OITUMAIbHbBIN
rapaHTUPOBAHHBIN PE3yJIbTAT B KJIACCE KBA3UCTPATErwil pu Lo-KOMITAKTHBIX OIDAHUYEHUSIX HA
[IOMeXH WJIU [IPU IPOrPaMMHBIX OIPDAaHUYEHUAX; OJHAKO, TU OIIpe/ieIeHUud IIPUBELYT K OJUHAKO-
BBIM BeJIMYMHAM: KBAa3UCTPATETUU C TOUYKH 3PEHUS ONTUMAJIBHOTO TAPAHTUPOBAHHOTO PE3YIbTATA
HEYYBCTBUTEIHHBI K (DYHKITMOHAIBHBIM OTPAHUIEHUAM HA TTOMEXH.

Hazosem crpareruto U, € S onruMmaybHOR B HadaiabHO nosunmn zg € Go npu La-
KOMNAKMHOT 02PAHUMCHUAT HA TIOMEXY (npu npozpammuvily 02panusMeruss Ha TOMEXY), eciu
BoinosHeno paseHcTBo '¢(zo, Uy) = I'o(20) (I'e (20, Ux) = I's(20)).

U3 onpenenennii cienyior nepasenctsa I'g(20) < I'p(20) < I'c(20), cupasemnusbie npu Beex
20 € Go. B pabore [5] B npesiosoxkenny MHbEKTUBHOCTH IPaBOil yacTu ypapHenus (1) 1o nocsues-
Heil mepemennoii v € Q ycranosseno pasencTso ' (20) = I'¢(20) u Bug pasperatoreii crpaterun.
B [8] upeminoxeno 6osee obiee ycsaosue (11) na cucremy (1), jocrarodHoe Jijisi BBIIOJIHEHUS Pa~
BeHCTB ['g(20) = I's(20) = I'c(20), u KOHCTPYKIUs cTpaTeruu ¢ MOJHON HAMITBHIO, ONTUMAJIBbHOI
npu Lo-KOMIAKTHBIX OTPAHUIEHUSAX (MOHATHO, UTO B CHIY MOCAETHAX DABEHCTB 3TA CTPATErUs
Oy/eT Takyke ONTUMAJBLHON MPU MPOTPAMMHBIX OrpanndeHusix Ha nomexy). OgHako, crparernu,
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[IpeIIOKEHHbIE B 3TUX paboTax, He SABJS/INCH YHUBEPCAJbLHBIMHA, TO €CTh OHH 3aBUCETH OT Ha-
JabHOM TO3UINU Zg. B cjemyomeit 9acTu MPUBOJUTCA BAPUAHT CTPATErHd W3 MHOXKECTBA S
YHUBEPCATBHON N ONTUMAIBLHON Tpn Lo-KOMIAKTHBIX OTPAHMYEHUAX Ha TIOMEXY W CTPOATCS IIPH-
MEDPbI, TOKA3bIBAIOIIINE OTCYTCTBUE B O6H.[eM Cjry4dae TaKOM CTpaTern BO MHO?KECTBE ITOSUITNOHHBIX
crpareruit (To ects dyuknuit u3 G B P).

2. YHuBepcaJibHasd CTpaTerud C IMOJIHOI IMaMsaThIO

Hammv KpaTtkoe comepKarebHOe ONUcaHne mpe/raraeMoii crparernu (o6o3uadnm ee Uy).

Crparerus U, B iporiecce CHHTE3a YIIPABJIAIONIET0 BO3AEHCTBUST CUMY/IUDPYET IBUKEHIE BCIIO-
MOTATEIHHON YIPABISIEMON CUCTEMBI (MMEHYEMO HUKE Y-MOJEBIO), OMUCHLIBAEMON TEMU IKe
YPABHEHUSIMU U TEMU K€ HAYATbHBIMU YCJIOBUSIMU, UYTO ¥ PACCMATPUBAEMAsT YIIPABJIsSeMasi CUCTE-
ma (1). TIpu popMupoBaHuY IBUKEHNS Y-MOJIEIN HA OYE€PETHOM MHTEPBAJIE PA30UEHUsT CTPOUTCS
moMexa, AlMpPOKCUMUPYIOIIas (B MOIXOIAIIEM CMBIC/IE) HEM3BECTHYIO TIOMEXY B UCXOJHOM CUCTEMe
(1). TlocTpoerne anmmpOKCUMUPYIOMIEit TOMEXH, TO-CyTH, CBOJNUTCA K PEIIEHnI0 00PaTHON 3a1aun
muaavukn [10, 11]. Yupasienue B y-momenun (opMupyercs KoHTpeTparerueit |1], onTuManbHOi
10 OTHOIIIEHWIO K BHIOPAHHON alllpOKCUMUPYIOLIEit moMexe. 3aJaHHOe TAaKUM 00pa3oM B Y-MOIeH
yTIpaBJIeHUE UCTIOIB3YETCS B «PeasbHOi» yrpasseMoit cucteme (1) Ha cremyroremM oTpeske pas-
buenusi. [Ipu usmesnbueHnn mara pa3OueHus, JBUKEHUST Y-MOJIEN CXOIATCS K «OINTUMATBHBIMY
KOHCTPYKTUBHBIM JIBUKEHUAM, & JIBUKEHUs MCXOMHON cucTeMbl (1) mpub/mKaoTcs K COOTBET-
CTBYIOIINM JBUXKEHUSIM Y-MOJEIN. DTU JABa (PaKTa B COBOKYITHOCTHA 00OECIEINBAIOT ONMTUMATHLHOE
3HAUEHNE MOKA3aTe/sT KaUeCTBa, Ha, JIBUKEHUSTX WCXOMQHON CHCTeMBbl W, KaK CJIEeJICTBUE, — OITH-
MabHOCTE cTparerun Uy. Moaens Tuaupyer B peakiiusax Ha TOMeXY, UTO U TOCTYKUJIO0 TTOBOJIOM
OTMETUTH 3Ty CTPATETHUI0 UWHIEKCOM «L».

[Ipusenem dopmanbroe onpesenenne crparerun Up. [lycts umerorcs mpousBosbhbie ¢ € T,
z() € C(T,R™), A € Ap n nekoropsie HemycThle KoMnakTable Muoxecrsa W(z) C C(T,R"),
3aJTaHHbIe T Beex 2 € Gp. B manpHeiinem mocTpoeHnn UCIOMB3YIOTCS MHOYKECTBA

)

v(u,z(-), r,7) & arvgenéin Hx(T') — (1) — (7' = ) f(r, 2(7), u, v)‘

onpezesiennsle st npoussossnbix u € P, 7,7 € T, 7 < 7', 2(-) € C(T,R").
U3 pasGuenns A caenaeM «moduTH paBHOMepHOe» pasbmemme A 2{72" | i € 1.ny} € Ap
WHTEPBAJIA yupasjenus 1':

A 2min{r € A |7 >i(9—ty)/na}, i€ 0.0,
ny 2min{n € N |n?d(A) > 1},

N . ’
u mostoxkuM i =max{i € 0..ny | 77 < t}. Herpyaso Buzjers, 910 mpu 9TOM onpejeseHnn t €

[Tif/, Tzfjrl). [Mocrponm 3uauenue crparernu Uy (t, x(+), A) MHAYKTUBHO, UCXO/A U3 COOTHOIICHNUT
Un(rg a(), M) 2ug € P, y(rg) = a(rg), o2wo € Q, o= u, (5)
U (2, 2(), A) 2w 20, (6)
y(r) 2w 2Ly (), ti, Bicr), B 2w, a(), 7 T, (7)
@2 € argmin (y(r) — wil(r), (7 y(7), w,5) ), ®)
uep
B | 1O Ol ey )
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rae @ € 1.4y ug, v9p — HEKOTOpbIE MPOU3BOJLHO BLIOpaHHbIE W (DUKCHPOBAHHBIE 3HAYECHUS;
!
W(:c(to))\[t ;4] O3HAUACT MHOKECTBO CyKeHHii Ha MHTEPBAI [to, 7] 2/1€MEHTOB N3 MHOXKECTBA
0,75
W(z(tg)) C C(T,R"™). U, HaKOHEI, IIOJOXKIM
Us(t,a(-), A) £ UL, 2(-), A) (10)
L\l ) — UL\ > ’ :

3ameuanue 2. Jlo macrositiiero MmomenTa crparerust Uy, onpeeseHa ¢ TOTHOCTHIO 0 MHOXKECTBA
W (-) (3aBucdimero or HaYaIBHON MO3MIMN JIBUKEHN ) U He CBA3aHA C MOKa3aTegeM KadecTsa y(-).
B cremytomeit Teopeme MHOXKECTBA CIIENMMAILHOrO Bua (3aBucsamme ot y(-)) 3aBepmar omnpeje-
nenne crparerun Up.

B omnpenenennn 3navenus Uy (t,z(-),A) npu Bcex t € T, mO-CymecTBy, y49acTBYeT JIHUIIH
OTPE30K x(-)][t ,a/) TPACKTOPHII z(-) € C(T,R").
0,75,

Bgesem B pacemorpenne muoxkectsa W(z) C C(T,R™), nonydennble u3 TpaeKToOpuii «1moutn
ONTUMAJIBHBIX» KBA3UCTPATETHii:

W2 Nelogrn{ U Xal)}, e,

e>0 Lq(z,a(-))<
Pq(z)+e

a Takke pakTop—MHOKECTBO Q/ ~ MHOXKECTBa, Q, IOPOXKIEHHOE OTHOIICHIEM SKBABAJIEHTHOCTH
U

txu.
(v1 ~ va) & (f(t,x,u,v1) = f(t,z,u,v9)), v1,v9 € Q,

TU

onpezeserHoe st obeix (t,x) € G, u € P.

Teopema 1. ITycmwv das cucmemwi (1) daxmop—mmnooicecmsa Q/tN ne sasucam om u € P:
TU
Q/~ =09/~ ona ecex u,u' € P, (t,x) € G. (11)
tzu tau’

Tozda dns 410600 Hawasvhol nosuyuy zo € Go CNPacedsuss, paseHcmaea
Ip(z0) = Ta(20) = Tq(20), 20 € Go. (12)
Cmpamezus Uy, 3adannan gopmysamu (5)—(10), 6 xomopvix
W(2)2W(z), =z€ Gy,

asaaemea cmpamezueti, OnNMUMaNoHOT NPy Lo-KOMNAKMHBEL 02PAHUYEHUAT 1A NOMETU ONA AI0-
601 Havwasvroli nosuyuu zg € Go.

Bameuanue 3. Beumay pasencrsa (12), onpenenennas B Teopeme 1 crparerust Uy, Gyger Takzxke
ONTUMAJBHOI TIPU TPOTPAMMHBIX OTPAHUYEHUIX Ha TOMEXY.

Sameuanue 4. U3 onpenenennit Buano, aro crparerus U, fBJISeTCS yHUBEPCAILHON, TO €CTh
HE 3aBUCUT OT HAYAJILHON 1103ULUK 2o yupas/isemoil cucrembl (1). B owimuaune or npusejerHoro
BapuUaHTa Onpe/iesiennsi crparerun, B padore [8] ssementsr w;(+) (M. (9)), mo-cyrn, 6bLIN 3a1aHbI
COOTHOIIIEHNEM
wit) e argmin () = 5Ol mn
OGO, s :

ABHO YKa3bIBAIOIIUM Ha OTCYTCTBUE YHUBEPCAJIBHOTO XapaKTepa CTPATETnn.
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Bameuyanne 5. B kauecTBe mpumepa ceMeiiCcTBa yIpaBIsieMbIX CHCTEM, YIOBIETBOPSIOIINX YCI0-
Buio (11), MOXKHO PUBECTH CUCTEMBI BUJIA:

#(t) = filt, z(1), u(t)) + fo(t, 2(1), () + g(t, x(t), u(t)) - h(t, z(t), v (1)), (13)

rae g(+) — marpuna—dynkums pasmepunoctu 1 X ¢, fi1(-), fa(-) — Bekrop—dynkuun (crondub)
pasmeprocTu 1, U h(-) — BeKTOp—(yHKIMs Pa3MepHOCTH ¢ TAKOBBI, UTO mpasas 4acTh (13) ymo-
BJIETBOPSIET YCJIOBUSIM CyIIECTBOBAHMS M TIPOJOJKUMOCTHU permenuii, u npu Beex (t,x) € G aapo
nmuHeitroro oneparopa ¢(t,x,u) : R? — R™ ue 3asucur ot u € P.

B wacraocTu, ynpasisiemasi cucrema

21(7) = ur (1) - v1(7), T€T=[0,1,P=92{-1,1}
io(T) = g(w1(7)) - ua(7) - v2(7), g(z)=max{0,2},z € R, (14)
(21(0),22(0)) = (0,0), up(7),u2(1) € P, v1(1),v2(7) € Q,

nmeer Buj (13):

Ul 0

AOEO20 gean2 (D) a2 ().

JokazarenbcTBO TeopeMbl 1 B OCHOBHOM CJIETyeT CXeMe JO0Ka3aTelbCcTBa TeopeMbl 1 u3 |§]
U JIOTIOJIHUTETHHO UCTIOJIB3YeT CBOMCTBO MOJYHEMPEPBIBHOCTH CBEPXY MO BKIIOUEHUIO MHOXKECTB
W(z) C C(T,R"™) npu nzmenennn napamerpa z € Go.

3. O6 orcyrcTBUU B 00IIEM CJIyUae yHUBEPCAJIbHOM
YKUCTO IMMO3UIMOHHOI CTpaTerum

B siaHHOM 1yHKTE Ha W3BECTHOM LPUMEPE 33/ladu ONTUMAJILHOrO yupasienus [2, ri. VI, §1]
MTOKAYKeM, UTO B CJIyUae TEPMUHAIBHOTO TIOKA3ATEIsT KAYeCTBa B KJIACCE MO3UITMOHHBIX CTPATET Wi
Upos, To ects dyukmuit U Buga G 3 (1,2) — U(7,2) € P, BoOOIIE TOBOpSI, HE CYIIECTBYET
YHUBEPCAJIHHON CTpaTernu, ONTUMAJIBLHON TPU Lo-KOMIAKTHBIX OTPAHUYEHUAX HA TOMEXY.

IIpumep 1. PaccMoTpum CKaJIAPHYIO YIPABIIEMYIO CUCTEMY

&(r) =u(r)-v(r), 2(0)=0,
uw(t) €P, v(r) € Q, TeT=[0,1], P2Q2{-1,1},

U TOKa3aTesIb KadecTBa
Y(a() £ (1), (16)

ouesnauo, HenpepoiBabLi B C(T, R). MuoxkecTBa m3amepumbix o Bopemro dyrxmmit u(-) u v(-) Ha
T ynosnersopsiomux orpanuuennsm (15), kak Boime, o6oznauum U u V.

C momomipio Teopembl 1 mpoBepsieTcst, 9To B 3ajade yupassenus (15)—(16) BbImoHAOTCST
DPaBEHCTBA

Lo(te, 24) = Doty 24) = Tqtu, 2) = 2o+t — 1, (ts, 24) € (—00,1] X R,

rie o(te, 24), Ip(ts, 24) — 3HAUEHMS ONTUMAIBLHOTO FAPAHTUPOBAHHOIO PE3yJbTaTa B Kjacce S
npu Lo-KOMIIAKTHBIX U IPOrPAMMHBIX OPDAHMYEHUAX HA [IOMEXY, COOTBETCTBEHHO, a ['q(ts, 24) —
3HAYEHNS ONTHMAILHOIO TApPAHTHPOBAHHOIO PE3y/abTaTa B KJIacce KBasucrpareruii Q B HavaIb-
Hoit mosunnm (ty, i) € [0,1] x R.
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ITomoxum
G&{(r,z)| || <T+1,7€[0,1]}.

Bosiee Touno mokaswiBaemoe jajee yTBepkaeHre (hOPMYIUPYETCS CJIEAYIOMIM 00pPa3oM: B
3agade ynpasienust (15)-(16) me cymecrsyer crparernu U, € Upys, onTumansuoit mpu Lo-
KOMIIAKTHBIX OTPAHUYECHUAX Ha ITOMEXY J1Jigd BCEX HaYaJIbHBIX HOSI/I]_[I/II‘/‘I 13 MHOZKeCTBa G

ITycTs, Bonpeku yrBepxenuto, crparerus Uy, € Uypys yIOBIETBOPSIET PABEHCTBAM:

De(ts, 26, Uy) = Daltuy 24) =t + 26 — 1, (ts,24) € G. (17)
Torua, cieayst paccyxkaenusim [12], MOXKHO yCTAHOBHUTB, 4TO KarK/0e U3 MHOMKECTB
U_-2{(r,2) € G| Uy(r,2) = =1}, UyE{(r,2) € G| Uy(r,z) =1}

SIBJISIETCS BCIOAY ILIOTHBIM BO MHOXKecTBe G.
Onwupasich Ha 3T0T (PAKT, Mbl IIOCTPOUM II0C/IEA0BATENLHOCTD

{(zers A, vx (1)) € R X Ar x V | k € N},
YJIOBJIETBOPSIIONLYI0 COOTHOIIEHISAM:
lim 2z =0, lim d(Ag) =0,
k—o0 k—o0
klggo k() = vo() La(o,;R) = 0, vo(T) 21, 7€ [0,1], (18)

Uu(Tkhxk(Tki)) =1, T EAy, 1€ 1..nAk,
xk()éx<707 Z*kv{UU7Ak:}7vk(')), k € N.

3 9TUX COOTHOImEHNUI Cpasy CJeIyeT, 9To
lim [|zx() — zo()leqoar) =0, xo(r) &7, 7€[0,1].
k—o0

Kax m3BecTHO, TTOCIeI0BATEBHOCTD, CXOAAMAsACA B CUIbHOI Tonoorun npoctpancta Lo (T, R),
obpasyer MHOXKECTBO, KOMIAaKTHOE B 3Toil Tonosioruu. Cregosarenbno, B cuiy cxogumoctu (18)
mveem {vg(-) | k € N} € compy, ey (V) 1

mo() S X(O, Uy, {Uk() ‘ ke N}) (@ XC(O, Uu)
HOC.He,B;Hee COOTHOIIIEHNE BJIEYET PaBE€HCTBO
FC(Ov 07 Uu) = 17

nporusopedaree (17) mpu (4, z.) = (0,0).

O06paTuMcst K MOCTPOEHNIO YKA3aHHBIX MTOCIe0BaTeIbHOCTel. Beerga BBITIOHEHO 110 KpaiiHeit
Mepe OJJHO M3 YTBEpPIKICHMIi:

(a) cymecTByer 1OC/IE10BATETHLHOCTD (Z;j)keN Takas, 4ro limy_,oo z,j =0, Uu(O,z,j) =1,
keN;

(6) cymecTByeT mOCIEIOBATENBHOCTD (2 )peN Takas, 910 limy o 2z, = 0, Uy(0,2;,) = —1,
ke N.

Ecin somonneno (a), To 1mosoxnM (zu)keN =(2; Jken 1 vg(T) =1 ans Beex MoMeHTOB
T € [Tko,Tk1), TO €CTb Ha mepBoM uHTepBaje pasbuenus Ayp. Eciu xe (a) He BbIIOJHE-
HO, TO HEMPEeMeHHO BLIOJHseTcst (6), B MBI TOMOKUM (2 )ken =(2; Jken 71 BCEX MOMEHTOB
T € [Tho, Tk1) (MOMeEHT Tp1 € Ay OGymer omnpesenen Huxke). 3areM 3HAUEHUst oMexu Vg (+) OymyT
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UHBEPTUPOBAHBI (IOMEHSAIOT 3HAK HA MPOTUBOIOJIOKHBIN) Ha MAJOM 3aBEPIIAIOIIEM UHTEPBAJIe
(71> Tk1) C [Tko, Tk1). MomenT 77, € [Tgo, Ti1] TakKe onpegensiercs nuxe. Ha Bcex mocseayommx
HHTepBaNAX T € [Ty(i—1), Tki), ¢ € 1..nA 3HATEHHE MOMeXH Vk(-) CHagaTa Gy/IyT yCTAHABIMBATHCS
paBHBIMEU 1 HA BCeM MHTEpBaJIe Pa30ueHus, a 3aTeM U3MEHATHCA Ha —1 Ha HEOO/IBITOM 3aBepIia-
IOIIEM HOJUHTEPBAJIE T € [T’é(iil),Tki) C [Th(im1)> Thi)-

o o /
Ilepeiinem k onpenesnenuto pasbmernit Ay 1 MOMeHTOB Ty,. [lomokmm

mé;? ekéﬁ, ic0.28 keN.

st onpeiesieHnsT MOMEHTOB T],gl, Tkr1 3aJaJUM KPyI' pajuyca € C LEHTPOM B TOYKe (?kl,z*k +
Tkl — V/2€), TO ecTh KpyT, Kacaionmiicss CHu3y mpsimoii y(7) £ 2y, + T, KOTOpast B CBOIO 0Uepe/h
COBIIAJIAET C HAYAJIOM JBUKEHUS Tk (). DTOT KpyTr OyAeT MeJUKoM JiexkaTh Bo MHOXKecTBe G. B
cmty miotaocTr B G MuOKecTBa U JaHHEBIN KPYT HEITPEMEHHO COIEPIKHUT TOUKY (lel, x;l) ceU™T.
[lomoxmM Ty = 751, @ MOMEHT T4, BBIGepeM W3 HHTepBama [Tg1 — V/2ek, Tk1] Tax, 9TOGH HHBEPTH-
poBanueM 3HadeHnil vy () Ha UHTEpBAJIE [T}, Tk1] OBLIO YIOBIETBOPEHO PABEHCTBO Tk (Tk1) = xgl.
CyIecTBoBaHIe TAKOTO MOMEHTA MIPOBEPAETCH IIOCpeACcTBOM TeopeMmbl Posna. Ha Beex mocteayro-
mux nHTEpBanax pasbuenns Ay npoueaypa MOBTOPSETCA C TEM OTJIUYIUEM, 9TO 3HAYEHUS] TOMEXH
vg(+) momaraiorcs pasabiME 1 BHagasge n —1 Ha MaJIOM 3aBEPHIAIONIEM MHTEPBAJIE.

B pesyabrare 3Tux nmocrpoenuil peasim3aiius yIPaB/JIEHUS B MOMIATOBBIX JIBUXKEHUAX HA BCEX
WHTepBaJIaX pa3dueHus KpoMe, MOXKeT ObITh, epBoro Oyuer paBusaThca 1. [lomexa Takxke Oymer
NpUHUMATH 3HaYeHuEe 1 BCIO/LY 33 MCKJIOYEHHEM MAaJIbIX <«3aBEPIIAIONINX» WHTEPBAJIOB U, ObITh
MOXKET, TTIEPBOTO WHTEPBaJIa. [Ipr 3TOM 3HAKY yIIPABIEHUs U TOMEXHU Ha, TIEPBOM WHTEPBAJIE COTJIa-
COBAHBLI TAaK, YTO IMpaBad 9acTh CUCTeMBI paBHsaeTca 1. Takum o6paszoMm, IpaBasg 9acTh CHCTEMBI
(15) Bmoss aBwkenust Tk (-) paBHsiercss 1 BCIOMY 32 MCKJIIOYEHUEM MHOYKECTBA <«3aBEPIIAIOIINX >
UHTEPBAJIOB, Mepa KOTOPBIX B CyMMe He IPEBOCXOJUT BEITINHEL

1

i€l..2k i€1..2k

1
k2

U, cremosarenbno, Mepa MHOXKECTBA, HA KOTOPOM momexa vk (:) oramuna or 1 He mpeBocxoauT
BEJIMIMHBI

1,1
2k k2

U3 sroii oneHKHN cpasy ciaeayor cxoauMocTh (18). OcrambHble 3asiBIeHHBIE CBOTCTBA MOCIE0BA~
resibHOCTel (Z4k)keN, (Ak)keN, (Vk(+))keN CIeayI0T HENOCPEACTBEHHO U3 OCTPOEHUSI.

st nokazaresieil kauecrsa 6oJiee CJI02KHOIO BUJIA OTCyTCTBUE Periernd B Kiacce Ups MOKeT
OBITH yCTAHOBJIEHO 0€3 are/Isiiini K CBONCTBY yHUBEPCAJIHHOCTH.

IIpumep 2. Paccmorpum npumep (cm. [13]) ckansiproii ynipasssiemoit cucrembl Buja

#(1) = w(r) f1(1) + v(7) fa(7), (0) =0,

u(t) € P, v(r) € Q, T €T=20,47], P2 Q=[-1,1],
2 )0, T € (0,27, a Jsin(7), 71 €10,27],
A= sin(r), 7 € [2m,4n], fa(m) = 0, T € [2m, 4]

C IIOKa3aTejIeM KadeCTBa BHUIa

2| max x(r) - max a(r)[, (2()) € C(T,R),

’Y(IE()) T7€[0,27] TE[2m, 4]
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ouesniHo, HenpepobiBabiM B C(T, R).
Hepagencteo inf ey, SUPy()ex.(0,0) V(@(1)) 2 1 crepyer n3 pacemorpenns JByX movex

1, 7€]l0,2n]
v 20, 7 €10,4n], v 207 B
1(r) ™ € [0, 4n] 2(7) 0, 7€ (2m4n].

Coornomenue I'¢(0) = 0 TakzKe J1erko NpOBEPSETCS PU PACCMOTPEHUYN KBA3UCTPATErMH

6(0())(r) £ {0’ T e

(T —2m), T € (2m, 4.

B camom geste, Tak Kak BBIIOJIHEHBI yCJIOBHS TEOPEMBI 1, MBI MOXKEM 3aIHCAThH CJIELYIOIIHe CO-
orromenns 0 < I'o(0) = I'q(0) < sup,yex(o,a) ¥(@(-)) = 0. U, snaunt, B jannom npuvepe

BoiosHseTca HepaencTso I'c(0) < infyey,, subyyex, 0,0y V(2(+)).

Paboma evinosnena 68 pamrar npozpammo. GyniameHmasvuur uccaedosarnut Ilpesuduyma
PAH «/Tunamuseckue cucmemsvs U Meopusi Ynpasienuas npu punancosoti noddepoicke YpO PAH

(npoexm 12-I1-1-1002), a maxoice npu noddepoicre epanma PO DU (npoexm 12-01-00290).
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On the Model Motions in Control Problem with Functional
Constraints on Disturbances

D.A. Serkov, Institute of Mathematics and Mechanics, Ural Branch of the Russian Academy
of Sciences, Yekaterinburg, Russian Federation, serkov@imm.uran.ru

A control problem for a system described by an ordinary differential equation is
considered. It is suggested that the values of the control and of disturbance belong compact
sets at every instant. It is also assumed that the disturbance meets some additional
functional constraints showing the nature of the problem under consideration. The control
quality is assessed by the functional continuous in the metrics of uniform convergence over
the set of phase paths of the system. As it is previously stated, a strategy with full memory
solves the control problem under compact constraints to the disturbance as well as under
other functional constraints which are reduced to them. At the same time, the strategies
constructed for the cases above are not universal, i.e. they depend on the starting position of
the system motion. The question of possibility to solve the control problem with functional
constraints in a narrower (classic) set of strategies (positional strategies) remains open.
This paper gives the construction of the universal optimal strategy using a model of the
control system in the feedback path. The examples that lead to the expansion of the class
of solution strategies up to strategies with full memory are also given.

Keywords: optimal guarantee, strategies with full memory, functional constraints.
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