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The paper is devoted to the mathematical modelling of star-shaped geometric graphs

with n rib-strings of di�erent density and the solution of the boundary inverse spectral

problem for Sturm�Liouville di�erential operators on these graphs. Earlier it was shown

that if strings have the same length and densities, then the sti�ness coe�cients of springs

at the ends of graph strings are not uniquely recovered from natural frequencies. They are

found up to permutations of their places. We show, that if the strings have di�erent densities,

then the sti�ness coe�cients of springs on the ends of graph strings are uniquely recovered

from all natural frequencies. Counterexamples are shown that for the unique recovery of

the sti�ness coe�cients of springs on n dead ends of the graph, it is not enough to use

n natural frequencies. Examples are also given showing that it is su�cient to use n + 1
natural frequencies for the uniqueness of the recovery of the sti�ness coe�cients of springs

at the n ends of the strings. Those, the uniqueness or non-uniqueness of the restoration of

the sti�ness coe�cients of springs at the ends of the strings depends on whether the string

densities are identical or di�erent.
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Introduction

The main results on direct and inverse spectral problems for Sturm�Liouville operators
on an interval are presented in [1�11] and other works. Di�erential operators on graphs
(networks, trees) often appear in natural sciences and engineering (see [12�22] and the
references therein). Most of the results in this direction are devoted to direct problems
of studying properties of the spectrum and the root functions for operators on graphs.
Inverse spectral problems, because of their nonlinearity, are more di�cult to investigate,
and nowadays there exists only a small number of papers in this area. In particular,
inverse spectral problems of recovering the coe�cients of di�erential operators on trees (i.e
on graphs without cycles) were solved. Boundary inverse eigenvalue problems geometric
graphs were considered in [23�27]. In these papers it is shown that if strings have the same
length and densities, then the sti�ness coe�cients of springs at the ends of strings are not
uniquely recovered from natural frequencies. They are found up to permutations of their
places. We show, that if the strings have di�erent densities, then the sti�ness coe�cients
of springs on the ends of strings are uniquely recovered from natural frequencies. Those,
the uniqueness or non-uniqueness of the restoration of the sti�ness coe�cients of springs
at the ends of the strings depend on whether the string densities are identical or di�erent.
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1. Eigenvalues for Sturm�Liouville Di�erential Operators

on the Star Graph

Let Γ = γ1 × γ2 × · · · × γn be a star-shaped graph which consists of n �nite rays
γj = {xj ∈ (0, lj)}, j = 1, ..., n, with the origin of each ray identi�ed with the single vertex
of the graph. We consider on Γ the equation

Lyj = −d2yj(xj)

dx2
j

+ q(xj)yj(xj) = ρj λ yj(xj) = ρj µ
2 yj(xj), xj ∈ γj, (1)

de�ned for functions y satisfying the natural Kirchho� boundary conditions on the vertex:

y1(0) = ... = yn(0), (2)

y′1(0) + ...+ y′n(0) = 0. (3)

We further require the boundary conditions on the end-points xj = lj:

y′j(lj) +Hj yj(lj) = 0, j = 1, · · · , n. (4)

Here ρ1, ρ2, . . . , ρn are di�erent numbers, λ and µ are spectral parameters, Hj ∈ C. Each
potential qj(x) ∈ L(γj) (j = 1, · · · , n).

Let sj(x, µ), cj(x, µ), j = 1, ..., n + 1, be the solutions of (1) on the γj which satisfy
the initial conditions sj(0, µ) = 1− cj(0, µ) = 0, 1− s′j(0, µ) = c′j(0, µ) = 0 (j = 1, · · · , n).

The general solution on every interval can be represented as

yj(x, µ) = αj(µ)cj(x, µ) + βj(µ)sj(x, µ), j = 1, · · · , n. (5)

It has to satisfy the �rst Kirchcho� condition (2) for the �rst n components (5):

α1(µ) = · · · = αn(µ). (6)

We denote α(µ) = α1(µ) = · · · = αn(µ).
Boundary conditions on the ends of �nite intervals (4) put the following conditions on

α(µ), β1(µ), · · · , β2(µ)

α(µ)
[
c′j(lj, µ) +Hjcj(lj, µ)

]
+ βj(µ)

[
s′j(lj, µ) +Hjsj(lj, µ)

]
= 0, j = 1, · · · , n. (7)

We de�ne (i = 1, · · · , n)
σj(µ) = s′j(lj, µ) +Hjsj(lj, µ), (8)

κj(µ) = c′j(lj, µ) +Hjcj(lj, µ). (9)

Then the condition (8) can be rewritten as

α(µ)κj(µ) + βj(µ)σj(µ) = 0, j = 1, · · · , n. (10)

It is important to mention, that σj(µ) and κj(µ) cannot vanish simultaneously: multiply
(8) by cj(lj, µ) and subtract (9) multiplied by sj(lj, µ). As the result

σj(µ)cj(lj, µ)− κj(µ)sj(lj, µ) = s′j(lj, µ)cj(lj, µ)− c′j(lj, µ)sj(lj, µ) = 1. (11)
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The second Kirchho� condition (3) requires

β1(µ) + · · ·+ βn(µ) = 0. (12)

The �rst series of eigenvalues. Consider the case

σ1(µ) · σ2(µ) · . . . · σn(µ) ̸= 0. (13)

Then it follows from (7) that

βj(µ) = −α(µ)
c′j(lj, µ) +Hjcj(lj, µ)

s′j(lj, µ) +Hjsj(lj, µ)
. (14)

Then it follows from (12) that

α(µ)
n∑

j=1

c′j(lj, µ) +Hjcj(lj, µ)

s′j(lj, µ) +Hjsj(lj, µ)
= 0, (15)

where α(µ) is arbitrary.
If α(µ) ≡ 0, then yj ≡ 0 and we don't have eigenvalues.
So eigenvalues are the roots of the equation

n∑
j=1

c′j(lj, µ) +Hjcj(lj, µ)

s′j(lj, µ) +Hjsj(lj, µ)
= 0. (16)

The second series of eigenvalues. Consider the case

σ1(µ) · σ2(µ) · . . . · σn(µ) = 0. (17)

Denote
J = {j : σj(µ) = 0} . (18)

Then κj(µ) ̸= 0, for j ∈ J , and, to ful�l the (7)

α(µ) = 0. (19)

So the general solution in this case has to be in the form

yj(x, µ) = βj(µ)sj(x, µ), j = 1, · · · , n. (20)

But σj(µ) ̸= 0, j ̸∈ J , and as the result, to satisfy (7), it has to be βj = 0, and as the
result the general solution in such case is

yj(x, µ) = βj(µ)sj(x, µ), j ∈ J, (21)

yj(x, µ) ≡ 0, j ̸∈ J, (22)

where βj(µ) are arbitrary.
If βj ≡ 0 (j ∈ J), then yj ≡ 0 and we don't have eigenvalues.
So eigenvalues are the roots of the equation

sj(x, µ) = 0, j ∈ J. (23)
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2. Uniqueness of Solution for Boundary Inverse Problem

The boundary inverse problem consists of determining Hj from eigenvalues. We note
that the eigenvalues of the second series cannot be used to solve the inverse problem, since
the equation for determining the eigenvalues of the second series does not contain Hj.
Therefore, we assume that we know the eigenvalues from the �rst series.

Let L denote the Sturm�Liouville eigenvalue problem (1) � (4).
In that follows, the problem of type L with di�erent coe�cients in the equation and

with di�erent parameters in the boundary forms is denoted by L̃. Additionally, if a certain
symbol denotes an object in the problem L, the same symbol with a tilde denotes its
counterpart in problem L̃.

Theorem 1. If the eigenvalues of the �rst series for problem L are equal to those of
problem L̃ counting their algebraic multiplicities, then the coe�cients of the boundary
conditions of L and L̃ are also equal to each other; i.e., Hj = H̃j for j = 1, 2, . . . n.

Proof. If λi are eigenvalues of the �rst series for problem L, then from (16) it follows that
λi are the roots of the entire function

∆(λ) =
n∑

k=1

(c′j(lk, µ) +Hk ck(lk, µ)) ·
n∏

j=1; j ̸=k

(s′j(lj, µ) +Hj sj(lj, µ)). (24)

It can be seen that ∆(λ) is an entire function of order 1. Moreover, according to the
assumptions of the theorem, the eigenvalues of L and L̃ listed with their algebraic
multiplicities are equal to each other. Therefore, the Hadamard factorization theorem
implies that ∆(λ) ≡ C ∆̃(λ), where C is a nonzero constant. It follows that

∆(λ)− C ∆̃(λ) ≡
n∑

k=1

(c′k(lk, µ) +Hk ck(lk, µ)) ·
n∏

j=1; j ̸=k

(s′j(lj, µ) + H̃j sj(lj, µ))−

−C ·
n∑

k=1

(c′k(lk, µ) + H̃k ck(lk, µ)) ·
n∏

j=1; j ̸=k

(s′j(lj, µ) + H̃j sj(lj, µ)).
(25)

We have the asymptotic formulas

cj(xj, µ) = cos(µxj) +
1
µ
uj(xj) sin(µxj) +O

(
1
µ2

)
,

sj(xj, µ) =
1
µ
sin(µxj)− 1

µ2 uj(xj) cos(µxj) +O
(

1
µ3

)
,

c′j(xj, µ) = −µ sin(µxj) + uj(xj) cos(µxj) +O
(

1
µ

)
,

s′j(xj, µ) = cos(µxj) +
1
µ
uj(xj) sin(µxj) +O

(
1
µ2

)
, j = 1, 2, . . . , n,

where uj(xj) = 1
2

∫ x

0
q(tj) dtj for su�ciently large µ ∈ R [3]. Hence it follows that the

corresponding products of cj, sj and their derivatives are linearly independent. From this
and (25) it follows that Hj = H̃j. Thus, the theorem is proved.

2

The theorem shows that the boundary conditions of Problem L can be uniquely
recovered from the in�nite set of eigenvalues. However, computer calculations show that
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enough �nite number of eigenvalues is su�cient to restore n parameters Hj of L. In this
case, for the reconstruction we need to use not n, but n+ 1 eigenvalues of problem L.

Let us demonstrate that n eigenvalues are not enough for unique identi�cation of n
coe�cients Hj.

3. Examples and Counterexamples

Example 1. (Counterexample 1) Let Γ = γ1 × γ2 × γ3 be a star-shaped graph which
consists of 3 �nite rays γj = {xj ∈ (0, 1)}, lj = 1, j = 1, 2, 3, with the origin of each ray
identi�ed with the single vertex of the graph. We consider on Γ equation

Lyj = −d2yj(xj)

dx2
j

= ρj µ
2 yj(xj), xj ∈ γj, (26)

de�ned for functions y satisfying the natural Kirchho� boundary conditions on the vertex:

y1(0) = y2(0) = y3(0), (27)

y′1(0) + y′2(0) + y′3(0) = 0. (28)

We further require the boundary conditions on the end-points xj = lj = 1:

y′j(1) +Hj yj(1) = 0, j = 1, · · · , n. (29)

Here µ is a spectral parameter, ρ1 = 1, ρ2 = 2, ρ3 = 3, Hj ∈ C.
The solutions of (26) on γj which satis�es initial condition sj(0, µ) = 1− cj(0, µ) = 0,

1− s′j(0, µ) = c′j(0, µ) = 0, (j = 1, 2, 3) are functions cj(xj, µ) = cos(µxj) and sj(xj, µ) =
1
µ
sin(µxj), j = 1, 2, 3.
Let us take the �rst tree eigenvalues of the �rst series of eigenvalues for problem (26)

� (29) µ1 = 0, 48450, µ2 = 1, 4165, µ3 = 2, 2721. Using these values, from (16) we arrive
at the system of three equations:

(0, 88491H1 − 0, 22566)(0, 85069H2 + 0, 56613)(0, 68327H3 + 0, 11703)+
+(0, 96133H1 + 0, 88491)(0, 56613H2 − 0, 79876)(0, 68327H3 + 0, 11703)+
+(0, 96133H1 + 0, 88491)(0, 85069H2 + 0, 56613)(0, 11703H3 − 1, 4435) = 0,
(0, 15372H1 − 1, 3996)(0, 10724H2 − 0, 95274)(−0, 21055H3 − 0, 44664)+
+(0, 69759H1 + 0, 15372)(−0, 95274H2 − 0, 86063)(−0, 21055H3 − 0, 44664)+
+(0, 69759H1 + 0, 15372)(0, 10724H2 − 0, 95274)(−0, 44664H3 + 3, 8020) = 0,
(−0, 64523H1 − 1, 73588)(−0, 21696H2 − 0, 16736)(0, 074565H3 + 0, 86121)+
+(0, 33625H1 − 0, 64523)(−0, 16736H2 + 4, 4801)(0, 074565H3 + 0, 86120)+
+(0, 33625H1 − 0, 64523)(−0, 21696H2 − 0, 16736)(0, 86120H3 − 3, 4645) = 0,

(30)

which solution will be six sets of (H1, H2, H3):

{H1 = 0, 081922,H2 = 3, 4849,H3 = 6, 0394},
{H1 = 0, 31023,H2 = 1, 0390,H3 = 31, 632},
{H1 = 1, 0000,H2 = 2, 0000,H3 = 3, 0000},
{H1 = 1, 2269,H2 = 0, 90496,H3 = 5, 56392},
{H1 =−0, 45154+0, 17493i,H2 =−3, 8954+5, 6196i,H3 =−0, 55241−2, 2121i},
{H1 =−0, 45154−0, 17493i,H2 =−3, 8954−5, 6196i,H3 =−0, 55241+2, 2121i}.

(31)
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We substitute the fourth eigenvalue µ4 = 3, 2689 of the problem (26) � (29) in (16).
As the result, we obtain the equation

(−0, 99191H1 + 0, 41503)(0, 038526H2 + 0, 96776)(−0, 038005H3−0, 92795)+
+(−0, 038840H1−0, 99191)(0, 96776H2−1, 6467)(−0, 038005H3−0, 92795)+
+(−0, 038840H1−0, 99191)(0, 038526H2 + 0, 96776)(−0, 92795H3 + 3, 65503) = 0.

(32)

Let us form a new system of equations from the �rst two equations of system (30) and
equation (32). The solution to this new system of equations is the other 6 sets of solutions:

{H1 = 1, 4493, H2 = 1, 9584, H3 = 2, 5961},
{H1 = 0, 84897 + 1, 2383 i,H2 = 0, 81210−0, 30203 i,H3 = 4, 3564−1, 0462 i},
{H1 = 1, 0000, H2 = 2, 0000, H3 = 3, 0000},
{H1 =−0, 44254 + 0, 06691 i,H2 = 14, 573 + 6, 2654 i,H3 =−2, 9975−1, 7914 i},
{H1 =−0, 44254−0, 066907 i,H2 = 14, 573−6, 2654 i,H3 =−2, 9975 + 1, 7914 i},
{H1 = 0, 84897−1, 2383 i,H2 = 0, 81210 + 0, 30203 i,H3 = 4, 3565 + 1, 0462 i}.

(33)

Thus, n coe�cients Hj of the boundary conditions (4) are not uniquely recovered by
n eigenvalues of problem L.

However, calculations on concrete examples show that the coe�cients Hj of the
boundary conditions (4) can be uniquely determined by using n+1 eigenvalues of problem
L.

Example 2. Let us take the �rst four eigenvalues of the �rst series of eigenvalues for
problem (26) � (29) µ1 = 0, 48450, µ2 = 1, 4165, µ3 = 2, 2721, µ4 = 3, 2689. The solution
of the system of four equations (30), (32) is the intersection of sets (31) and (33). This
intersection consists of a unique solution of system:

{H1 = 1, 0000, H2 = 2, 0000, H3 = 3, 0000}. (34)

Example 3. (Counterexample 2) Let Γ = γ1 × γ2 × γ3 be a star-shaped graph which
consists of 3 �nite rays γj = {xj ∈ (0, 1)}, j = 1, 2, 3, with the origin of each ray identi�ed
with the single vertex of the graph. We consider on Γ equation

Lyj = −d2yj(x)

dx2
j

+ qj(x) yj(x) = ρj µ
2 yj(x), xj ∈ γj, (35)

de�ned for functions y satisfying the natural Kirchho� boundary conditions on vertex:

y1(0) = y2(0) = y3(0), (36)

y′1(0) + y′2(0) + y′3(0) = 0. (37)

We further require the boundary conditions on end-points xj = lj = 1:

y′j(1) +Hj yj(1) = 0, j = 1, · · · , n. (38)

Here µ is a spectral parameter, q1(x) = x, q2(x) = x + 2, q3(x) = x + 3, ρ1 = 1, ρ2 = 2,
ρ3 = 3, Hj ∈ C.

10 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2018, vol. 11, no. 3, pp. 5�17



ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ

The solutions of (35) on γj which satis�es initial condition sj(0, µ) = 1− cj(0, µ) = 0,
1 − s′j(0, µ) = c′j(0, µ) = 0, (j = 1, 2, 3) are functions that are expressed in terms of Airy
functions:

c1(x, µ) = − Bi(1,−µ2) · Ai(−µ2 + x)

(Bi(−µ2) · Ai(1,−µ2)− Bi(1,−µ2) · Ai(−µ2))
+

+
Ai(1,−µ2) · Bi(−µ2 + x)

(Bi(−µ2) · Ai(1,−µ2)− Bi(1,−µ2) · Ai(−µ2))
,

c2(x, µ) = − Bi(1,−2µ2 + 2) · Ai(−2µ2 + x+ 2)

Bi(−2µ2 + 2) · Ai(1,−2µ2 + 2)− Bi(1,−2µ2 + 2) · Ai(−2µ2 + 2)
+

+
Ai(1,−2µ2 + 2) · Bi(−2µ2 + x+ 2)

Bi(−2µ2 + 2) · Ai(1,−2µ2 + 2)− Bi(1,−2µ2 + 2) · Ai(−2µ2 + 2)
,

c3(x, µ) = − Bi(1,−3µ2 + 3) · Ai(−3µ2 + x+ 3)

Bi(−3µ2 + 3) · Ai(1,−3µ2 + 3)− Bi(1,−3µ2 + 3) · Ai(−3µ2 + 3)
+

+
Ai(1,−3µ2 + 3) · Bi(−3µ2 + x+ 3)

Bi(−3µ2 + 3) · Ai(1,−3µ2 + 3)− Bi(1,−3µ2 + 3) · Ai(−3µ2 + 3)
,

s1(x, µ) =
Bi(−µ2) · Ai(−µ2 + x)

Bi(−µ2) · Ai(1,−µ2)− Bi(1,−µ2) · Ai(−µ2)
−

− Ai(−µ2) · Bi(−µ2 + x)

Bi(−µ2) · Ai(1,−µ2)− Bi(1,−µ2) · Ai(−µ2)
,

s2(x, µ) =
Bi(−2µ2 + 2) · Ai(−2µ2 + x+ 2)

Bi(−2µ2 + 2) · Ai(1,−2µ2 + 2)− Bi(1,−2µ2 + 2) · Ai(−2µ2 + 2)
−

− Ai(−2µ2 + 2) · Bi(−2µ2 + x+ 2)

Bi(−2µ2 + 2) · Ai(1,−2µ2 + 2)− Bi(1,−2µ2 + 2) · Ai(−2µ2 + 2)
,

s3(x, µ) =
Bi(−3µ2 + 3) · Ai(−3µ2 + x+ 3)

Bi(−3µ2 + 3) · Ai(1,−3µ2 + 3)− Bi(1,−3µ2 + 3) · Ai(−3µ2 + 3)
−

− Ai(−3µ2 + 3) · Bi(−3µ2 + x+ 3)

Bi(−3µ2 + 3) · Ai(1,−3µ2 + 3)− Bi(1,−3µ2 + 3) · Ai(−3µ2 + 3)
.

Let us take the �rst tree eigenvalues of the �rst series of eigenvalues for problem (35) �
(38) µ1 = 1, 7745, µ2 = 2, 2430, µ3 = 3, 4376. Using these values, from (16) we arrive at
the system of three equations:

(−0, 12050H1 − 1, 6315)(0, 47686H2 − 0, 31384)(0, 26508H3 − 0, 72008)+
+(0, 61336H1 + 0, 0059937)(−0, 42522H2 − 1, 8172)(0, 26508H3 − 0, 72008)+
+(0, 61336H1 + 0, 0059937)(0, 47686H2 − 0, 31384)(−0, 80651H3 − 1, 5816) = 0,
(−0, 58101H1 − 1, 8116)(0, 13876H2 − 0, 88951)(−0, 076473H3 − 0, 94666)+
+(0, 39850H1 − 0, 47863)(−0, 95980H2 − 1, 0540)(−0, 076473H3 − 0, 94666)+
+(0, 39850H1 − 0, 47863)(0, 13876H2 − 0, 88951)(−0, 98500H3 + 0, 88323) = 0,
(−0, 99573H1 + 0, 73943)(−0, 21611H2 − 0, 11628)(−0, 10434H3 + 0, 80048)+
+(−0, 065638H1 − 0, 95554)(−0, 11388H2 + 4, 5660)(−0, 10434H3 + 0, 80048)+
+(−0, 065638H1 − 0, 95554)(−0, 21611H2 − 0, 11628)(0, 81475H3 + 3, 3335) = 0,

(39)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 3. Ñ. 5�17

11



A.M. Akhtyamov, Kh.R. Mamedov, E.N. Yilmazoglu

which solution will be six sets of (H1, H2, H3):

{H1=3, 0000, H2=2, 0000, H3=1, 0000},
{H1=3, 3145, H2=0, 29642, H3=4, 6856},
{H1=0, 80324+6, 5631 i,H2=0, 86403−1, 4760 i,H3=0, 33506+1, 3100 i},
{H1=−0, 81785+0, 49296 i,H2=−0, 42624+4, 92103 i,H3=−0, 12302−4, 2522 i},
{H1=−0, 81785−0, 49295 i,H2=−0, 42624−4, 9210 i,H3=−0, 12302+4, 2522 i},
{H1=0, 80324−6, 5631 i,H2=0, 86403+1, 4760 i,H3=0, 33506−1, 3100 i}.

(40)

We substitute the fourth eigenvalue µ4 = 4, 9887 of problem (35) � (38) in (16). As
the result, we obtain equation

(0, 22829H1 + 4, 8126)(0, 081214H2 + 0, 82564)(0, 099045H3 − 0, 54720)+
+(−0, 19737H1 + 0, 21965)(0, 83356H2 − 3, 8390)(0, 099045H3 − 0, 54720)+
+(−0, 19737H1 + 0, 21965)(0, 081213H2 + 0, 82564)(−0, 55175H3 − 7, 0481) = 0.

(41)

Let us form the new system of equations from the �rst two equations of system (39)
and equation (41). The solution to this new system of equations is the other 6 sets of
solutions:

{H1=3, 0000, H2=2, 0000, H3=1, 0000},
{H1=1, 5805+2, 4752 i,H2=−0, 22203+0, 67498 i,H3=1, 0034−3, 6902 i},
{H1=−0, 059508+0, 67472 i,H2=−6, 1889−6, 1889 i,H3=0, 93238−2, 1799 i},
{H1=−0, 46343, H2=54, 238, H3=11, 361},
{H1=−0, 059508−0, 67473 i,H2=−6, 1889+0, 090512 i,H3=0, 93238+2, 1799 i},
{H1=1, 5804−2, 4751 i,H2=−6, 1889+0, 090512 i,H3=1, 0034+3, 6901 i}.

(42)

Thus, both systems do not have a unique solution.

Example 4. Let us take the �rst four eigenvalues of problem (35) � (38) µ1 = 1, 7745,
µ2 = 2, 2430, µ3 = 3, 4376, µ4 = 4, 9887. The solution of the system of four equations
(39), (41) is the intersection of sets (40) and (42). This intersection consists of a unique
solution:

{H1 = 3, 0000, H2 = 2, 0000, H3 = 1, 0000}. (43)

We note that in the case of an arbitrary in�nitely di�erentiable functions qj(xj), in
calculating the characteristic determinant (24), instead of the exact values of the linearly
independent solutions cj(x, µ) and sj(x, µ) of equation (1), the main parts of the Taylor
series for these solutions are used with respect to the two variables x and µ. Moreover,
the coe�cients of the boundary conditions (for the inverse problem) and the eigenvalues
(for the direct problem) are found with a small error, and the accuracy of the calculation
is su�ciently high [28].
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ÃÐÀÍÈ×ÍÀß ÎÁÐÀÒÍÀß ÇÀÄÀ×À
ÄËß ÇÂÅÇÄÎÎÁÐÀÇÍÎÃÎ ÃÐÀÔÀ
ÑÎ ÑÒÐÓÍÀÌÈ-ÐÅÁÐÀÌÈ ÐÀÇËÈ×ÍÎÉ ÏËÎÒÍÎÑÒÈ

À.Ì. Àõòÿìîâ1, Õ.Ð. Ìàìåäîâ2, Ý.Í. Éûëìàçîãëó2
1Áàøêèðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Óôà, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Ìåðñèíñêèé óíèâåðñèòåò, ã. Ìåðñèí, Òóðöèÿ

Ðàáîòà ïîñâÿùåíà ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ çâåçäîîáðàçíûõ ãåîìåòðè÷å-

ñêèõ ãðàôîâ ñ n ñòðóíàìè-ðåáðàìè ðàçëè÷íîé ïëîòíîñòè è ðåøåíèþ ãðàíè÷íîé îáðàò-

íîé ñïåêòðàëüíîé çàäà÷è äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ Øòóðìà � Ëèóâèëëÿ
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íà ýòèõ ãðàôàõ. Ðàíåå áûëî ïîêàçàíî, ÷òî, åñëè ñòðóíû èìåþò îäèíàêîâóþ äëèíó è

ïëîòíîñòü, òî êîýôôèöèåíòû æåñòêîñòè ïðóæèí íà êîíöàõ ñòðóí âîññòàíàâëèâàþòñÿ

ïî ñîáñòâåííûì ÷àñòîòàì íåîäíîçíà÷íî. Îíè íàõîäÿòñÿ ñ òî÷íîñòüþ äî ïåðåñòàíîâîê

èõ ìåñòàìè. Â íàñòîÿùåé ñòàòüå ïîêàçàíî, ÷òî, åñëè ñòðóíû èìåþò ðàçíóþ ïëîòíîñòü,

òî êîýôôèöèåíòû æåñòêîñòè ïðóæèí íà êîíöàõ ñòðóí âîññòàíàâëèâàþòñÿ ïî âñåì ñîá-

ñòâåííûì ÷àñòîòàì îäíîçíà÷íî. Ïðèâåäåíû êîíòðïðèìåðû, ïîêàçûâàþùèå, ÷òî äëÿ

îäíîçíà÷íîãî âîññòàíîâëåíèÿ êîýôôèöèåíòîâ æåñòêîñòåé ïðóæèíîê íà n òóïèêîâûõ

âåðøèíàõ ãðàôà íåäîñòàòî÷íî èñïîëüçîâàíèÿ n ñîáñòâåííûõ ÷àñòîò. Ïðèâîäÿòñÿ òàêæå

ïðèìåðû, ïîêàçûâàþùèå, ÷òî äëÿ îäíîçíà÷íîãî âîññòàíîâëåíèÿ êîýôôèöèåíòîâ æåñò-

êîñòåé ïðóæèí íà n êîíöàõ ñòðóí äîñòàòî÷íî èñïîëüçîâàòü n+1 ñîáñòâåííóþ ÷àñòîòó.

Òàêèì îáðàçîì, îäíîçíà÷íîñòü èëè íåîäíîçíà÷íîñòü âîññòàíîâëåíèÿ êîýôôèöèåíòîâ

æåñòêîñòåé ïðóæèí íà êîíöàõ ñòðóí çàâèñÿò îò òîãî, ÿâëÿþòñÿ ëè ïëîòíîñòè ñòðóí

îäèíàêîâûìè èëè ðàçëè÷íûìè.

Êëþ÷åâûå ñëîâà: ñîáñòâåííûå ÷àñòîòû; çâåçäíîîáðàçíûé ãðàô; îáðàòíûå çàäà÷è;

ñòðóíû; ïëîòíîñòè; êðàåâûå óñëîâèÿ.
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