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1Íàöèîíàëüíûé èññëåäîâàòåëüñêèé Ìîðäîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò
èì. Í.Ï. Îãàðåâà, ã. Ñàðàíñê, Ðîññèéñêàÿ Ôåäåðàöèÿ

Â äàííîé ðàáîòå ïðåäñòàâëåíû àïðèîðíûå îöåíêè òî÷íîñòè ðåøåíèÿ îäíîðîäíîé

êðàåâîé çàäà÷è äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ìåòîäîì Ãàëåðêèíà ñ ðàçðûâíûìè áà-

çèñíûìè ôóíêöèÿìè íà ðàçíåñåííûõ ñåòêàõ. Äëÿ àïïðîêñèìàöèè èñõîäíîãî ýëëèïòè-

÷åñêîãî óðàâíåíèÿ ñ èçâåñòíûìè íà÷àëüíî-êðàåâûìè óñëîâèÿìè ìåòîäîì Ãàëåðêèíà ñ

ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè, íåîáõîäèìî ïðåîáðàçîâàòü åãî ê ñèñòåìå äèôôå-

ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Äëÿ ýòîãî ââîäÿò-

ñÿ âñïîìîãàòåëüíûå ïåðåìåííûå, ïðåäñòàâëÿþùèå ñîáîé êîìïîíåíòû ïîòîêà èñêîìîé

âåëè÷èíû. Õàðàêòåðíîé îñîáåííîñòüþ ìåòîäà ÿâëÿåòñÿ íàõîæäåíèå âñïîìîãàòåëüíûõ

ïåðåìåííûõ íà ÿ÷åéêàõ äâîéñòâåííîé ñåòêè. Äâîéñòâåííàÿ ñåòêà ñîñòîèò èç ìåäèàí-

íûõ êîíòðîëüíûõ îáúåìîâ è ÿâëÿåòñÿ ñîïðÿæåííîé ê îñíîâíîé íåñòðóêòóðèðîâàííîé

òðåóãîëüíîé ñåòêå. ×èñëåííûå ïîòîêè íà ãðàíèöå ìåæäó ýëåìåíòàìè íàõîäÿòñÿ ñ èñ-

ïîëüçîâàíèåì ñòàáèëèçèðóþùèõ äîáàâîê. Äëÿ ñòàáèëèçèðóþùåãî ïàðàìåòðà ïîðÿäêà

ïîðÿäêà 1 ïîêàçàíî, ÷òî ïîðÿäîê ñõîäèìîñòè áóäåò k + 1
2 , à â ñëó÷àå èñïîëüçîâàíèÿ

ñòàáèëèçèðóþùåãî ïàðàìåòðà ïîðÿäêà h−1 ïîðÿäîê ñõîäèìîñòè óâåëè÷èâàåòñÿ äî k+1,
êîãäà â êà÷åñòâå áàçèñà èñïîëüçóþòñÿ ïîëèíîìû ñòåïåíè íå íèæå k.

Êëþ÷åâûå ñëîâà: àïðèîðíûå îöåíêè ïîãðåøíîñòè; êîíå÷íûå ýëåìåíòû; ìåòîä Ãà-

ëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè; ðàçíåñåííûå ñåòêè; ýëëèïòè÷åñêèå çà-

äà÷è.

Ââåäåíèå

Ðàíåå àâòîðàìè áûëî ïðåäëîæåíî íîâîå ñåìåéñòâî ñõåì íà îñíîâå ëîêàëüíîãî ìå-
òîäà Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè íà ðàçíåñåííûõ íåñòðóêòóðèðî-
âàííûõ ñåòêàõ äëÿ óðàâíåíèé äèôôóçèîííîãî òèïà [1�4]. Õàðàêòåðíîé îñîáåííîñòüþ
äàííîãî ñåìåéñòâà ñõåì ÿâëÿåòñÿ òî, ÷òî àïïðîêñèìàöèÿ ïîòîêà èñêîìîé ôóíêöèè
ïðîèçâîäèòñÿ íà äâîéñòâåííîé ñåòêå, ñîñòîÿùåé èç ìåäèàííûõ êîíòðîëüíûõ îáúå-
ìîâ, ñâÿçàííûõ ñ óçëàìè îñíîâíîé ñåòêè, â òî âðåìÿ êàê àïïðîêñèìàöèÿ èñêîìîé
ôóíêöèè ðàññìàòðèâàåòñÿ íà ÿ÷åéêàõ îñíîâíîé ñåòêè.

Â ñòàòüå ïðåäñòàâëåí àïðèîðíûé àíàëèç îøèáîê ëîêàëüíîãî ðàçðûâíîãî ìåòîäà
Ãàëåðêèíà (ÐÌÃ), èëè Local Discontinuous Galerkin method (LDG), äëÿ ñëåäóþùåé
ýëëèïòè÷åñêîé çàäà÷è:

−∆u = f, x ∈ Ω, (1)

u = 0, x ∈ ∂Ω, (2)

ãäå Ω � îãðàíè÷åííàÿ îáëàñòü â Rd, ∂Ω � ãðàíèöà îáëàñòè Ω.
Ìåòîä LDG áûë âïåðâûå ïðåäëîæåí Êîêáóðíîì è Øó â ðàáîòå [5] êàê ðàçâè-

òèå ÷èñëåííîé ñõåìû äëÿ ñæèìàåìûõ óðàâíåíèé Íàâüå � Ñòîêñà, îïèñàííîé Áàññè è
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Ðèáýåì â [6]. Ýòà ñõåìà, â ñâîþ î÷åðåäü, ÿâëÿåòñÿ ðàçâèòèåì ìåòîäà Runge � Kutta
Discontinuous Galerkin (RKDG), ðàçðàáîòàííîãî Êîêáóðíîì è Øó [7] äëÿ íåëèíåéíûõ
ãèïåðáîëè÷åñêèõ ñèñòåì.

Âîïðîñàì ïîëó÷åíèÿ àïðèîðíûõ îöåíîê äëÿ ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè áà-
çèñíûìè ôóíêöèÿìè ïîñâÿùåíî ìíîãî ðàáîò êàê â Ðîññèè, òàê è çà ðóáåæîì. Íàïðè-
ìåð, îöåíêè äëÿ ïàðàáîëè÷åñêèõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ïîëó÷åíû
â [11], â [13] ðàçðàáîòàíà àáñòðàêòíàÿ òåîðèÿ ñõåì ðàçðûâíîãî ìåòîäà Ãàëåðêèíà â
ñìåøàííîé ôîðìóëèðîâêå è ïîëó÷åíû àïðèîðíûå îöåíêè òî÷íîñòè äëÿ êâàçèëèíåé-
íûõ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà.

Íàø àíàëèç ÷àñòè÷íî îñíîâûâàåòñÿ íà òåõíèêå, ïðåäñòàâëåííîé â ðàáîòàõ [10,12]
äëÿ ïàðàáîëè÷åñêèõ è ýëëèïòè÷åñêèõ çàäà÷, ñîîòâåòñòâåííî.

Äëÿ ïðèìåíåíèÿ ëîêàëüíîãî ðàçðûâíîãî ìåòîäà Ãàëåðêèíà ïåðåïèøåì èñõîäíóþ
ýëëèïòè÷åñêóþ çàäà÷ó (1), (2) êàê ñèñòåìó óðàâíåíèé ïåðâîãî ïîðÿäêà. Ââåäåì âñïî-
ìîãàòåëüíóþ ïåðåìåííóþ q = ∇u è ïîëó÷àåì ñëåäóþùóþ ñèñòåìó óðàâíåíèé

q = ∇u, â Ω, (3)

−∇ · q = f, â Ω, (4)

u = 0, íà ∂Ω. (5)

1. Ëîêàëüíûé ðàçðûâíûé ìåòîä Ãàëåðêèíà

Ïîêðîåì îáëàñòü ðàñ÷åòà òðåóãîëüíîé ñåòêîé TT áåç çàçîðîâ è íàëîæåíèé. Òàêæå
ââåäåì â ðàññìîòðåíèå äâîéñòâåííóþ ñåòêó TD, ñîñòàâëåííóþ èç ìåäèàííûõ ÿ÷ååê,
öåíòðû êîòîðûõ ëåæàò â óçëàõ ÿ÷ååê òðåóãîëüíîé ñåòêè TT .

Äëÿ óäîáñòâà äàëüíåéøèõ ðàññóæäåíèé äîïîëíèòåëüíî ââåäåì â ðàññìîòðåíèå
ñåòêó TQ, ñîñòîÿùóþ èç ÿ÷ååê Q, êîòîðûå ÿâëÿþòñÿ ðåçóëüòàòîì ïåðåñå÷åíèÿ ÿ÷ååê
èç TT è TD.

Ïðåäïîëàãàåì, ÷òî ôóíêöèè (q, u) áåðóòñÿ èç W × V , ãäå:

V =
{
u ∈ L2(Ω) : u|T ∈ H1(T ),∀T ∈ TT

}
,

W =
{
q ∈

(
L2(Ω)

)2
: q|D ∈ H1(D)2,∀D ∈ TD

}
.

Áóäåì àïïðîêñèìèðîâàòü òî÷íîå ðåøåíèå (q, u) ôóíêöèÿìè (qh, uh) èç êîíå÷íî-
ýëåìåíòíîãî ïðîñòðàíñòâà Wh × Vh ⊂ W × V , ãäå

Vh =
{
u ∈ L2(Ω) : u|T ∈ P (T ), ∀T ∈ TT

}
,

Wh =
{
q ∈

(
L2(Ω)

)2
: q|D ∈ P (D)2,∀D ∈ TD

}
,

ãäå ëîêàëüíûå êîíå÷íî-ýëåìåíòíûå ïðîñòðàíñòâà P (T ) è P (D)2 ñîñòîÿò èç ïîëèíîìîâ.
Äëÿ îáåñïå÷åíèÿ åäèíñòâåííîñòè àïïðîêñèìàöèîííîãî ðåøåíèÿ ÐÌÃ ïîòðåáóåì

âûïîëíåíèÿ ñëåäóþùåãî óñëîâèÿ äëÿ ïðîèçâîëüíûõ ãëàäêèõ ôóíêöèé w è v:

åñëè v ∈ P (T ) è

∫
T

∇v ·wdx = 0, ∀w ∈ P (D)2 : T ∩D ̸= ∅, òî ∇v ≡ 0 â T ∈ TT . (6)
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Àïïðîêñèìàöèîííîå ðåøåíèå (qh, uh) äàëåå îïðåäåëÿåòñÿ ïðèìåíåíèåì ñëàáîé ôîð-
ìóëèðîâêè äëÿ âñåõ ýëåìåíòîâ T ∈ TT è D ∈ TD äëÿ âñåõ (w, v) ∈ P (D)2 × P (T )∫

D

qh ·wdx +

∫
D

uh∇ ·wdx −
∫
∂D

ûhw · ndx = 0, (7)

∫
T

qh · ∇vdx −
∫
∂T

vq̂h · ndx =

∫
Ω

fvdx, (8)

ãäå ÷èñëåííûå ïîòîêè q̂h è ûh âûáèðàþòñÿ àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî â ðàáî-
òàõ [9, 11]. ×òîáû îïðåäåëèòü ÷èñëåííûå ïîòîêè, îïðåäåëèì ñíà÷àëà íåñêîëüêî îáî-
çíà÷åíèé. Ïóñòü K+ è K− ýòî äâà ñîñåäíèõ ýëåìåíòà òðèàíãóëÿöèè TT . Ïóñòü x áóäåò
ïðîèçâîëüíàÿ òî÷êà íàáîðà e = ∂K+∩∂K−, è ïóñòü n+ è n− áóäóò ñîîòâåòñòâóþùèå
âíåøíèå íîðìàëè ê ýëåìåíòàì â äàííîé òî÷êå. Ïóñòü (q, u) áóäóò ãëàäêèå ôóíêöèè
âíóòðè êàæäîãî ýëåìåíòà K± è îáîçíà÷èì çà (q±, u±) îòïå÷àòêè (q, u) íà e èç âíóò-
ðåííîñòè K±. Ïîñëå ýòîãî îïðåäåëèì ñðåäíèå çíà÷åíèÿ {{·}} è ñêà÷êè [[·]] íà x ∈ e
ñëåäóþùèì îáðàçîì

{{u}} =
(
u+ + u−) /2, {{q}} =

(
q+ + q−) /2,

[[u]] = u+n+ + u−n−, [[q]] = q+ · n+ + q− · n−.

Åñëè íàáîð e ëåæèò âíóòðè îáëàñòè Ω, ïîëó÷àåì ñëåäóþùåå îïðåäåëåíèå äëÿ ïîòîêîâ
èç (7), (8)

q̂ = {{q}} − C11[[u]], (9)

û = {{u}},

ãäå âñïîìîãàòåëüíûé ïàðàìåòð C11 îïðåäåëåí íà x ∈ e.
Ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ ñëåäóþùèì îáðàçîì

q̂ = q+ − C11u
+n+, (10)

û = 0.

2. Êëàññè÷åñêèå ñìåøàííûå îáîçíà÷åíèÿ

Îáîçíà÷èì çà ΓT
I îáúåäèíåíèå âñåõ âíóòðåííèõ ðåáåð òðèàíãóëÿöèè TT , çà ΓD

I

� îáúåäèíåíèå âñåõ âíóòðåííèõ ðåáåð ñåòêè TD, çà Γ∂ - îáúåäèíåíèå âñåõ ðåáåð íà
ãðàíèöå îáëàñòè Ω.

Ïðîñóììèðóåì óðàâíåíèÿ (7) è (8) íà ñîîòâåòñòâóþùèõ ýëåìåíòàõ è ïîëó÷èì, ÷òî
ïðèáëèæåííîå ðåøåíèå (qh, uh) áóäåò ÿâëÿòüñÿ ðåøåíèåì ñëåäóþùåé âàðèàöèîííîé
çàäà÷è: íàéòè (qh, uh) ∈ Wh × Vh òàêèå, ÷òî

A (qh,w) +B (uh,w) = 0, (11)

−B (v, qh) + C (uh, v) = F (v) , (12)
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äëÿ âñåõ (w, v) ∈ Wh × Vh. Áèëèíåéíûå ôîðìû A,B,C îïðåäåëÿþòñÿ ñëåäóþùèì
îáðàçîì:

A (q,w) =

∫
Ω

q ·wdx, (13)

B (u,w) =
∑
Q∈TQ

∫
Q

u∇ ·wdx−
∫
ΓQ

{{u}}[[w]]ds, (14)

C (u, v) =

∫
ΓQ

C11[[u]][[v]]ds. (15)

Ëèíåéíàÿ ôîðìà F îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

F (v) =

∫
Ω

fvdx.

Óðàâíåíèÿ (11), (12) ìîãóò áûòü ïåðåïèñàíû â ñëåäóþùåì âèäå:

A (qh, uh;w, v) = F (v) , (16)

ãäå

A (qh, uh;w, v) = A (qh,w) +B (uh,w)−B (v, qh) + C (uh, v) . (17)

Ïðåäëîæåíèå 1. Ïðè âûáîðå ïîòîêîâ â âèäå (9), (10) è C11 > 0 çàäà÷à (11), (12)
èìååò åäèíñòâåííîå ðåøåíèå (qh, uh) ∈ W h × Vh.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñëó÷àé, êîãäà f ≡ 0, è ïîêàæåì, ÷òî â ýòîì ñëó÷àå
ðåøåíèåì áóäåò ÿâëÿòüñÿ ïàðà (qh, uh) = (0, 0).

Èç (16) ïðè âûáîðå w = qh, v = uh ïîëó÷èì:

A(qh, qh) + C(uh, uh) = 0.

Ïðè C11 > 0 ïîëó÷àåì, ÷òî qh = 0 è [[u]] = 0 íà ΓI
Q.

Äàëåå, èç âûðàæåíèÿ (11) ïîëó÷àåì B(uh,w) = 0,∀w ∈ Wh. Èíòåãðèðóÿ ïî ÷à-
ñòÿì è èñïîëüçóÿ ïðåäïîëîæåíèå (6), ïîëó÷àåì, ÷òî ∇u = 0. Èç äîêàçàííîé íåïðå-
ðûâíîñòè u è (2) ïîëó÷àåì, ÷òî u = 0.

3. Àïðèîðíûå îöåíêè ïîãðåøíîñòè ìåòîäà

Äëÿ êàæäîãî T ∈ TT îáîçíà÷èì çà hT õàðàêòåðèñòè÷åñêèé ðàçìåð T è çà ρT
äèàìåòð ìàêñèìàëüíîãî øàðà, âëîæåííîãî â T . Îáîçíà÷èì çà h = maxT∈TT hT . Áó-
äåì ðàññìàòðèâàòü òðèàíãóëÿöèè TT è TQ, îáëàäàþùèå ñâîéñòâîì ðåãóëÿðíîñòè, ò.å.
ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà σ òàêàÿ, ÷òî

hT

ρT
≤ σ,∀T ∈ TT ,

hQ

ρQ
≤ σ,∀Q ∈ TQ. (18)

Äàëåå ââåäåì â ðàññìîòðåíèå íàáîð ⟨T, T ′⟩, îïðåäåëåííûé ñëåäóþùèì îáðàçîì

⟨T, T ′⟩ =

{
∅, åñëè ìåðà (∂T ∩ ∂T ′) = 0,

âíóòðåííîñòü ∂T ∩ ∂T ′ â ïðîòèâíîì ñëó÷àå.
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Áóäåì ïðåäïîëàãàòü, ÷òî ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà δ < 1 òàêàÿ, ÷òî äëÿ
êàæäîãî ýëåìåíòà T ∈ TT

δ ≤ hT ′

hT

≤ δ−1 ∀T ′ : ⟨T, T ′⟩ ̸= ∅. (19)

Òàêæå ïðåäïîëàãàåì, ÷òî ëîêàëüíîå ïðîñòðàíñòâî S (K) ñîäåðæèò ïðîñòðàíñòâî ïî-
ëèíîìîâ Pk (K) ñòåïåíè íå âûøå k è óäîâëåòâîðÿåò (6).

Ïðåäïîëàãàåì, ÷òî ñòàáèëèçèðóþùèé êîýôôèöèåíò C11, îïðåäåëÿþùèé ÷èñëåí-
íûå ïîòîêè â (9) è (10), îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

C11 (x) =

{
ζmin{hα

K+ , hα
K−}, åñëèx ∈ ⟨K+, K−⟩,

ζhα
K+ , åñëèx ∈ ∂K+ ∩ Γ∂,

(20)

ãäå ζ > 0, −1 ≤ α ≤ 0 íå çàâèñÿò îò ðàçìåðà ñåòêè. Äëÿ óäîáñòâà òàêæå ââåäåì â
ðàññìîòðåíèå ïàðàìåòðû µ∗ è µ∗ îïðåäåëåííûå êàê

µ∗ = max {−α, 1}, µ∗ = min {−α, 1}.

Òåîðåìà 1. Ïóñòü (q, u) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3) � (5) è (qh, uh) ÿâëÿåòñÿ ðå-
øåíèåì çàäà÷è (11), (12). Ïóñòü âûïîëíåíû ïðåäïîëîæåíèÿ íà ëîêàëüíûå ïðîñòðàí-
ñòâà è íà âèä ñòàáèëèçèðóþùåãî ïàðàìåòðà C11. Ïðåäïîëàãàåì, ÷òî òðèàíãóëÿöèÿ
TT óäîâëåòâîðÿåò (18). Òàêæå, êîãäà α ̸= 0 ïðåäïîëàãàåì, ÷òî èìååò ñèëó (19).
Òîãäà ïîëó÷èì äëÿ (q, u) ∈ Hs+1 (Ω)×Hs+2 (Ω), ïðè s ≥ 0,

||u− uh||0 + hD |(q − qh, u− uh)|2A ≤ ChP+D||u||s+2,

ãäå C çàâèñèò îò σ, δ (â ñëó÷àå α ̸= 0), ζ, k è d.

P = min{s+ 1

2
(1 + µ∗) , k +

1

2
(1− µ∗)}, D =

1

2
(1 + µ∗) , åñëè k ≥ 1.

Â ñëó÷àå k = 0 ïîëó÷àåì P = D = 1
2
(1− µ∗).

Äîêàçàòåëüñòâî òåîðåìû áóäåò ïðèâåäåíî íèæå.
Ïðåäñòàâèì îøèáêó (eq, eu) = (q − qh, u− uh) êàê ñëåäóþùóþ ñóììó:

(eq, eu) = (q −Πq, u− Πu) + (Πeq,Πeu) ,

ãäå Π è Π îáîçíà÷àþò ïðîåêöèè èç W è V íà êîíå÷íî-ýëåìåíòíûå ïðîñòðàíñòâà Wh

è Vh ñîîòâåòñòâåííî.
Áóäåì ñ÷èòàòü, ÷òî âûïîëíÿåòñÿ ñâîéñòâî îðòîãîíàëüíîñòè ìåòîäà Ãàëåðêèíà, à

èìåííî

A (eq, eu;w, v) = 0 ∀ (w, v) ∈ Wh × Vh. (21)

Äëÿ ïîëó÷åíèÿ îöåíêè â íîðìå ∥eu∥−t,D, ãäå t � íàòóðàëüíîå ÷èñëî è D � ïîäîá-
ëàñòü Ω, íàì íóæíî ïîëó÷èòü îöåíêó ïîãðåøíîñòè àïïðîêñèìàöèè ëèíåéíîãî ôóíê-
öèîíàëà Λ (u) = (λ, u), ãäå (·, ·) îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â L2 ÷åðåç Λ (uh)

∥eu∥−t,D = sup
λ∈C∞

0 (D)

Λ (eu)

∥λ∥t,D
.
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Â äàííîé ðàáîòå íàñ èíòåðåñóåò òîëüêî ñëó÷àé t = 0. Äëÿ äîñòèæåíèÿ íåîáõîäè-
ìûõ îöåíîê, ââåäåì â ðàññìîòðåíèå ðåøåíèå ϕ ñëåäóþùåé äâîéñòâåííîé çàäà÷è

−△ ϕ = λ â Ω, (22)

ϕ = 0 íà ∂Ω. (23)

4. Àïðèîðíûå îöåíêè

Âíà÷àëå ïðèâåäåì äâå ëåììû, êîòîðûå ñîäåðæàò âñþ èíôîðìàöèþ, êîòîðóþ ìû
áóäåì èñïîëüçîâàòü îòíîñèòåëüíî íàøèõ êîíå÷íûõ ýëåìåíòîâ. Èõ äîêàçàòåëüñòâî îñ-
íîâûâàåòñÿ íà ðàáîòàõ [8, 9].

Ëåììà 1. Ïóñòü w ∈ Hr+1 (K) , r ≥ 0. Ïóñòü Π åñòü ëèíåéíûé íåïðåðûâíûé îïåðà-
òîð èç Hr+1 (K) â S (K) òàêîé, ÷òî Πw = w äëÿ âñåõ w ∈ Pk (K). Òîãäà äëÿ öåëîãî
m, 0 ≤ m ≤ r + 1, ïîëó÷àåì

|w − Πw|m,K ≤ Ch
min{r,k}+1−m
K ∥w∥r+1,K ,

∥w − Πw∥0,∂K ≤ Ch
min{r,k}+ 1

2
K ∥w∥r+1,K ,

ãäå C � êîíñòàíòà, çàâèñÿùàÿ òîëüêî îò σ â íåðàâåíñòâå (18), k, d è r.

Ëåììà 2. Ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà Cinv, çàâèñÿùàÿ òîëüêî îò σ
â íåðàâåíñòâå (18), k è d òàêàÿ, ÷òî äëÿ âñåõ s ∈ S (K)d âûïîëíÿåòñÿ

∥s∥0,∂K ≤ Cinvh
− 1

2
K ∥s∥0,K ,

äëÿ âñåõ K ∈ TT è âñåõ K ∈ TQ.

Ïóñòü Π èΠ ïðîèçâîëüíûå ïðîåêöèè íà ïðîñòðàíñòâà Vh èWh, óäîâëåòâîðÿþùèå
ïîêîìïîíåíòíî ïðåäïîëîæåíèÿì ëåììû 1.

Ëåììà 3. Ïóñòü (q, u) ∈ Hs+1(Ω)2×Hs+2(Ω) è (Φ, ϕ) ∈ H t+1(Ω)2×H t+2(Ω), s, t ≥ 0.
Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

|A (q −Πq, u− Πu;Φ−ΠΦ, ϕ− Πϕ)| ≤

≤C


∑

Q∈TQ

h
2min{s,k}+2
Q ∥q∥2s+1,Q

 1
2
∑

Q∈TQ

h
2min{t,k}+2
Q ∥Φ∥2t+1,Q

 1
2

+

+

∑
Q∈TQ

h
2min{s+1,k}
Q ∥u∥2s+2,Q

 1
2
∑

Q∈TQ

h
2min{t,k}+2
Q ∥Φ∥2t+1,Q

 1
2

+

+

∑
Q∈TQ

h
2min{s,k}+2
Q ∥q∥2s+1,Q

 1
2
∑

Q∈TQ

h
2min{t+1,k}
Q ∥ϕ∥2t+2,Q

 1
2

+

+

∑
Q∈TQ

C11h
2min{s+1,k}+1
Q ∥u∥2s+2,Q

 1
2
∑

Q∈TQ

C11h
2min{t+1,k}+1
Q ∥ϕ∥2t+2,Q

 1
2

 .
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Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî
â ðàáîòå [8]. Ïîëîæèì ξq = q −Πq, ξu = u − Πu, ξΦ = Φ −ΠΦ, ξϕ = ϕ − Πϕ. Òîãäà
èìååì:

|A(ξq, ξu; ξΦ, ξϕ)| ≤ |A(ξq, ξΦ)|+ |B(ξu, ξΦ)|+ |B(ξϕ, ξq)|+ |C(ξu, ξϕ)|.
Îöåíèì îòäåëüíî êàæäîå ñëàãàåìîå. Èç íåðàâåíñòâà Êîøè � Áóíÿêîâñêîãî ïîëó÷àåì

|A(ξq, ξΦ)| ≤
∑
Q∈TQ

∣∣∣∣∣∣
∫
Q

ξqξΦdx

∣∣∣∣∣∣ ≤
∑

Q∈TQ

∥ξq∥20,Q

 1
2
∑

Q∈TQ

∥ξΦ∥20,Q

 1
2

.

Äàëåå, èç îöåíîê ëåììû 1 ñëåäóåò:

|A(ξq, ξΦ)| ≤

∑
Q∈TQ

h
2min{s,k}+2
Q ∥q∥2s+1,Q

 1
2
∑

Q∈TQ

h2min{t,k}+2
q ∥Φ∥2t+1,Q

 1
2

.

Èíòåãðèðóÿ ïî ÷àñòÿì âûðàæåíèå (14) è ïðèìåíÿÿ ïîñëåäîâàòåëüíî íåðàâåíñòâî Êî-
øè � Áóíÿêîâñêîãî è ëåììó 1, ïîëó÷èì îöåíêó:

|B(ξu, ξΦ)| =

∣∣∣∣∣∣−
∑
Q∈TQ

∫
Q

∇ξu · ξΦdx+

∫
∂Q

ξΦ · (ξun)dσ

∣∣∣∣∣∣ ≤
≤

∑
Q∈TQ

(
|ξu|21,Q +

1

hQ

∥ξu∥20,∂Q
) 1

2
∑

Q∈TQ

(
∥ξΦ∥20,Q + hQ∥ξΦ∥20,∂Q

) 1
2

≤

≤

∑
Q∈TQ

h
2min{s+1,k}
Q ∥u∥2s+2,Q

 1
2
∑

Q∈TQ

h
2min{t,k}+2
Q ∥Φ∥2t+1,Q

 1
2

.

Äàëåå äëÿ B(ξϕ, ξq) ïîëó÷èì

|B(ξϕ, ξq)| ≤

∑
Q∈TQ

h
2min{s,k}+2
Q ∥q∥2s+1,Q

 1
2
∑

Q∈TQ

h
2min{t+1,k}
Q ∥ϕ∥2t+2,Q

 1
2

.

|C(ξu, ξϕ)| =

∣∣∣∣∣∣−
∑
Q∈TQ

∫
∂Q

C11[[ξu]] · (ξϕn)dσ

∣∣∣∣∣∣ ≤
∑
Q∈TQ

∣∣∣∣∣∣
∫
∂Q

C11(ξ
out
u n− ξun) · (ξϕn)

∣∣∣∣∣∣ ≤
≤ 2

∑
Q∈TQ

∣∣∣∣∣∣
∫
∂Q

√
C11ξu

√
C11ξϕdσ

∣∣∣∣∣∣ ≤ 2

∑
Q∈TQ

C11∥ξu∥20,∂Q

 1
2
∑

Q∈TQ

C11∥ξϕ∥20,∂Q

 1
2

≤

≤ C

∑
Q∈TQ

C11h
2min{s+1,k}+1
Q ∥u∥2s+2,Q

 1
2
∑

Q∈TQ

C11h
2min{t+1,k}+1
Q ∥ϕ∥2t+2,Q

 1
2

.

Ñëîæèâ ïîëó÷åííûå íåðàâåíñòâà, ïîëó÷àåì òðåáóåìóþ îöåíêó.
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Ñëåäñòâèå 1. Ïóñòü (q, u) ∈ Hs+1(Ω)2 × Hs+2(Ω), s ≥ 0 ÿâëÿåòñÿ òî÷íûì ðåøå-
íèåì (3)�(5) è ïóñòü ϕ ∈ H t+2 (Ω), t ≥ 0 ÿâëÿåòñÿ ðåøåíèåì äâîéñòâåííîé çàäà÷è
(22), (23) è Φ = −∇ϕ. Ïîëàãàåì òàêæå, ÷òî êîýôôèöèåíò C11 óäîâëåòâîðÿåò âû-
ðàæåíèþ (20). Òîãäà ñóùåñòâóåò êîíñòàíòà C, çàâèñÿùàÿ òîëüêî îò σ, ζ, k è d,
òàêàÿ, ÷òî

A(q, u;Φ, ϕ) ≤ ChH∥u∥s+2∥ϕ∥t+2,

ãäå H = 1+ α, êîãäà k = 0 è H = min{s+ 1+min{t+ 1, k}, k + 1+min{t, k + α}} äëÿ
k ≥ 1. Áîëåå òîãî,

A(q, u; q, u) ≤ Ch2J∥u∥s+2∥ϕ∥t+2,

ãäå J = 1
2
(1 + α), êîãäà k = 0 è J = min{s + 1

2
min{s + 1

2
(1 + 1) , k + 1

2
(1 + α)} äëÿ

k ≥ 1.

Äîêàçàòåëüñòâî. Èç ëåììû 3 ïîëó÷àåì

A(q, u;Φ, ϕ) ≤ C[hmin{s,k}+1
(
hmin{t,k}+1 + hmin{t+1,k})+

+ hmin{s+1,k}+1
(
hmin{t,k} + ζhmin{t+1,k}+α

)
]∥u∥s+2∥ϕ∥t+2

è

A(q, u; q, u) ≤ C[h2min{s,k}+2 + ζh2min{s+1,k}+1+α]∥u∥s+2.

Ëåììà 4. Ïóñòü Π è Π îáîçíà÷àþò L2 (Ω)-ïðîåêöèþ è L2 (Ω)2-ïðîåêöèþ íà Vh è
Wh ñîîòâåòñòâåííî. Òîãäà ñïðàâåäëèâî

|A (w, v; q −Πq, u− Πu) | ≤ C

(
∥w∥20 +

∫
ΓQ

C11[[v]]
2ds

)
×

×
∫
ΓQ

(
1

C11

{{ξq}}2 +
1

χ
{{ξu}}2 + C11[[ξu]]

2

)
ds, (24)

ãäå C îáîçíà÷àåò êîíñòàíòó, çàâèñÿùóþ òîëüêî îò σ, k è d.

Äîêàçàòåëüñòâî. Âîçüìåì ξq = q −Πq è ξu = u− Πu, òîãäà ïîëó÷àåì

|A (w, v; ξq, ξu) | ≤ |A (w, ξq) |+ |B (v, ξq) |+ |B (ξu,w) |+ |C (v, ξu) |.

Èñïîëüçóÿ íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî è òîò ôàêò, ÷òîΠ åñòü L2(Ω)2-ïðîåêöèÿ,
ïîëó÷àåì

|A (w, ξq) | = 0.

Äàëåå ïîëó÷àåì

|B (v, ξq)| =

∣∣∣∣∣
∫
ΓQ

{{ξq}}[[v]]ds

∣∣∣∣∣ .
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Óìíîæèì è ïîäåëèì íà C
1
2
11 è ïðèìåíèì íåðàâåíñòâî Êîøè � Áóíÿêîâñêîãî. Ïîëó÷àåì

|B (v, ξq)| ≤

(∫
ΓQ

C11[[v]]
2ds

) 1
2

·

(∫
ΓQ

1

C11

{{ξq}}2ds

) 1
2

.

Àíàëîãè÷íî

|B (ξu,w) | =

∣∣∣∣∣
∫
ΓQ

{{ξu}}[[w]]ds

∣∣∣∣∣ ≤
(∫

ΓQ

χ[[w]]2ds

) 1
2

·

(∫
ΓQ

1

χ
{{ξu}}2ds

) 1
2

.

Ïåðâûé ìíîæèòåëü ìîæíî îöåíèòü ñëåäóþùèì îáðàçîì ïðè ïîìîùè ëåììû 2:∫
ΓQ

χ[[w]]ds ≤
∑
Q∈TQ

∑
e∈∂Q

∫
e

χ (w|Q · n)2 ds ≤
∑
Q∈TQ

χ∂Q∥w|Q · n∥20,∂Q ≤

≤ Cinv sup
Q∈Tq

χ∂Q

hQ

∥w∥20 ≤ Cinv∥w∥20,

ãäå χ (x) = min{hQ, hQ′}, åñëè x ∈ ⟨Q,Q′⟩, χ (x) = hQ, åñëè x ∈ Γ∂, χ
∂Q = sup{χ (x) :

x ∈ ∂Q}.
È íàêîíåö,

|C (v, ξu) | =

∣∣∣∣∣
∫
ΓQ

C11[[v]][[ξu]]ds

∣∣∣∣∣ ≤
(∫

ΓQ

C11[[v]]
2ds

) 1
2

·

(∫
ΓQ

C11[[ξu]]
2ds

) 1
2

.

Íà ýòîì äîêàçàòåëüñòâî çàâåðøåíî.

Ëåììà 5. Äëÿ (q, u) ∈ Hs+1 (Ω)2 ×Hs+2 (Ω), s ≥ 0 ñïðàâåäëèâà îöåíêà∫
ΓQ

(
1

C11

{{ξq}}2 +
1

χ
{{ξu}}2 + C11[[ξu]]

2

)
ds ≤ C

∑
Q∈TQ

(
h
2min{s,k}+1
Q

1

C̃∂Q
11

∥q∥2s+1,Q

)
+

+ C
∑
Q∈TQ

(
h
2min{s+1,k}+1
Q

(
C̃∂Q

11 +
1

χ̃∂Q

)
∥u∥2s+2,Q

)
,

ãäå C̃∂Q
11 = inf{C11 (x) : x ∈ ∂Q}, χ̃∂Q = inf{χ (x) : x ∈ ∂Q}, C � êîíñòàíòà, íå

çàâèñÿùàÿ îò ðàçìåðà ñåòêè è çàâèñÿùàÿ òîëüêî îò àïïðîêñèìàöèè è êîíñòàíò
èç ëåìì 1 è 2, ξq = q − Πq, ξu = u − Πu è χ (x) = min{hQ, hQ′}, åñëè x ∈ ⟨Q,Q′⟩,
χ (x) = hQ, åñëè x ∈ Γ∂, χ

∂Q = sup{χ (x) : x ∈ ∂Q}.

Ñëåäñòâèå 2. Ïóñòü (q, u) ∈ Hs+1 (Ω)2 × Hs+2 (Ω), s ≥ 0. Ïîëàãàåì, ÷òî êîýô-
ôèöèåíò C11 óäîâëåòâîðÿåò (20). Ðàññìàòðèâàåìûå òðèàíãóëÿöèè óäîâëåòâîðÿþò
ïðåäïîëîæåíèþ (18). Åñëè α ̸= 0 òàêæå ïðåäïîëàãàåì, ÷òî (19) èìååò ñèëó. Òîãäà
ñóùåñòâóåò êîíñòàíòà C, êîòîðàÿ çàâèñèò òîëüêî îò σ, δ, ζ, k è d, òàêàÿ, ÷òî∫

ΓQ

(
1

C11

{{ξq}}2 +
1

χ
{{ξu}}2 + C11[[ξu]]

2

)
ds ≤ Ch2P∥u∥2s+2,

ãäå P = 1
2
(1− µ∗), åñëè k = 0 è P = min{s + 1

2
(1 + µ∗) , k + 1

2
(1− µ∗)}, åñëè k ≥ 1.

Åñëè α = 0 êîíñòàíòà C íå çàâèñèò îò δ.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 2. Ñ. 29�43
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Äîêàçàòåëüñòâî. Åñëè âçÿòü êîýôôèöèåíò C11, êàê â òåîðåìå 1, òî ïîñëå ïðîñòûõ
âû÷èñëåíèé ïîëó÷èì

1

C̃∂Q
11

≤ ζ−1h−α
Q δα

è (
C∂Q

11 +
1

χ̃∂Q

)
≤ ζhα

Q + h−1
Q δ−1,

ãäå ïàðàìåòð δ îïðåäåëÿåòñÿ â (19). Äàëåå èç ëåììû 5 ïîëó÷èì∫
ΓQ

(
1

C11

{{ξq}}2 +
1

χ
{{ξu}}2 + C11[[ξu]]

2

)
ds ≤

≤ C
[
h2min{s,k}+1ζ−1h−α + h2min{s+1,k}+1

(
ζhα + h−1

)]
∥u∥2s+2.

Ïðåäïîëàãàåì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå àïïðîêñèìàöèîííûå ñâîéñòâà äëÿ
ïðîåêöèé Π è Π

|A (q −Πq, u− Πu;Φ−ΠΦ, ϕ− Πϕ)| ≤ ChH∥u∥s+2∥ϕ∥t+2 (25)

äëÿ ïðîèçâîëüíûõ (q, u), (Φ, ϕ) ∈ W × V è

|A (w, v; q −Πq, u− Πu)| ≤ C

(
∥w∥20 +

∫
ΓQ

C11[[v]]
2ds

)
hP∥u∥s+2 (26)

äëÿ ïðîèçâîëüíûõ (w, v) ∈ Wh × Vh è (q, u) ∈ H1 (Ω)2 ×H2 (Ω).

Ëåììà 6. Ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

∥eq∥20 +
∫
ΓQ

C11[[eu]]
2ds ≤ ChJ∥u∥s+2 + ChP∥u∥s+2

Äîêàçàòåëüñòâî. Ðàñïèøåì ëåâóþ ÷àñòü äîêàçûâàåìîãî íåðàâåíñòâà, èñïîëüçóÿ ðà-
íåå ïðåäëîæåííûå îáîçíà÷åíèÿ:

∥eq∥20 +
∫
ΓQ

C11[[eu]]
2ds ≤ ∥q −Πq∥20 +

∫
ΓQ

C11[[u− Πu]]2ds+ ∥Πeq∥20 +
∫
ΓQ

C11[[Πeu]]
2ds.

Ò.ê. (
∥Πeq∥20 +

∫
ΓQ

C11[[Πeu]]
2ds

)2

= A (Πeq,Πeu;Πeq,Πeu) ,

òîãäà

A (Πq − q,Πu− u;Πeq,Πeu) = A (−Πeq,Πeu; q −Πq,Πu− u) ≤

≤ C

(
∥Πeq∥20 +

∫
ΓQ

C11[[Πeu]]
2ds

)
hP∥u∥s+2.
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Òàêèì îáðàçîì, ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

∥Πeq∥20 +
∫
ΓQ

C11[[Πeu]]
2ds ≤ ChP∥u∥s+2 (27)

è äàëåå

∥eq∥20 +
∫
ΓQ

C11[[eu]]
2ds ≤ ∥q −Πq∥+

∫
ΓQ

C11[[u− Πu]]2ds+ ChP∥u∥s+2.

Èñêîìàÿ îöåíêà ñðàçó ñëåäóåò ïîñëå ïðèìåíåíèÿ ïðåäïîëîæåíèÿ (25).

Ëåììà 7. Ïóñòü t � íàòóðàëüíîå ÷èñëî. Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà

∥eu∥−t,D ≤ Chmin{H,2P}∥u∥s+2. (28)

Äîêàçàòåëüñòâî. Ïóñòü ϕ ÿâëÿåòñÿ ðåøåíèåì äâîéñòâåííîé çàäà÷è (22), (23) è Φ =
−∇ϕ, òîãäà ëåãêî ïîêàçàòü, ÷òî ïðè âûáîðå Φ = −∇ϕ ïîëó÷àåì

A (−Φ, ϕ;−s, w) = Λ (w) ,

äëÿ âñåõ (s, w) ∈ W ×V . Çàäà÷à (1), (2) ìîæåò áûòü ïåðåïèñàíà â âèäå (16). Âîçüìåì
(s, w) = (eq, eu) è ïîëó÷èì

Λ (eu) = A (eq, eu;Φ, ϕ) =

= A (eq, eu;Φ−ΠΦ, ϕ− Πϕ) =

= A (Πeq,Πeu;Φ−ΠΦ, ϕ− Πϕ) +A (q −Πq, u− Πu;Φ−ΠΦ, ϕ− Πϕ) .

Ò.ê. (Πeq,Πeu) ∈ Wh ×Vh, òî ïðèìåíÿÿ (26) è (27), ïîëó÷àåì ñëåäóþùóþ îöåíêó

|A (Πeq,Πeu;Φ−ΠΦ, ϕ− Πϕ)| ≤ ChP∥u∥s+2h
P∥ϕ∥s+2

è äàëåå ïîëó÷àåì

|Λ (eu)| ≤ ChP∥u∥s+2h
P∥ϕ∥s+2 +A (q −Πq, u− Πu;Φ−ΠΦ, ϕ− Πϕ) .

Ïðèìåíèì äàëåå ïðåäïîëîæåíèå (25) è ïî îïðåäåëåíèþ íåãàòèâíîé íîðìû ïîëó÷àåì
èñêîìóþ îöåíêó.

5. Äîêàçàòåëüñòâî òåîðåìû 1

Äîêàçàòåëüñòâî. Ïåðåéäåì ê äîêàçàòåëüñòâó òåîðåìû 1. Èç ëåììû 6 è ñëåäñòâèé 1
è 2 ïîëó÷àåì

∥q − qh∥20 +
∫
ΓQ

C11[[u− uh]]
2ds ≤ Chmin{P̃ ,P}∥u∥s+2,

è ò.ê. min{P̃ , P} = P ñïðàâåäëèâà îöåíêà:

∥q − qh∥20 +
∫
ΓQ

C11[[u− uh]]
2ds ≤ ChP∥u∥s+2.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2018. Ò. 11, � 2. Ñ. 29�43
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Ðàññìîòðèì íîðìó L2 ïîãðåøíîñòè u − uh. Âîçüìåì t = 0 è D = Ω â ëåììå 7. Èç
óñëîâèÿ ýëëèïòè÷åñêîé ðåãóëÿðíîñòè äâîéñòâåííîé çàäà÷è (22), (23) ïîëó÷àåì ∥ϕ∥2 ≤
C∥λ∥0. Îöåíêà ∥u − uh∥0 ñëåäóåò èç ñëåäñòâèé 1 è 2 îãðàíè÷åííîñòè ∥Φ∥1 è ∥ϕ∥2
âåëè÷èíîé ∥λ∥0. Ïîëó÷àåì

∥u− uh∥0 ≤ Chmin{H|t=0,P+P |s=0}∥u∥s+2

è ò.ê. min{H|t=0, P + P |s=0} = P + P |s=0 ïîëó÷àåì îöåíêó

∥u− uh∥0 ≤ ChP+D∥u∥s+2, (29)

ãäå D = P |s=0. Íà ýòîì äîêàçàòåëüñòâî çàâåðøåíî.

Â òàáëèöå ïðåäñòàâëåíû ïîðÿäêè ñõîäèìîñòè ïî h ñ ðàçëè÷íûì âûáîðîì ñòàáè-
ëèçèðóþùåãî ïàðàìåòðà C11. Ýòè ïîðÿäêè ïîëó÷àþòñÿ èç (29).

Òàáëèöà

Ïîðÿäêè ñõîäèìîñòè ðåøåíèÿ u ∈ Hs+2 äëÿ s ≥ 0 è k ≥ 1

C11 ∥u− uh∥0
α = 0 O (1) min

{
s+ 1

2
, k
}
+ 1

2

α = −1 O (1/h) min {s+ 1, k}+ 1

Çàêëþ÷åíèå

Â ðàáîòå ïîëó÷åíû îöåíêè ïîãðåøíîñòè ðåøåíèÿ äâóìåðíîé îäíîðîäíîé êðàåâîé
çàäà÷è äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ ìåòîäîì Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè
ôóíêöèÿìè íà ðàçíåñåííûõ íåñòðóêòóðèðîâàííûõ ñåòêàõ. Ïðè ýòîì ïðåäïîëàãàëîñü,
÷òî óçëû äâîéñòâåííîé ñåòêè ÿâëÿþòñÿ öåíòðàìè ÿ÷ååê îñíîâíîé ñåòêè. Êàê âèäíî èç
òàáëèöû â ñëó÷àå èñïîëüçîâàíèÿ ñòàáèëèçèðóþùåãî êîýôôèöèåíòà ïîðÿäêà åäèíèöû
ïîëó÷àåòñÿ ïîðÿäîê ñõîäèìîñòè k + 1

2
, à â ñëó÷àå èñïîëüçîâàíèÿ ñòàáèëèçèðóþùåãî

êîýôôèöèåíòà ïîðÿäêà h−1 ïîðÿäîê ñõîäèìîñòè óâåëè÷èâàåòñÿ äî k+1 äëÿ èññëåäó-
åìîãî ìåòîäà, ãäå k � ìàêñèìàëüíûé ïîðÿäîê èñïîëüçóåìûõ ïîëèíîìîâ â áàçèñíûõ
ôóíêöèÿõ. Ïðè ýòîì â äàííîì ñëó÷àå, â îòëè÷èå îò òðàäèöèîííîãî ïîäõîäà, â êîòîðîì
èñïîëüçóåòñÿ îäíà ñåòêà, âûáîð ÷èñëåííûõ ïîòîêîâ íà ãðàíèöå ýëåìåíòîâ ïðîèñõîäèò
èíòóèòèâíî áîëåå ïîíÿòíî çà ñ÷åò èñïîëüçîâàíèÿ ðàçíåñåííûõ ñåòîê.

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ìèíîáðíàóêè ÐÔ (� 1.6958.2017/8.9), ÐÔÔÈ
(ïðîåêò 18-31-00102) è ãðàíòà Ïðåçèäåíòà ÐÔ äëÿ ìîëîäûõ ðîññèéñêèõ ó÷åíûõ �
êàíäèäàòîâ íàóê (ÌÊ-2007.2018.1).
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GALERKIN METHOD WITH DISCONTINUOUS BASIS FUNCTIONS
ON STAGGERED GRIPS A PRIORY ESTIMATES
FOR THE HOMOGENEOUS DIRICHLET PROBLEM

R.V. Zhalnin1, V.F. Masyagin1
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In this paper we present the accuracy of solution a priory estimates of a homogeneous

boundary value problem for a second-order di�erential equation by the Galerkin method

with discontinuous basis functions on staggered grids. To approximate the initial elliptic

equation with known initial boundary conditions by the Galerkin method with discontinuous

basis functions, it is necessary to transform it to a system of �rst-order partial di�erential

equations. To do this auxiliary variables, representing the components on the �ux of the

sought value, are introduced. The characteristic feature of the method is the �nding of

auxiliary variables on the dual grid cells. The dual grid consists of median reference volumes

and is conjugate to the basic unstructured triangular grid. The numerical �uxes on the

boundary between the elements are found by using stabilizing additives. We show that for

the stabilization parameter of order one, the L2-norm of the solution is of order k + 1
2 , if

the stabilization parameter of order h−1 is taken, the order of convergence of the solution

increases to k + 1, when polynomials of total degree at least k are used.

Keywords: a priory error analysis; �nite elements; discontinuous Galerkin methods;

staggered grids; elliptic problems.
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