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The paper is devoted to one of the Sobolev type mathematical models of �uid �ltration

in a porous layer. Results that allow to obtain numerical solutions are signi�cant for

applied problems. We propose the following algorithm to solve the initial-boundary value

problems describing the motion of a free surface �ltered in a �uid layer having �nite

depth. First, the boundary value problems are reduced to the Cauchy problems for integro-

di�erential equations, and then the problems are numerically integrated. However, numerous

computational experiments show that the algorithm can be simpli�ed by replacing the

integro-di�erential equations with the corresponding approximating Riccati di�erential

equations, whose solutions can also be found explicitly. In this case, the numerical values

of the solution to the integro-di�erential equation are concluded between successive values

of approximating solutions. Therefore, we can pointwise estimate the approximation errors.

Examples of results of numerical integration and corresponding approximations are given.

Keywords: Sobolev type equation; boundary value problem; integro-di�erential equation;

free surface; Riccati equation.

Consider a �uid �ltration in a porous layer having �nite depth with a free surface
u = u(x, t). It is necessary to solve initial boundary value problems for the equation [1]

ut = α(u2)xx + utxx, 0 < x < 1, t > 0, (1)

with boundary conditions

u(0, t) = h(t) ≥ 0, u(1, t) = H(t) ≥ 0, t ≥ 0, α > 0; α = const, (2)

and the following initial condition coordinated with them

u(x, 0) = u0(x) ≥ 0, u0(0) = h(0), u0(1) = H(0) (3)

or with boundary conditions of the second kind

∂
∂x
(ut + αu2)|x=0 = −h0(t),

∂
∂x
(ut + αu2)|x=1 = h1(t),

(4)

which de�ne a �uid �ow through the �ltration region boundary. The problem (1) � (3)
is called the �rst boundary value problem, and the problem (1), (2), (4) is called the
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second boundary value problem. The equation (1) is a Sobolev type equation. The initial-
boundary value problems for analogous equations were investigated in [2�5]. Introduce a
function v(x, t) = ut+αu2, write the equation (1) in the form v−vxx = αu2, and invert the
operator 1− ∂2

∂x2 . Then, we have the Cauchy problems for the following integro-di�erential
equations:

ut(x, t) + α · u2(x, t) = α ·
1∫

0

G1(x, ξ) · u2(ξ, t)dξ + α ·
(
sh(1− x)

sh 1
h2 +

shx

sh 1
H2

)
, (5)

ut(x, t) + α · u2(x, t) = α ·
1∫

0

G2(x, ξ) · u2(ξ, t)dy + h0
ch(1− x)

sh 1
+ h1

chx

sh 1
(6)

with the initial condition (3), where

G1(x, ξ) =
1

sh 1

{
shx · sh(1− ξ), 0 ≤ x ≤ ξ,
sh ξ · sh(1− x), ξ ≤ x ≤ 1,

G2(x, ξ) =
1

sh 1

{
chx · ch(1− ξ), 0 ≤ x ≤ ξ,
ch ξ · ch(1− x), ξ ≤ x ≤ 1

are the Green functions of the corresponding boundary value problems.
If the boundary conditions are stationary, i.e. the functions h(t) ≡ h, H(t) ≡ H,

h0(t) ≡ 0, h1(t) ≡ 0 are constants, then the solutions to the considered boundary value
problems converge to stationary solutions of the considered boundary value problems [6,
7] uniformly with respect to x as t → ∞.

The stationary solutions have the following form:
1) U1(x) =

√
(H2 − h2)x+ h2 is the Dupuy parabola,

2) U2(x) =
1∫
0

u0(x)dx is the law of mass conservation in the case of impermeability of

the boundary or zero total �ow through the boundaries of the �ltration region, respectively
for the �rst and second boundary value problems.

In order to obtain approximate solutions and construct pro�les of free surfaces of a
�ltered �uid, we propose to replace the integro-di�erential equations (5) and (6) with the
approximating Riccati equations

u1t + αu2
1 = αU2

1 (7)

and
u2t + αu2

2 = αU2
2 , (8)

respectively. Their solutions that satisfy the initial condition (3) can be found explicitly
and have the form:

un(x, t) =
u0(x) + Un · th(α · Un · t)
1 + u0(x)

Un
· th(α · Un · t)

, n = 1, 2. (9)

Further, the implementation of this method for speci�c initial conditions is carried out
in the MATHCAD. The free surface pro�les form one-parameter family of curves in the
plane.
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Consider some examples of pro�le construction using the numerical integration of the
equations (5) and (6) in comparison with the graphs of solutions to the corresponding
equations (7) and (8), where we can observe a di�erence in the values of the solutions
because of the approximations.

Example 1. Consider the �rst boundary value problem (1) � (3) for h = 1 and H = 4.
Calculation formulas for numerical integration of the equation (5) and the coordinates of
points of the function (9) graphs have the form, respectively:

uk+1,i = uk,i − α

[[
u2
k,i −

N∑
j=0

(
G1i,j · u2

k,j ·∆x
)]

− sh(1− i ·∆x)

sh 1
h2 − sh(i ·∆x)

sh 1
H2

]
·∆t,

wk,i =
u0(i ·∆x) + U1,i · th(α · U1,i · k ·∆t)

1 + u0(i·∆x)
U1,i

th(α · U1,i · k ·∆t)
,

where U1,i =
√

(H2 − h2) · i ·∆x+ h2. In this case, if 0 ≤ u0(x) ≤ U1(x), then
wk,i ≤ uk+1,i ≤ wk+1,i and as an approximate value uk+1,i we can take uk+1,i =
wk,i + wk+1,i

2
. Graphs of approximate solution to the problem (5), (7) are shown in Fig. 1.

Fig. 1. Graphs of the solutions to the equations (5) (solid lines) and (7) (dashed lines)
with the initial condition u0(x) = (3x− 1)2 + sin 2πx. The upper curve is a graph of the
stationary solution, the lower curve is a graph of the initial function u0(x), α = 0, 8, ∆x =
0, 01, ∆t = 0, 025
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Example 2. Consider the second boundary value problem (1), (2), (4). Calculation
formulas for numerical integration of the equation (6) have the form:

uk+1,i = uk,i − α

[
u2
k,i −

N∑
j=0

(
G2i,j · u2

k,j ·∆x
)]2

·∆t.

Graphs of approximate solution to the problem (6), (8) are shown in Fig. 2.

Fig. 2. The graphs of the solutions to the equations (6) and (8) with the initial condition

u0(x) = −20(x2 − x), and U2 =
1∫
0

u0(x)dx = 3, 33..., ∆x = 0, 01, ∆t = 0, 05
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ÀÏÏÐÎÊÑÈÌÀÖÈß ÐÅØÅÍÈÉ ÊÐÀÅÂÛÕ ÇÀÄÀ×
ÄËß ÎÁÎÁÙÅÍÍÎÃÎ ÓÐÀÂÍÅÍÈß ÁÓÑÑÈÍÅÑÊÀ

Â.Ç. Ôóðàåâ1,2, À.È. Àíòîíåíêî1

1Íîâîêóçíåöêèé èíñòèòóò (ôèëèàë) Êåìåðîâñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà,
ã. Íîâîêóçíåöê, Ðîññèéñêàÿ Ôåäåðàöèÿ
2Þæíî-Óðàëüñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. ×åëÿáèíñê,
Ðîññèéñêàÿ Ôåäåðàöèÿ

Ðàáîòà ïîñâÿùåíà îäíîé èç ìàòåìàòè÷åñêèõ ìîäåëåé ñîáîëåâñêîãî òèïà ôèëüòðà-

öèè æèäêîñòè â ïîðèñòîì ñëîå. Â ðåøåíèè ïðèêëàäíûõ çàäà÷ çíà÷èìûìè ÿâëÿþòñÿ

ðåçóëüòàòû, ïîçâîëÿþùèå ïîëó÷àòü èõ ÷èñëåííûå ðåøåíèÿ. Ïðåäëàãàåòñÿ àëãîðèòì ðå-

øåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷, îïèñûâàþùèõ äâèæåíèå ñâîáîäíîé ïîâåðõíîñòè ôèëü-

òðóþùåéñÿ â ñëîå êîíå÷íîé ãëóáèíû æèäêîñòè: êðàåâûå çàäà÷è ñâîäÿòñÿ ê çàäà÷å Êî-

øè äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, à çàòåì ïðîèçâîäèòñÿ èõ ÷èñëåííîå

èíòåãðèðîâàíèå. Îäíàêî, êàê ïîêàçûâàþò ìíîãî÷èñëåííûå âû÷èñëèòåëüíûå ýêñïåðè-

ìåíòû, óêàçàííûé àëãîðèòì ìîæíî óïðîñòèòü, çàìåíÿÿ èíòåãðî-äèôôåðåíöèàëüíûå

óðàâíåíèÿ àïïðîêñèìèðóþùèìè èõ ñîîòâåòñòâóþùèìè äèôôåðåíöèàëüíûìè óðàâíå-

íèÿìè Ðèêêàòè, ðåøåíèÿ êîòîðûõ ìîæåò áûòü íàéäåíî òàêæå è â ÿâíîé ôîðìå. Ïðè

ýòîì ÷èñëåííûå çíà÷åíèÿ ðåøåíèÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ çàêëþ÷å-

íû ìåæäó ïîñëåäîâàòåëüíûìè ïî âðåìåíè çíà÷åíèÿìè àïïðîêñèìèðóþùèìè èõ ðåøå-

íèÿìè, ÷òî ïîçâîëÿåò ïðîèçâåñòè ïîòî÷å÷íóþ îöåíêó ïîãðåøíîñòåé àïïðîêñèìàöèè.

Ïðèâîäÿòñÿ ïðèìåðû ðåçóëüòàòîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ è ñîîòâåòñòâóþùèõ àï-

ïðîêñèìàöèé.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñîáîëåâñêîãî òèïà; êðàåâûå çàäà÷è; èíòåãðî-

äèôôåðåíöèàëüíîå óðàâíåíèå; ñâîáîäíàÿ ïîâåðõíîñòü; óðàâíåíèå Ðèêêàòè.
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