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The paper is devoted to one of the Sobolev type mathematical models of fluid filtration
in a porous layer. Results that allow to obtain numerical solutions are significant for
applied problems. We propose the following algorithm to solve the initial-boundary value
problems describing the motion of a free surface filtered in a fluid layer having finite
depth. First, the boundary value problems are reduced to the Cauchy problems for integro-
differential equations, and then the problems are numerically integrated. However, numerous
computational experiments show that the algorithm can be simplified by replacing the
integro-differential equations with the corresponding approximating Riccati differential
equations, whose solutions can also be found explicitly. In this case, the numerical values
of the solution to the integro-differential equation are concluded between successive values
of approximating solutions. Therefore, we can pointwise estimate the approximation errors.
Examples of results of numerical integration and corresponding approximations are given.
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Consider a fluid filtration in a porous layer having finite depth with a free surface
u = u(z,t). It is necessary to solve initial boundary value problems for the equation [1]

Uy = (u?)pe + Ugge, 0 <z <1, >0, (1)
with boundary conditions
u(0,t) =h(t) >0, u(l,t)=H(t) >0, t>0, a>0; «=const, (2)
and the following initial condition coordinated with them
u(z,0) = ug(x) >0, up(0) = h(0), ue(l) = H(0) (3)
or with boundary conditions of the second kind

Q(Ut + ozu2)‘x:0 = —ho(t),

3
a_<ut + auz)‘le = hy(t),

xT

(4)

which define a fluid flow through the filtration region boundary. The problem (1) — (3)
is called the first boundary value problem, and the problem (1), (2), (4) is called the
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second boundary value problem. The equation (1) is a Sobolev type equation. The initial-
boundary value problems for analogous equations were investigated in [2-5|. Introduce a
function v(z,t) = us+au?, write the equation (1) in the form v —uv,, = au?, and invert the
operator 1 — %. Then, we have the Cauchy problems for the following integro-differential
equations:

1

wlot) + ot =a [Gile©) e nds +ar (BT 1) 0

0

1

wle,t) +au(at) = a- [ Gale.€) € 0dy+ ho

0

ch(1 — x) N chz
sh1l Ysh1

(6)

with the initial condition (3), where

1 shz-sh(l1—-¢),0 <z <Eg,
Gi(x,§) = shl{shé-sh( —z),{ <z <,
1 f cha- ch( )0 r<¢§

are the Green functions of the corresponding boundary value problems.

If the boundary conditions are stationary, i.e. the functions h(t) = h, H(t) = H,
ho(t) =0, hy(t) = 0 are constants, then the solutions to the considered boundary value
problems converge to stationary solutions of the considered boundary value problems [6,
7| uniformly with respect to z as t — oo.

The stationary solutions have the following form:
) Ul( ) \/(H2 h?)x + h? is the Dupuy parabola,

f uo(x)dzx is the law of mass conservation in the case of impermeability of

the boundary or zero total low through the boundaries of the filtration region, respectively
for the first and second boundary value problems.

In order to obtain approximate solutions and construct profiles of free surfaces of a
filtered fluid, we propose to replace the integro-differential equations (5) and (6) with the
approximating Riccati equations

Uy + au? = aU12 (7)
and

Uy + aus = a3, (8)
respectively. Their solutions that satisfy the initial condition (3) can be found explicitly
and have the form:
up(z) + Uy, - th(a - U, - 1)

Up(T,T) =
(1) 1+ %9 th(a- U, - )

, n=12. 9)

Further, the implementation of this method for specific initial conditions is carried out
in the MATHCAD. The free surface profiles form one-parameter family of curves in the
plane.
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Consider some examples of profile construction using the numerical integration of the
equations (5) and (6) in comparison with the graphs of solutions to the corresponding
equations (7) and (8), where we can observe a difference in the values of the solutions
because of the approximations.

Example 1. Consider the first boundary value problem (1) — (3) for h =1 and H = 4.
Calculation formulas for numerical integration of the equation (5) and the coordinates of
points of the function (9) graphs have the form, respectively:

sh(l —i-Az) , sh(i-Ax)

N
2 2 2
Upy1,i = Uk; — & ”u,“ - ZO (Graj - up, ;- Az)| — e h® — T H=| - At,
=

(i Ax) + Uy, - thia - Uy, - k- A
o 1+ 988 th(a - Uy, k- At)

where Uy; = +/(H2—h2)-i-Az+h2 In this case, if 0 < wp(x) < Uy(z), then
Wi < Up+1; < Wi, and as an approximate value ugy1; we can take upii;; =
Wi + Wry1,

5 . Graphs of approximate solution to the problem (5), (7) are shown in Fig. 1.

Fig. 1. Graphs of the solutions to the equations (5) (solid lines) and (7) (dashed lines)
with the initial condition ug(z) = (32 — 1)* + sin 2rz. The upper curve is a graph of the

stationary solution, the lower curve is a graph of the initial function ug(x), « = 0,8, Az =
0,01, At =0,025
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Example 2. Consider the second boundary value problem (1), (2), (4). Calculation
formulas for numerical integration of the equation (6) have the form:

N 2

2 2
Ukt = Upg — QO |Up; — E (Ggi’j TUR Ax) - At.

J=0

Graphs of approximate solution to the problem (6), (8) are shown in Fig. 2.
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Fig. 2. The graphs of the solutions to the equations (6) and (8) with the initial condition
ug(r) = —20(2? — x), and U, = fuo Ydz = 3,33..., Az = 0,01, At =0,05
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ATITIPOKCUMAIINS PEINIEHUN KPAEBBIX 3AJTAY
JAJId OBOBIHIEHHOI'O YPABHEHUSY BYCCHMHECKA

B.3. ®ypaes'?, A.H. Anmonenxro'

"Horoxysuenknit uncruryr (bumuan) KemepoBckoro rocyiapcTBeHHOTO yHUBEPCUTETA,
r. HoBokysnenk, Poccuiickag @enepannsa

2FOzkH0- Y pabcKuil TOCYTAPCTBEHHBI YHUBepCenTeT, T. e a0mncK,

Poccuiickas Pejyiepatiust

Pabora mocsimmena oaHON M3 MaTeMaTHIeCKUX MOAEIe cODOIEBCKOTO TUIA (PUILTPa-
WY KUIKOCTA B TOPUCTOM CJI0e. B pelreHny TpUKIAIHBIX 33189 3HAYUMBIMU SBJISTIOTCS
PE3YIBTATHI, TO3BOISAIONINE TIONYYATh UX YUCJTEHHBIE pelens. [Ipe1maraeTcsa aaropuTM pe-
MeHNsT HAYATbHO-KPAEBBIX 337129, OMUCHIBAIOIINX JBUKEHNE CBOOOTHOMN TIOBEPXHOCTH (PUITb-
TPYIOIIEHCs B €JI0€ KOHETHOM TTyOMHbBL XKUIKOCTH: KPAEBbIe 3a/1a91 CBOIATCS K 3aade Ko-
iy 1715 WHTerpo-audGepeHnnaIbHbBIX YPABHEHUN, a 3aTeM TPOU3BOJAUTCS WX UYHCIEHHOE
uaTerpupoBanne. OIHAKO, KAK MOKA3BIBAIOT MHOTOYUCIEHHBIE BBIUUCIATENHHBIE JKCIEPH-
MEHTBI, YKA3AHHBIH AJTOPUTM MOXKHO YIPOCTUTDH, 3aMeHsiss WHTerpo-auddepeHImanbHbe
YPaBHEHUS ANMPOKCUMUPYIONIUMHU WX COOTBETCTBYIOMUMEA MM DEPEHIINATHHBIMUA YPaBHE-
HusgMu PukkaTh, perreHnsa KOTOPBIX MOXKeT ObITh HalieHO TakxKke u B aBHOH ¢opme. [Tpn
9TOM UHUCJIEHHBbIE 3HAYEHUSI PerieHus MHTerpo-audepeHiinajibHOro ypaBHEHUsT 3aKII09e-
HBI MEXKIY TOCTEI0BATEILHBIMU 110 BPEMEeHN 3HAYEHUSIMHA ANTPOKCUMUPYIONUMHI WX PeIe-
HUSIMH, 9TO TO3BOJISET MPOU3BECTH MOTOYEIHYIO OIMEHKY MOIPEITHOCTEH anmpOKCUMAIIVHN.
IMpuBonasgTCS TPUMEPDHI PE3YIHTATOB YUCIEHHOTO HHTETPUPOBAHUSA U COOTBETCTBYIOIIIX All-
OPOKCAMAITHA.

Karoueewe caosa: — ypasnenus coboaeeckozo muna; kpaesvie 3a0auu; uHmMe2po-
dupepenyuarvroe ypasuenue; c6060dnan noseprHocms; ypashenue Puxkxamu.
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