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Â ðàáîòå ðàññìàòðèâàåòñÿ îäèí èç ñîâðåìåííûõ ïàðàìåòðè÷åñêèõ ìåòîäîâ îáðà-
áîòêè ñèãíàëîâ � ìåòîä ìàòðè÷íûõ ïó÷êîâ (ÌÌÏ). Ìåòîä ïîçâîëÿåò ïî îòñ÷åòàì ñèã-
íàëà, ïðåäñòàâëÿþùåãî ñîáîé ñóììó êîìïëåêñíûõ ýêñïîíåíò, ýôôåêòèâíî îöåíèâàòü
åãî ïàðàìåòðû. ×èñëî ýêñïîíåíò íå ïðåäïîëàãàåòñÿ èçâåñòíûì çàðàíåå è òàêæå ìî-
æåò áûòü îöåíåíî ñ ïîìîùüþ ñèíãóëÿðíîãî ðàçëîæåíèÿ ìàòðèöû, ñîñòàâëåííîé èç
îòñ÷åòîâ ñèãíàëà. Îáúåêòîì èññëåäîâàíèÿ äàííîé ðàáîòû ñëóæèò âåêòîðíûé ïðîöåññ
� íàáîð ñèãíàëîâ, èìåþùèõ îäèíàêîâûå ÷àñòîòû è êîýôôèöèåíòû çàòóõàíèÿ (ò.å. îäè-
íàêîâûå ïîëþñû ñèãíàëà), íî, âîîáùå ãîâîðÿ, ðàçëè÷íûå êîìïëåêñíûå àìïëèòóäû.
Ñèãíàëû òàêîãî âèäà âîçíèêàþò, íàïðèìåð, ïðè ðàññìîòðåíèè ôàçèðîâàííîé àíòåí-
íîé ðåøåòêè, êîãäà íåîáõîäèìî îöåíèòü ïàðàìåòðû ñèãíàëà, ãåíåðèðóåìîãî îäíèìè
è òåìè æå èñòî÷íèêàìè, íî ïðèõîäÿùèìè îò ìíîãèõ àíòåííûõ ýëåìåíòîâ ñî ñâîèìè
àìïëèòóäàìè è ôàçàìè. Ïîäîáíàÿ çàäà÷à âîçíèêàåò è ïðè îöåíêå ïàðàìåòðîâ ñèãíà-
ëîâ ñ äâóõ ïðîñòðàíñòâåííî-ðàñïðåäåëåííûõ äàò÷èêîâ äâèæåíèÿ êîðèîëèñîâîãî ðàñ-
õîäîìåðà. Ïðè îáðàáîòêå íàáîðà ñèãíàëîâ êëàññè÷åñêèì ÌÌÏ ìû ïîëó÷àåì íàáîðû
ðàçëè÷íûõ ïîëþñîâ ýòèõ ñèãíàëîâ, êîòîðûå äàëåå ïðèõîäèòñÿ, íàïðèìåð, óñðåäíÿòü,
÷òîáû ïîëó÷èòü èñêîìûå çíà÷åíèÿ ïîëþñîâ, ïðåäïîëàãàåìûõ îäèíàêîâûìè äëÿ ýòèõ
ñèãíàëîâ. Ïðåäëîæåííàÿ â ðàáîòå ìîäèôèêàöèÿ ÌÌÏ ðàáîòàåò ñî âñåìè ñèãíàëàìè
ñðàçó, äàâàÿ îäèí íàáîð ïîëþñîâ ñèãíàëà, è ïðè ýòîì îêàçûâàåòñÿ ýôôåêòèâíåå è ïî
áûñòðîäåéñòâèþ, è ïî òî÷íîñòè îïðåäåëåíèÿ ïàðàìåòðîâ ñèãíàëîâ. Â ðàáîòå ïðèâåäåíû
àëãîðèòìû êëàññè÷åñêîãî ÌÌÏ è åãî ìîäèôèêàöèè äëÿ âåêòîðíîãî ïðîöåññà, à òàêæå
÷èñëåííûå ýêñïåðèìåíòû ñ ìîäåëüíûìè è ðåàëüíûìè ñèãíàëàìè, ñíÿòûìè ñ îäíîãî èç
ñåðèéíî âûïóñêàåìûõ êîðèîëèñîâûõ ðàñõîäîìåðîâ Äó15. Ýêñïåðèìåíòû ïîêàçûâàþò,
÷òî ïðåäëîæåííûé àëãîðèòì äàåò áîëåå òî÷íûå ðåçóëüòàòû çà ìåíüøåå (ïðèìåðíî â
1,5 ðàçà) âðåìÿ, íåæåëè êëàññè÷åñêèé ìåòîä ìàòðè÷íûõ ïó÷êîâ.
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ñèãíàëîâ; ñóììà êîìïëåêñíûõ ýêñïîíåíò; ñèíãóëÿðíîå ðàçëîæåíèå; âåêòîðíûå ïðî-

öåññû.

Ââåäåíèå

Ïðåîáðàçîâàíèå Ôóðüå ÿâëÿåòñÿ îäíèì èç ñàìûõ èçó÷åííûõ, óíèâåðñàëüíûõ è
ýôôåêòèâíûõ ìåòîäîâ èññëåäîâàíèÿ ñèãíàëîâ [1, 2]. Ýòî îïðåäåëÿåò åãî íåïðåðûâíîå
ñîâåðøåíñòâîâàíèå è ïîÿâëåíèå ìåòîäîâ, òåñíî ñâÿçàííûõ ñ íèì, íî ïðåâîñõîäÿùèõ
ïî íåêîòîðûì õàðàêòåðèñòèêàì. Íàïðèìåð, èñïîëüçóÿ ïðåîáðàçîâàíèå Ãèëüáåðòà [3],
ëåãêî ðåàëèçîâàòü àìïëèòóäíóþ è ôàçîâóþ äåìîäóëÿöèþ íåñóùåé, à PRISM [4] ïîç-
âîëÿåò ýôôåêòèâíî ðàáîòàòü ñî ñëó÷àéíûìè ñèãíàëàìè, ïðåäñòàâëåííûìè ñóììîé
çàòóõàþùèõ êîìïëåêñíûõ ýêñïîíåíò. Òåì íå ìåíåå, ýòè ïðåîáðàçîâàíèÿ ìîæíî îò-
íåñòè ê íåïàðàìåòðè÷åñêèì ìåòîäàì [1], èìåþùèì ïðèíöèïèàëüíîå îãðàíè÷åíèå íà
ðàçðåøåíèå ÷àñòîò, ñâÿçàííîå ñî âðåìåíåì íàáëþäåíèÿ ñîîòíîøåíèåì íåîïðåäåëåííî-
ñòè: ∆ω ∼ 1

∆T
, ãäå ∆ω è ∆T � íåîáõîäèìîå ðàçðåøåíèå ïî ÷àñòîòå è âðåìÿ íàáëþäå-

íèÿ, íåîáõîäèìîå äëÿ åãî îáåñïå÷åíèÿ, ñîîòâåòñòâåííî. Ýòî ñîîòíîøåíèå íàêëàäûâàåò
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æåñòêèå òðåáîâàíèÿ íà äëèòåëüíîñòü íàáëþäàåìîãî ó÷àñòêà ïðè òðåáîâàíèÿõ ïîâû-
øåííîãî ðàçðåøåíèÿ, ÷òî, â ñâîþ î÷åðåäü, óõóäøàåò äèíàìè÷åñêèå õàðàêòåðèñòèêè
àëãîðèòìîâ îáðàáîòêè è çàòðóäíÿåò ðàáîòó ñ íåñòàöèîíàðíûìè ñèãíàëàìè. Ïðåîáðà-
çîâàíèå Ãèëüáåðòà � Õóàíãà [5] ðàñøèðÿåò âîçìîæíîñòü ðàáîòû ñ íåñòàöèîíàðíûìè
íåëèíåéíûìè ñèãíàëàìè, îäíàêî ê íàñòîÿùåìó âðåìåíè îíî îñíîâàíî áîëüøå íà ýì-
ïèðè÷åñêèõ âûâîäàõ, ÷òî çàòðóäíÿåò âûðàáîòêó ðåêîìåíäàöèé ïî åãî êîíêðåòíîìó
ïðèìåíåíèþ.

Îäíèì èç ñïîñîáîâ ïðåîäîëåòü ñîîòíîøåíèå íåîïðåäåëåííîñòè ÿâëÿåòñÿ ïåðåõîä ê
ïàðàìåòðè÷åñêèì ìåòîäàì îáðàáîòêè ñèãíàëîâ, â êîòîðûõ ïðåäïîëàãàåòñÿ, ÷òî ñèãíàë
ñîñòîèò èç ñóììû ïàðöèàëüíûõ ñèãíàëîâ èçâåñòíîé ôîðìû (îáû÷íî îðòîãîíàëüíûõ
ïî âðåìåíè èëè ÷àñòîòå), à íåèçâåñòíû òîëüêî íåêîòîðûå ïàðàìåòðû ñèãíàëà. Íà-
ïðèìåð, åñëè â êà÷åñòâå ïàðöèàëüíîãî ñèãíàëà èñïîëüçóåòñÿ êîìïëåêñíàÿ ñèíóñîèäà,
òî ïàðàìåòðàìè ÿâëÿþòñÿ êîìïëåêñíàÿ àìïëèòóäà è ÷àñòîòà êàæäîé êîìïîíåíòû.
Èñõîäÿ èç ïðèíöèïîâ ðåøåíèÿ ñèñòåì íåçàâèñèìûõ óðàâíåíèé, ýòî äàåò âîçìîæíîñòü
ñíèçèòü ÷èñëî îòñ÷åòîâ ñèãíàëà äî ÷èñëà íåèçâåñòíûõ ïàðàìåòðîâ, ÷òî ìîæåò áûòü íà
ïîðÿäêè ìåíüøå ÷èñëà îòñ÷åòîâ, íåîáõîäèìûõ äëÿ èñïîëüçîâàíèÿ â ïðåîáðàçîâàíèè
Ôóðüå ñ òåìè æå õàðàêòåðèñòèêàìè ïî ðàçðåøåíèþ. Ïîæàëóé, ñàìûìè èçâåñòíûìè
ìåòîäàìè ýòîãî êëàññà ÿâëÿþòñÿ àëãîðèòìû, îñíîâàííûå íà ðåãðåññèîííûõ ïðîöåññàõ
è ïðîöåññàõ ñêîëüçÿùåãî ñðåäíåãî [1]. Òåì íå ìåíåå, åñëè ñèãíàë ìîæíî ïðåäñòàâèòü
â âèäå ëèíåéíîé êîìáèíàöèè ýêñïîíåíöèàëüíûõ ôóíêöèé y(t) =

∑M
m=1 Rme

(αm+iωm)t,
äîñòàòî÷íî øèðîêî èñïîëüçóåòñÿ ìåòîä Ïðîíè, ïðåäëîæåííûé åùå â êîíöå 18 âåêà [6].
Îñíîâíîé íåäîñòàòîê ýòîãî ìåòîäà � íåîáõîäèìîñòü òî÷íîãî çíàíèÿ ÷èñëà ýêñïîíåí-
öèàëüíûõ êîìïîíåíò, âõîäÿùèõ â ñèãíàë, è äîñòàòî÷íî ñèëüíàÿ ÷óâñòâèòåëüíîñòü ê
àääèòèâíûì øóìàì [7]. Ñòðåìëåíèå ïðåîäîëåòü ýòè íåäîñòàòêè ïðèâåëè ê ïîÿâëåíèþ
îäíîãî èõ ñàìûõ ýôôåêòèâíûõ ìåòîäîâ ñïåêòðàëüíîãî àíàëèçà � ìåòîäà ìàòðè÷íûõ
ïó÷êîâ (ÌÌÏ) [8]. Ïðè ýòîì ÷èñëî ýêñïîíåíöèàëüíûõ êîìïîíåíò M îïðåäåëÿåòñÿ
â õîäå ðàáîòû ìåòîäà. Êðîìå òîãî, êàê ïîêàçûâàþò èññëåäîâàíèÿ, ÌÌÏ îáëàäàåò
ñóùåñòâåííî áîëüøåé óñòîé÷èâîñòü ê àääèòèâíûì øóìàì, ÷åì ìåòîä Ïðîíè, è ïðè-
áëèæàåòñÿ ïî ýòîìó ïàðàìåòðó ê îöåíêå Ðàî � Êðàìåðà [9].

Â êëàññè÷åñêîé ïîñòàíîâêå ìåòîä ïðåäïîëàãàåò èñïîëüçîâàíèå SVD ðàçëîæåíèÿ
ìàòðèöû, ïîëó÷åííîé èç îòñ÷åòîâ ñèãíàëà äëÿ îöåíêè âñåõ ïàðàìåòðîâ (àìïëèòóäû,
÷àñòîòû, ôàçû, çàòóõàíèÿ) ïàðöèàëüíûõ ýêñïîíåíò. Ýòî îçíà÷àåò, ÷òî, â ñîîòâåò-
ñòâèè ñ êëàññèôèêàöèåé àëãîðèòìîâ ïî ÷èñëó âõîäîâ è âûõîäîâ [10], îí îòíîñèòñÿ ê
êëàññó SIMO (Single In, Multiple Out). Íåñìîòðÿ íà øèðîêîå ðàñïðîñòðàíåíèå ñèñòåì
òàêîãî âèäà, âñå áîëüøèé èíòåðåñ, ñâÿçàííûé, ïðåæäå âñåãî, ñ ðàçâèòèåì òåîðèè îáðà-
áîòêè ïðîñòðàíñòâåííî-âðåìåííûõ ñèãíàëîâ, âûçûâàþò ñèñòåìû MIMO (Multiple In,
Multiple Out). Òèïè÷íûì ïðåäñòàâèòåëåì ñèñòåì òàêîãî âèäà ÿâëÿåòñÿ ôàçèðîâàííàÿ
àíòåííàÿ ðåøåòêà, â êîòîðîé íåîáõîäèìî îöåíèòü ïàðàìåòðû ñèãíàëà, ãåíåðèðóåìîãî
îäíèìè è òåìè æå èñòî÷íèêàìè, íî ïðèõîäÿùèìè îò ìíîãèõ àíòåííûõ ýëåìåíòîâ ñî
ñâîèìè àìïëèòóäàìè è ôàçàìè [11].

Åùå îäíèì ïðèìåðîì ïîäîáíîãî ðîäà ÿâëÿåòñÿ êîðèîëèñîâ ðàñõîäîìåð, â êîòîðîì
íåîáõîäèìî îáðàáàòûâàòü ñèãíàëû, ïðèõîäÿùèå îò äâóõ ïðîñòðàíñòâåííî ðàçíåñåí-
íûõ äàò÷èêîâ. Èñïîëüçîâàíèå êëàññè÷åñêîãî ìåòîäà äëÿ ñèãíàëîâ ïîäîáíîãî òèïà
ïðåäïîëàãàåò ðàçäåëüíóþ îáðàáîòêó ñèãíàëîâ ñ êàæäîãî âûõîäà. Îäíàêî ïðè ýòîì â
êàæäîì êàíàëå îáðàáîòêè, â îáùåì ñëó÷àå, ìîãóò áûòü ïîëó÷åíû ñîáñòâåííûå îöåí-
êè ïàðàìåòðîâ, íå ñîâïàäàþùèå ñ îñòàëüíûìè. Ïîýòîìó âîçíèêàåò ïðîáëåìà äàëüíåé-
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øåé îáðàáîòêè îöåíîê ïàðàìåòðîâ. Â ñëó÷àå áëèçêèõ çíà÷åíèé ïàðàìåòðîâ êîìïîíåíò
ýòà ïðîáëåìà óñóãóáëÿåòñÿ íåîáõîäèìîñòüþ ðåøåíèÿ çàäà÷è ãðóïïèðîâêè ïàðàìåòðîâ
èäåíòè÷íûõ êîìïîíåíò, òî åñòü âûäåëåíèÿ â êàíàëàõ îöåíîê, ïðèíàäëåæàùèõ îäíîé
è òîé æå ìîäå.

Òàêèì îáðàçîì, âñòàåò çàäà÷à ìîäèôèêàöèè ÌÌÏ, ñ ñîõðàíåíèåì åãî ïðåèìó-
ùåñòâ, ïðèìåíèòåëüíî ê çàäà÷å îöåíêè ïàðàìåòðîâ âåêòîðíûõ ñèãíàëîâ. Ýòîé ïðî-
áëåìå ïîñâÿùåíà íàñòîÿùàÿ ñòàòüÿ. Ïîä âåêòîðíûì ñèãíàëîì (ïðîöåññîì) ìû ïî-
íèìàåì íàáîð èç K ñèãíàëîâ y1(t), y2(t), . . . , yK(t), ãäå yk(t) =

∑M
m=1Rmke

(αm+iωm)t,
k = 1, . . . , K, èìåþùèõ îäèíàêîâûå ÷àñòîòû ω1, ω2, . . . , ωM è êîýôôèöèåíòû çàòóõà-
íèÿ α1, α2, . . . , αM (ò.å. îäèíàêîâûå ïîëþñû ñèãíàëà), íî, âîîáùå ãîâîðÿ, ðàçëè÷íûå
êîìïëåêñíûå àìïëèòóäû R1k, R2k, . . . , RMk, k = 1, . . . , K.

Ñòðóêòóðà ðàáîòû òàêîâà. Â ïåðâîé ãëàâå ñîäåðæèòñÿ îïèñàíèå êëàññè÷åñêîãî àë-
ãîðèòìà ÌÌÏ. Åãî ìîäèôèêàöèÿ íà ñëó÷àé âåêòîðíîãî ñèãíàëà ïðèâåäåíà âî âòîðîé
ãëàâå. Òàê êàê àíàëèòè÷åñêîå èññëåäîâàíèå ïðåäëîæåííîãî àëãîðèòìà ïðåäñòàâëÿåòñÿ
çàòðóäíèòåëüíûì, äàëåå â ðàáîòå ïðèâåäåíû ðåçóëüòàòû ìîäåëèðîâàíèÿ êëàññè÷åñêî-
ãî è ìîäèôèöèðîâàííîãî ìåòîäîâ íà ìîäåëüíîì è ðåàëüíîì ñèãíàëàõ, ïîêàçûâàþùèå
ýôôåêòèâíîñòü ïðåäëîæåííîãî ìåòîäà. Â çàêëþ÷åíèè ðàáîòû óêàçàíû âîçìîæíûå
íàïðàâëåíèÿ áóäóùèõ èññëåäîâàíèé.

1. Êëàññè÷åñêèé ìåòîä ìàòðè÷íûõ ïó÷êîâ

Ìåòîä ìàòðè÷íûõ ïó÷êîâ èñïîëüçóåòñÿ äëÿ îöåíêè ïàðàìåòðîâ ñèãíàëà:

y(t) =
M∑
k=1

Rke
(αk+iωk)t (1)

ïî åãî N îòñ÷åòàì:

y(n) = y(nT ) =
M∑
k=1

Rke
(αk+iωk)nT =

M∑
k=1

Rkz
n
k . (2)

Çäåñü T � ïåðèîä äèñêðåòèçàöèè, Rk = Ake
iφk � êîìïëåêñíûå àìïëèòóäû, αk � êîýô-

ôèöèåíòû çàòóõàíèÿ, ωk = 2πfk � ÷àñòîòû è zk � ïîëþñû ñèãíàëà y(t).
Íà ïåðâîì øàãå ÌÌÏ íàõîäèò ïîëþñû zk ñ ïîìîùüþ ðåøåíèÿ çàäà÷è íà îáîá-

ùåííûå ñîáñòâåííûå çíà÷åíèÿ ïó÷êà ìàòðèö, ñîñòàâëåííûõ èç îòñ÷åòîâ ñèãíàëà y(n).
Äàëåå ïî íàéäåííûì ïîëþñàì ÌÌÏ íàõîäèò îöåíêè äëÿ Rk. Èçëîæèì ïîäðîáíåå
àëãîðèòì ÌÌÏ.

Îïðåäåëèì äâå ìàòðèöû Ya, Yb ðàçìåðîâ (N − L)× L ñëåäóþùèì îáðàçîì:

Ya =


y(L− 1) . . . y(1) y(0)
y(L) . . . y(2) y(1)
...

. . .
...

...
y(N − 2) . . . y(N − L) y(N − L− 1)

 , (3)

Yb =


y(L) . . . y(2) y(1)

y(L+ 1) . . . y(3) y(2)
...

. . .
...

...
y(N − 1) . . . y(N − L+ 1) y(N − L)

 . (4)
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Çäåñü M ≤ L ≤ N − M � ïàðàìåòð ìåòîäà. Ïîêàçàíî [8], ÷òî ïðè âûáîðå N
3

≤
L ≤ N

2
äèñïåðñèÿ îöåíêè ïîëþñîâ zk áóäåò ìèíèìàëüíà, ò.å. ÌÌÏ áóäåò íàèìåíåå

÷óâñòâèòåëåí ê øóìó. Â ýòîé ðàáîòå ìû ïîëîæèëè L = floor
(
N
3

)
. (Ôóíêöèÿ �oor â

Matlab îêðóãëÿåò äî áëèæàéøåãî öåëîãî.)
Äëÿ ìàòðèö Ya, Yb ñïðàâåäëèâà ñëåäóþùàÿ ôàêòîðèçàöèÿ [8]:

Ya = ZLRZR, Yb = ZLRZZR. (5)

Çäåñü

ZL =


1 1 . . . 1
z1 z2 . . . zM
...

. . .
...

...
zN−L−1
1 zN−L−1

2 . . . zN−L−1
M

 , ZR =


zL−1
1 zL−2

1 . . . 1
zL−1
2 zL−2

2 . . . 1
...

. . .
...

...
zL−1
M zL−2

M . . . 1

 ,

R = diag(R1, R2, . . . , RM), Z = diag(z1, z2, . . . , zM). (6)

Ðàññìîòðèì ïó÷îê ìàòðèö Yb−λYa = ZLR(Z−λE)ZR, ãäå E � åäèíè÷íàÿ ìàòðèöà
M -ãî ïîðÿäêà. Ìîæíî ïîêàçàòü [8], ÷òî ïðè M ≤ L ≤ N −M è λ ̸= zk, k = 1, . . . ,M,
ðàíã ìàòðèöû Yb−λYa ðàâåí M. Îäíàêî, åñëè λ = zk, òî k-àÿ ñòðîêà ìàòðèöû Z−λE
íóëåâàÿ è ðàíã ýòîé ìàòðèöû ðàâåí M − 1.

Òàêèì îáðàçîì, ïîëþñû zk = e(αk+iωk)T ìîãóò áûòü íàéäåíû êàê îáîáùåííûå ñîá-
ñòâåííûå çíà÷åíèÿ ïó÷êà ìàòðèö Yb − λYa, ò.å. êàê ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû
Y †
a Yb. Çäåñü èíäåêñ † èñïîëüçóåòñÿ äëÿ îáîçíà÷åíèÿ ïñåâäîîáðàòíîé ìàòðèöû.
Â ñëó÷àå çàøóìëåííûõ äàííûõ ìàòðèöó Ya äëÿ ýôôåêòèâíîé ôèëüòðàöèè øóìà

íåîáõîäèìî ïîäâåðãíóòü îïåðàöèè ñèíãóëÿðíîãî (SVD) ðàçëîæåíèÿ

Ya = USV T . (7)

Çäåñü U, V � óíèòàðíûå ìàòðèöû, S � äèàãîíàëüíàÿ ìàòðèöà, ýëåìåíòàìè êîòîðîé
ÿâëÿþòñÿ ñèíãóëÿðíûå ÷èñëà ìàòðèöû Ya. (Âåðõíèé èíäåêñ T îçíà÷àåò îïåðàöèþ
òðàíñïîíèðîâàíèÿ.)

Çàìåòèì, ÷òî â ñëó÷àå îòñóòñòâèÿ øóìà äèàãîíàëüíàÿ ìàòðèöà S èìååò ðîâíî
M íåíóëåâûõ ñèíãóëÿðíûõ ÷èñåë, âñå ïîñëåäóþùèå ðàâíû íóëþ. Â ñëó÷àå çàøóì-
ëåííîãî ñèãíàëà íåíóëåâûõ ñèíãóëÿðíûõ ÷èñåë óæå íå áóäåò, îäíàêî ìåæäó ïåðâûìè
M è ïîñëåäóþùèìè ñèíãóëÿðíûìè ÷èñëàìè ìàòðèöû S áóäåò íàáëþäàòüñÿ ÿðêî âû-
ðàæåííûé ñêà÷îê, êîòîðûé è ïîçâîëèò îïðåäåëèòü ÷èñëî êîìïëåêñíûõ ýêñïîíåíò â
ñèãíàëå.

Èòàê, ñèíãóëÿðíîå ðàçëîæåíèå ìàòðèöû Ya ïîçâîëÿåò îïðåäåëèòü ÷èñëî èñòèí-
íûõ ýêñïîíåíò ñèãíàëà M . Êðîìå òîãî, îíî ìîæåò áûòü èñïîëüçîâàíî äëÿ íàõîæäå-
íèÿ ïñåâäîîáðàòíîé ìàòðèöû Y †

a . Íà ïðàêòèêå èñïîëüçóåòñÿ óñå÷åííàÿ äî ðàíãà M
ïñåâäîîáðàòíàÿ ìàòðèöà:

Y †
a =

M∑
m=1

1

σm

vmu
T
m = V0S

−1
0 UT

0 , (8)

ãäå σ1, . . . , σM � ýòî M íàèáîëüøèõ ñèíãóëÿðíûõ ÷èñåë ìàòðèöû Ya, vm è um �
ñîîòâåòñòâóþùèå èì ñèíãóëÿðíûå âåêòîðû, V0 = (v0, . . . , vM), U0 = (u0, . . . , uM),
S0 = diag(σ1, . . . , σM).
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Ïîñëå íàõîæäåíèÿ ìàòðèöû Y †
a äëÿ îöåíêè ïîëþñîâ zk, k = 1, . . . ,M, ñèãíàëà

îñòàåòñÿ òîëüêî íàéòè M ñîáñòâåííûõ ÷èñåë ìàòðèöû Y †
a Yb, èëè, â ñèëó ñëåäóþùåé

öåïî÷êè ðàâåíñòâ:

Y †
a Yb qk = zk qk,

V0S
−1
0 UT

0 Yb qk = zk qk,
S−1
0 UT

0 YbV0 (V T
0 qk) = zk (V T

0 qk),
(9)

íàéòè M ñîáñòâåííûõ ÷èñåë ìàòðèöû

ZE = S−1
0 UT

0 YbV0. (10)

Äàëåå â ìåòîäå ìàòðè÷íûõ ïó÷êîâ ïî èçâåñòíûì M è zk íàõîäÿòñÿ êîìïëåêñíûå
àìïëèòóäû Rk èç ðåøåíèÿ ñëåäóþùåé çàäà÷è:

y(0)
y(1)
...

y(N − 1)

 =


1 1 . . . 1
z1 z2 . . . zM
...

...
. . .

...
zN−1
1 zN−1

2 . . . zN−1
M




R1

R2
...

RM

 . (11)

Ïîäâåäåì èòîã îïèñàíèÿ êëàññè÷åñêîãî ÌÌÏ [8] â ñëåäóþùåì âèäå:
Àëãîðèòì 1. Êëàññè÷åñêèé ìåòîä ìàòðè÷íûõ ïó÷êîâ
Âõîä: Îòñ÷åòû ñèãíàëà

y(n) =
M∑
k=1

Rke
(αk+iωk)t =

M∑
k=1

Rkz
n
k , n = 0, 1, . . . , N − 1.

Âûõîä: Ïàðàìåòðû ñèãíàëà Rk, zk, k = 1, . . . ,M.
1. Ôîðìèðóåì ìàòðèöû Ya, Yb (3), (4).
2. Íàõîäèì SVD-ðàçëîæåíèå ìàòðèöû Ya.
3. Îöåíèâàåì ÷èñëî M ïîëþñîâ ñèãíàëà.
4. Íàõîäèì óñå÷åííóþ äî ðàíãà M ïñåâäîîáðàòíóþ ìàòðèöó Y †

a (8).
5. Îöåíèâàåì zk, âû÷èñëÿÿ ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ZE (10).
6. Îöåíèâàåì Rk, ðåøàÿ çàäà÷ó (11) ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.
Êîíåö
Çàìåòèì, ÷òî äàííûé àëãîðèòì áûë óæå ìíîãîêðàòíî ìîäèôèöèðîâàí ïîä ðàç-

ëè÷íûå çàäà÷è. Íàïðèìåð, â [12] ïðåäëîæåí âàðèàíò ÌÌÏ äëÿ íåçàòóõàþùèõ ñè-
íóñîèä, óëó÷øåíèå ÌÌÏ ñ ïîìîùüþ ñîõðàíåíèÿ ãàíêåëåâîé ñòðóêòóðû ìàòðèöû,
ñîáñòâåííûå ÷èñëà êîòîðîé äàþò ïîëþñû ñèãíàëà, ïðåäëîæåíî â [13], âåðñèÿ ÌÌÏ
äëÿ êâàíòîâûõ êîìïüþòåðîâ ðàçðàáîòàíà â [14], â [15] ïðåäëîæåí ðåêóðñèâíûé ÌÌÏ
è ò.ä.

2. Ìåòîä ìàòðè÷íûõ ïó÷êîâ äëÿ âåêòîðíûõ ïðîöåññîâ

Ïóñòü ó íàñ èìååòñÿ K ñèãíàëîâ y1(t), y2(t), . . . , yK(t), èìåþùèõ îäèíàêîâûå
ïîëþñû z1, z2, . . . , zM , íî, âîîáùå ãîâîðÿ, ðàçëè÷íûå êîìïëåêñíûå àìïëèòóäû
R1k, R2k, . . . , RMk, k = 1, . . . , K.
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Çàïèøåì ìàòðèöû Yak, Ybk, ñîîòâåòñòâóþùèå ñèãíàëàì yk(t), k = 1, . . . , K.

Yak =


yk(L− 1) . . . yk(1) yk(0)
yk(L) . . . yk(2) yk(1)
...

. . .
...

...
yk(N − 2) . . . yk(N − L) yk(N − L− 1)

 , (12)

Ybk =


yk(L) . . . yk(2) yk(1)

yk(L+ 1) . . . yk(3) yk(2)
...

. . .
...

...
yk(N − 1) . . . yk(N − L+ 1) yk(N − L)

 . (13)

Íàïîìíèì, ÷òî êàæäàÿ èç ýòèõ ìàòðèö äîïóñêàåò ôàêòîðèçàöèþ:

Yak = ZLR
(k)ZR, Ybk = ZLR

(k)ZZR. (14)

Çäåñü ZL, ZR, Z � òå æå ìàòðèöû, ÷òî è â (6), à ìàòðèöà R(k) îïðåäåëÿåòñÿ:

R(k) = diag (R1k, R2k, . . . , RMk) . (15)

Èç ìàòðèö Yak, Ybk ñîñòàâèì áëî÷íûå ìàòðèöû YaE, YbE ðàçìåðîâ (N − L) × LK
ñëåäóþùèì îáðàçîì:

YaE =


Ya1

Ya2
...

YaK

 , YbE =


Yb1

Yb2
...

YbK

 . (16)

Ëåãêî âèäåòü, ÷òî ïîëþñû zk ÿâëÿþòñÿ îáîáùåííûìè ñîáñòâåííûìè çíà÷åíèÿìè
ïó÷êà ìàòðèö YbE−λYaE. Äåéñòâèòåëüíî, ñïðàâåäëèâî ñëåäóþùåå ðàçëîæåíèå äàííûõ
ìàòðèö:

YaE =


Ya1

Ya2
...

YaK

 =


ZLR

(1)ZR

ZLR
(2)ZR
...

ZLR
(K)ZR

 =


ZL 0 . . . 0
0 ZL . . . 0
...

...
. . .

...
0 0 . . . ZL




R(1)

R(2)

...
R(K)

ZR,

YbE =


Yb1

Yb2
...

YbK

 =


ZL 0 . . . 0
0 ZL . . . 0
...

...
. . .

...
0 0 . . . ZL




R(1)

R(2)

...
R(K)

ZZR.

(17)

Òîãäà YbE −λYaE =


ZL 0 . . . 0
0 ZL . . . 0
...

...
. . .

...
0 0 . . . ZL




R(1)

R(2)

...
R(K)

 (Z−λE)ZR è ÷èñëà zk ÿâëÿþòñÿ

ïîíèæàþùèìè ðàíã ýòîé ìàòðèöû.
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Òîãäà, àíàëîãè÷íî ÌÌÏ äëÿ ñêàëÿðíîãî ïðîöåññà, ïîëþñû zk ìîãóò áûòü íàéäåíû
êàê M ñîáñòâåííûõ ÷èñåë ìàòðèöû Y †

aEYbE, ãäå Y †
aE =

∑M
m=1

1
σm

vmu
T
m = V0S

−1
0 UT

0 �
óñå÷åííàÿ äî ðàíãà M ïñåâäîîáðàòíàÿ ìàòðèöà ê YaE è ÷èñëî M îïðåäåëÿåòñÿ íà
îñíîâå ñêà÷êà â ñèíãóëÿðíûõ ÷èñëàõ ìàòðèöû YaE.

Àíàëîãè÷íî, êàê â ïðåäûäóùåì ïàðàãðàôå, ïîëó÷àåì, ÷òî zk ìîãóò áûòü íàéäåíû
êàê M ñîáñòâåííûõ ÷èñåë ìàòðèöû:

ZE = S−1
0 UT

0 YbEV0. (18)

Êîìïëåêñíûå àìïëèòóäû Rmk íàõîäÿòñÿ çàòåì èç ðåøåíèÿ K çàäà÷:
yk(0)
yk(1)
...

yk(N − 1)

 =


1 1 . . . 1
z1 z2 . . . zM
...

...
. . .

...
zN−1
1 zN−1

2 . . . zN−1
M




R1k

R2k
...

RMk

 , k = 1, . . . , K. (19)

Ïîäâåäåì èòîã â âèäå ñëåäóþùåãî àëãîðèòìà:
Àëãîðèòì 2. Ìåòîä ìàòðè÷íûõ ïó÷êîâ äëÿ âåêòîðíûõ ïðîöåññîâ
Âõîä: Îòñ÷åòû K ñèãíàëîâ

yk(n) =
M∑
k=1

Rmke
(αm+iωm)t =

M∑
k=1

Rmkz
n
m, k = 1, . . . , K, n = 0, 1, . . . , N − 1.

Âûõîä: Ïàðàìåòðû ñèãíàëîâ Rmk, zm,m = 1, . . . ,M, k = 1, . . . , K.
1. Ôîðìèðóåì ìàòðèöû YaE, YbE (12), (13).
2. Íàõîäèì SVD-ðàçëîæåíèå ìàòðèöû YaE.
3. Îöåíèâàåì ÷èñëî M ïîëþñîâ ñèãíàëà.
4. Íàõîäèì óñå÷åííóþ äî ðàíãà M ïñåâäîîáðàòíóþ ìàòðèöó Y †

aE.
5. Îöåíèâàåì zk, âû÷èñëÿÿ ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû ZE (18).
6. Îöåíèâàåì Rmk, ðåøàÿ çàäà÷è (19) ìåòîäîì íàèìåíüøèõ êâàäðàòîâ.
Êîíåö
Äàëåå ñ ïîìîùüþ ÷èñëåííûõ ýêñïåðèìåíòîâ ìû ïîêàæåì, ÷òî íàõîæäåíèå ïîëþ-

ñîâ z1, z2, . . . , zM , êàê îáîáùåííûõ ñîáñòâåííûõ çíà÷åíèé ïó÷êà ìàòðèö YbE − λYaE

ýôôåêòèâíåå (è ïî âðåìåíè, è ïî òî÷íîñòè îïðåäåëåíèÿ), ÷åì íàõîæäåíèå êëàññè÷å-
ñêèì ÌÌÏ îáîáùåííûõ ñîáñòâåííûõ çíà÷åíèé ïó÷êîâ Ybk − λYak, k = 1, . . . , K, ñ èõ
ïîñëåäóþùèì óñðåäíåíèåì.

3. Ìîäåëèðîâàíèå ðàáîòû àëãîðèòìîâ

Â ýòîì ïàðàãðàôå ðàññìîòðåíû ðåçóëüòàòû èññëåäîâàíèÿ äâóõ àëãîðèòìîâ ïðè
èñïîëüçîâàíèè ìîäåëüíîãî è ðåàëüíîãî ñèãíàëîâ.

Ïðèìåð 1. Ðàññìîòðèì ñèãíàëû y1, y2 ñ îäèíàêîâûìè ïîëþñàìè z1 = 0, 8070 +
0, 5863j, z2 = 0, 8484 + 0, 5199j è ðàçíûìè àìïëèòóäàìè è ôàçàìè:

y1 =
1
2
e−10t sin

(
2π · 400t+ π

45

)
+ 1

3
e−20t sin

(
2π · 350t+ π

90

)
,

y2 = e−10t sin
(
2π · 400t+ π

9

)
+ 1

4
e−20t sin

(
2π · 350t− 2π

45

)
.

(20)

Áûëè îáðàáîòàíû 30 îòñ÷åòîâ ñèãíàëîâ y1 è y2, ïîëó÷åííûå ñ ÷àñòîòîé äèñêðåòè-
çàöèè Fs=4000 Ãö. Â êà÷åñòâå àääèòèâíîãî øóìà áûëè âçÿòû çíà÷åíèÿ íîðìàëüíîé
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ñëó÷àéíîé âåëè÷èíû ñ íóëåâûì ìàò. îæèäàíèåì è σ = 0, 005. Áûëè ðàññìîòðåíû
äâàäöàòü çàøóìëåííûõ ðåàëèçàöèé äàííûõ ñèãíàëîâ.

Ïðè ïîìîùè äâóõ èçëîæåííûõ ìåòîäîâ, áûëè îöåíåíû ïîëþñû z1, z2. Íà ðèñ. 1
ïîêàçàíî èñòèííîå çíà÷åíèå ïîëþñîâ ñèãíàëîâ è îöåíêè ïàðàìåòðîâ êàæäîãî èç ñèã-
íàëîâ y1 è y2, ïîëó÷åííûå êëàññè÷åñêèì è ìîäèôèöèðîâàííûì ÌÌÏ, êîòîðûé îáðà-
áàòûâàåò äâà ñèãíàëà îäíîâðåìåííî. Êàê ìîæíî âèäåòü îöåíêè äëÿ ïîëþñîâ â ïåð-
âîì ñëó÷àå èìåþò áîëüøèé ðàçáðîñ îòíîñèòåëüíî èñòèííûõ çíà÷åíèé ïîëþñîâ, ÷åì
âî âòîðîì.
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Ðèñ. 1. Îöåíêè è èñòèííîå çíà÷åíèÿ ïîëþñîâ ñèãíàëà ïðè ïîìîùè êëàññè÷åñêîãî
è ìîäèôèöèðîâàííîãî ìåòîäà ìàòðè÷íûõ ïó÷êîâ (ðåàëüíîå çíà÷åíèå ïîëþñîâ z1 =
0, 8070+0, 5863j è z2 = 0, 8484+0, 5199j îòìå÷åíî êðóæêîì, à îöåíåííîå � êðåñòèêîì)

Ñðåäíåå çíà÷åíèå ïîëó÷èâøèõñÿ (ïî 20 ðåàëèçàöèÿì) ïîëþñîâ ñèãíàëà ẑ1, ẑ2, èõ
ðàçíèöà ñ èñòèííûìè çíà÷åíèÿìè z1, z2, ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå (ÑÊÎ), à
òàêæå âðåìÿ ðàáîòû ïðèâåäåíû â òàáëèöå.
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Òàáëèöà

Ñðàâíåíèå ìåòîäîâ

ÌÌÏ, äëÿ y1 ÌÌÏ, äëÿ y2 Âåêòîðíûé ÌÌÏ
Ñð. çíà÷åíèå ẑ1 0,8066 + 0,5864i 0,8062 + 0,5876i 0,8069 + 0,5866i

ÑÊÎ ẑ1 0,0050 0,0042 0,0017
Ðàçíèöà z1 − ẑ1 4,43e-04 − 5,80e-05i 0,0008 − 0,0013i 6,88e-05 − 2,46e-04i
Ñð. çíà÷åíèå ẑ2 0,8473 + 0,5199i 0,8420 + 0,5192i 0,8479 + 0,5197i

ÑÊÎ ẑ2 0,0076 0,0169 0,0037
Ðàçíèöà z2 − ẑ2 0,0011 − 0,0001i 0,0064 + 0,0007i 5,04e-04+ 2,14e-04i
Âðåìÿ ðàáîòû, ñ 0,0571 0,0418

Êàê ìîæíî âèäåòü, ìîäèôèöèðîâàííûé ìåòîä ìàòðè÷íûõ ïó÷êîâ, èñïîëüçóÿ ñîâ-
ìåñòíóþ îöåíêó äâóõ ñèãíàëîâ, äàåò áîëåå òî÷íóþ îöåíêó ïîëþñîâ, à òàêæå âûèãðû-
âàåò ïî áûñòðîäåéñòâèþ.

Ïðèìåð 2. Äàëåå ðàññìîòðèì ñèãíàëû, ïîëó÷åííûå ñ äâóõ ïðîñòðàíñòâåííî ðàç-
íåñåííûõ äàò÷èêîâ äâèæåíèÿ èçìåðèòåëüíûõ òðóáîê êîðèîëèñîâîãî ðàñõîäîìåðà. Â
ñîîòâåòñòâèè ñ ïðèíöèïàìè ðàáîòû êîðèîëèñîâà ðàñõîäîìåðà, ñèãíàëû äîëæíû èìåòü
îäèíàêîâóþ ÷àñòîòó, íî ðàçíûå ôàçû (ïðè íàëè÷èè ïîòîêà èçìåðÿåìîé æèäêîñòè) è
àìïëèòóäû (â ñèëó íå âîçìîæíîñòè àáñîëþòíîé èäåíòè÷íîñòè ïðàâîé è ëåâîé ÷àñòåé
ðàñõîäîìåðà). Ñèãíàëû ïðåäñòàâëåíû íà ðèñ. 2.
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Ðèñ. 2. Ñèãíàëû ñ êîðèîëèñîâîãî ðàñõîäîìåðà

Äàííûå ðåàëüíûå ñèãíàëû áûëè îáðàáîòàíû ñ îêíîì â N = 100 è ÷àñòîòîé äèñ-
êðåòèçàöèè Fs = 8192 Ãö ïðè ïîìîùè êëàññè÷åñêîãî è ìîäèôèöèðîâàííîãî ìåòîäà
ìàòðè÷íûõ ïó÷êîâ. Äëÿ ÷àñòîòû ñèãíàëîâ áûëî ïîëó÷åíî çíà÷åíèå 90,3 Ãö ñ ÑÊÎ,
ðàâíûì 0,25 äëÿ êëàññè÷åñêîãî è 0,11 äëÿ ìîäèôèöèðîâàííîãî ÌÌÏ. Ðàçíîñòü ôàç
ñîñòàâèëà 0,015 ñ ÑÊÎ, ðàâíûì 0,0164 è 0,0029 ñîîòâåòñòâåííî.
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Íà ðèñ. 3 ïðèâåäåíû çíà÷åíèÿ àìïëèòóäû ñèãíàëîâ ðàñõîäîìåðà ñ ëåâîé è ïðàâîé
êàòóøåê. Êàê ìîæíî âèäåòü, ìîäèôèöèðîâàííûé ÌÌÏ äàåò ñóùåñòâåííî ìåíüøóþ
äèñïåðñèþ è â îöåíêå ýòîãî ïàðàìåòðà.
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Ðèñ. 3. Çíà÷åíèÿ àìïëèòóäû ñèãíàëîâ ñ ïðàâîé è ëåâîé êàòóøåê

Èòàê, ïðè îïðåäåëåíèè âñåõ ïàðàìåòðîâ (÷àñòîòà, àìïëèòóäû, ðàçíîñòü ôàç) äèñ-
ïåðñèÿ îöåíêè äàííîãî ïàðàìåòðà â ñëó÷àå ïðèìåíåíèÿ ìîäèôèöèðîâàííîãî ÌÌÏ
ìåíüøå, ÷åì äëÿ êëàññè÷åñêîãî. Êðîìå òîãî, ìîäèôèöèðîâàííûé ÌÌÏ ïðè íàõîæ-
äåíèè äàííûõ ïàðàìåòðîâ âûèãðûâàåò è ïî áûñòðîäåéñòâèþ (ïðèìåðíî â 1,5 ðàçà
áûñòðåå, ÷åì êëàññè÷åñêèé ÌÌÏ).

Çàêëþ÷åíèå

Â äàííîé ðàáîòå ïðåäëîæåíà ìîäèôèêàöèÿ ìåòîäà ìàòðè÷íûõ ïó÷êîâ äëÿ âåê-
òîðíûõ ïðîöåññîâ. Ðåçóëüòàòàìè ìîäåëèðîâàíèÿ ðàáîòû àëãîðèòìîâ ïîäòâåðæäåíî,
÷òî ìîäèôèöèðîâàííûé ÌÌÏ áûñòðåå è òî÷íåå íàõîäèò ïàðàìåòðû âåêòîðíîãî ïðî-
öåññà, ÷åì êëàññè÷åñêèé ÌÌÏ. Äàëüíåéøèå èññëåäîâàíèÿ ïðåäïîëàãàþò ðàçðàáîòêó
ðåêóððåíòíîãî ÌÌÏ äëÿ âåêòîðíûõ ïðîöåññîâ, ò.å. íà îáîáùåíèå ñòàòüè [15].

Ðàáîòà ïðîâîäèëàñü ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà îáðàçîâàíèÿ è

íàóêè Ðîññèéñêîé Ôåäåðàöèè ïðèêëàäíûõ íàó÷íûõ èññëåäîâàíèé ≪Ðàçðàáîòêà îòå÷å-

ñòâåííîãî ìàññîâîãî êîðèîëèñîâîãî ðàñõîäîìåðà äëÿ íåôòåãàçîâîé ïðîìûøëåííîñòè
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MATRIX PENCIL METHOD FOR ESTIMATION OF PARAMETERS
OF VECTOR PROCESSES

M.P. Henry1, O.L. Ibryaeva2, D.D. Salov2, A.S. Semenov2

1University of Oxford, Oxford, United Kingdom
2South Ural State University, Chelyabinsk, Russian Federation
E-mail: manus.henry@eng.ox.ac.uk, ibriaevaol@susu.ru, salovdd@yandex.ru,
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The paper considers one of the modern parametric methods of signal processing � the
matrix pencil method (MPM). The method makes it possible to e�ectively estimate signal
parameters from its samples which is the sum of complex exponentials. The number of
exponentials is not assumed to be known in advance and can also be estimated using
a singular value decomposition of a matrix constructed from the signal samples. The
object of this work is a vector process � a set of signals having the same frequencies and
damping factors (i.e., the same poles of the signal), but di�erent complex amplitudes. Such
signals occur, for example, when considering a phased array antenna, when it is necessary
to evaluate the parameters of a signal generated by the same sources but coming from
many antenna elements with their amplitudes and phases. A similar problem arises in
the evaluation of signals parameters from two spatially-distributed motion sensors of a
Coriolis �owmeter. When processing several signals with classical MPM, we obtain several
di�erent sets of poles of these signals, which then, for example, need to be averaged to
obtain the desired values of the poles assumed to be the same for all signals. The proposed
modi�cation of the MPM works with the entire set of signals at once, giving one set of signal
poles, and at the same time it proves to be more e�ective both in terms of speed and in the
accuracy of determining the signal parameters. The algorithms of the classical MPM and its
modi�cations for the vector process are presented, as well as numerical experiments with
model and real signals taken from one of the commercially available Coriolis �owmeters
Du15. Experiments show that the proposed algorithm yields more accurate results in a
shorter (approximately 1,5 times) time than the classical MPM

Keywords: matrix pencil method; parametric methods of signal processing; sum of

complex exponentials; singular value decomposition; vector processes.
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