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The article is devoted to the research of the class of stochastic models in mathematical
physics on the basis of an abstract Sobolev type equation in Banach spaces of sequences,
which are the analogues of Sobolev spaces. As operators we take polynomials with real
coefficients from the analogue of the Laplace operator, and carry over the theory of linear
stochastic equations of Sobolev type on the Banach spaces of sequences. The spaces of
sequences of differentiable "noises" are denoted, and the existence and the uniqueness of
the classical solution of Showalter — Sidorov problem for the stochastic equation of Sobolev
type with a relatively bounded operator are proved. The constructed abstract scheme can
be applied to the study of a wide class of stochastic models in mathematical physics, such
as, for example, the Barenblatt — Zheltov — Kochina model and the Hoff model.
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Introduction

Let us consider an abstract mathematical model of the form
Liu = Mu+ f, (1)

which is the prototype of the Barenblatt — Zheltov — Kochina model [1] and Hoff model [2].
Operators L = L(A) and M = M(A) are the polynomials with real coefficients; the
operator Au = (Ajuy, Aaus, ...) acts in the spaces of sequences |3, 4]

= {u: {ug} : Z)\E]uk] < oo}, meR, q€[l,+00),
k=1

which are the analogues of Sobolev spaces W/™; the sequence {\z} C R is a monotonically

increasing sequence, such that klim A = 400. For the equation (1) we will consider the
—00

Showalter — Sidorov condition
P(u(0) —ug) =0, (2)

where P is a relatively spectral projector. A study of positive solutions is started in [5],
where the sufficient conditions for the existence of a single positive solution of the Showalter
— Sidorov problem (1), (2) in Sobolev spaces of sequences that can be interpreted as the
space of Fourier coefficients of solutions initial-boundary value problems are given [6].
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This article (as, indeed, [5]) is inspired by the fundamental work |7], where it is
suggested to use degenerate holomorphic resolving groups of operators whose construction
is based on the theory of degenerate groups of operators to find solutions to the problem
(1), (2). We apply developed in [5] methods to the search of the stochastic solutions of the
equation

L 7= Mn+ NO, (3)
equipped with a weak (in the sense of S.G. Kreign) condition of Showalter — Sidorov
Jim P(1(t) —no) = 0. (4)

Here, operators L, M and P are the same as above, the operator N will be defined later,
n = n(t) is a stochastic process we are looking for, and © are the given stochastic process;

by the symbol 7 the Nelson — Gliklikh derivative of the stochastic process 1 = 1(t) is
denoted.

The paper is organized as follows. The first part is preliminary nature. It presents our
approach to studying stochastic K-processes. The foundations of this approach are laid
in [8], then developed in [9-11]. Here also by analogy with [12] the spaces of sequences of
differentiable "noises" are introduced into consideration. In the second section the abstract
problem (3), (4), where the operator M is (L, p)-bounded, p € {0} UN, is considered. We
notice that our approach is based on the Nelson — Gliklikh derivative [13], the theory of
(semi)groups of operators |7], which distinguishes it from the classical Ito — Stratonovich —
Skorokhod approach (see, for example, [15]) and recently the emerged Melnikova — Filinkov
approach [16].

1. Stochastic K-Processes

Let us consider the complete probability space Q = (€2, .4,P) and the set of real
numbers R, endowed with a Borel o-algebra. Following [8], we call a measurable mapping
& Q — R a random variable. A set of random variables, which mathematical expectations
are equal to zero, forms a Hilbert space Lg with scalar product (£1,&) = E& &, where E
is the mathematical expectation of a random variable. We denote by Ag-o the subalgebra
of the o-algebra A and construct the space LY of random variables that are measurable
with respect to Ag. Obviously, LY is a subspace of the space L. Let £ € Lg, then TIE,
where IT : Ly — LY is an orthoprojector, is called a conditional expectation of a random
variable ¢ and is denoted by E(|.Ap).

Let us consider two mappings: the first mapping f : 3 — Lo, which puts to each
t € 73,7 C R the random variable ¢ € L in the correspondence, and the second mapping
g : Lo x Q — R, which puts to each pair (§,w) the point £(w) € R in the correspondence.

The mapping 1 : J x Q — R, having the form n = n(t,w) = g(f(t),w), is called
the (one-dimensional) random process. Following [8], the random process n is called
continuous, if a.s. all its trajectories are continuous. Let us denote by the CLs the set
of the continuous random processes, which forms a Banach space. Continuous random
process, which (independent) random variables are Gaussian (i.e. have the normal (Gauss)
distribution), is called Gaussian. A one-dimensional Wiener process = ((t) is an example
of the continuous process, and it has the following properties:

(W1) a.s. (0) = 0, a.s. all its thajectories 5(t) are continuous, and for all t € R, (=
{0} UR) the random variable 3(t) is Gaussian;
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(W2) the mathematical expectation E (5 (¢)) = 0 and autocorrelation function
E((B@1) -2 (s))z) = |t — s| for all 5,t € Ry;

(W3) trajectories 3(t) are not differentiable in each point ¢ € R, and they have an
unbounded variation on the each arbitrarily small interval.

Remark 1. Note, that the properties (W1) and (W2) played the important role for the
definition of the Wiener process, and the property (W3) is followed from the first two.

Theorem 1. Then there exists the unique random process [3, satisfying properties (W1)
— (W2) with probability one, and it can be present in the form

B(t) =" Gusin g(zk 1)t (5)
k=0

where . are independent Gaussian variables, EQ, = 0, D¢, = [5(2k + 1)]72, where by the
E, D the mathematical expectation and the dispertion of the random variable are denoted.

Now fix n € CLy and t € J(= (¢,7) C R) and by the N’ let us denote c-algebra,
generating by the random variable n(t). Denote E} = E(-|N/").

Definition 1. Let be n € CLy, the random variable

Ui (t + At’ ) B 77(157 ))
At

Dn(t,-) = lim E} (

At—0+

N pie g () —n(t = At

(D*” (t,) = Jm E; ( At

is called the mean derivative on the right Dn(t,-) (on the left D.n(t,-)) of the random
process 1 at the point t € (e,7), if there exists the limit in the sense of the uniform metrics

on R. The random process 1 is called mean differentiable on the right(on the left) on (e, 7),
in the there exists the mean derivative on the right (on the left) in each point t € (e, 7).

Let the random process n € CLy be mean differentiable on the right and on the left

on (e, 7). Define the symmetrical mean derivative = Dgn =% (D + D,)n, and further we
o)

will call it by the Nelson — Gliklikh derivative. By the 7, [ € N let us denote the [-th

derivative of Nelson — Gliklikh of the random process 7.

Theorem 2. (Yu.E. Gliklikh, [13]) Let 8 = [(t) be the Wiener process, then E (t) = %
forallt e R,.

Remark 2. (i) Note, that the Nelson — Gliklikh derivative of the Wiener process has the
property of linearity:

(anB1(t) + 0nBa(t)= a1 By () + n By (8).

(ii) Note, that if the trajectories of the random process 1 are a.s. continuously
differentiable in the "ordinary case" on (g,7), then its Nelson — Gliklikh derivative
coincides with the "ordinary" derivative. Therefore, consistently applying the formula of
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differentiation of the quotient, we obtain, that [-th Nelson — Gliklikh derivative of Wiener
process satisfies

o(0) -l
3 (t):(—1)l—1.H<2¢_1).%, leN, [>2

Let us introduce space C'Ly, | € N, of the random processes from CLs, which
trajectories are a.s. differentialble in the sense of Nelson — Gliklikh on the set J until
the order [. If J C R, , then it follows from the Theorem 2, that there exists the derivative

o
B€ ClLy, which is called (a one-dimensial) "white noise". Futher the spaces C'Ly we will
call the spaces of differentiable "noises”.

Next we choose a monotonically decreasing numerical sequence K = {py}, such that

klim pr = 0 and the numerical series > pp < +o0o. Take the sequence of independent
e k=1

random processes {n;} and define a random K -process

Ox(t) = 3 Vi (t)er. (6)

which provides that the series (6) converges uniformly on any compact set from J. We
introduce the Nelson — Gliklikh derivatives of random K-process

S ()= Vir i (H)n )

by the condition that on the right-hand side (7) there are derivatives up to the order [
inclusive and all series converge uniformly on any compact set in J. Futher consider the
space CxLs of the random K-processes, which trajectories are a.s. continuous, and the
spaces Cl Ly of random K-processes, which trajectories are a.s. continuously differentianle
in the sense of Nelson — Gliklikh up to the order [ € N inclusive.

We define the Wiener K-process on the R, by the formula

Wi(t) = 3 VB e, (8)

where (i (t) has the properties (W1) u (W2).

Theorem 3. Let K = {ux} be a monotone numerical sequence, such that klim e =0 and
—00

o0

Wi < +00. Then with probability one there exist the unique Wiener K-process, which
k=1
satisfies the conditions (W1) — (W3), and it can be rewritten in the form (7).

Let us consider the spaces of sequences 17" Ly of random variables w = (w1, wy, ...) with
the norm

> 1
ol = (D pDw)? )7, g€ f1,00), meR.

k=1
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Obviously, the imbeddings l;”Lg — ].:;LQ are dense and continuous for all m > n and

q € [1,00), and the operator A : IZHQLQ — IZ”LQ is linear, continuous and continuously

invertible for all m € R and ¢ € [1,00). Futher let us consider the spaces ClKl’q”LQ(E

Cill'Ly(e,7), (e,7) C R) of random K-processes n = (11,72, ...), Mk = n(t),t € (€,7),k €

N, which Nelson — Gliklikh derivatives up to order I € {0} UN inclusive are a.s. continuous
n (g,7). Consider the Wiener K-process

Wik = (Vibr, V2B, --.), (9)

where B = Bi(t), t € Ry, are Brownian motions of the form (5). Note, that if the series

[e.e]

3\
E [
k=1

converges, then Wiener K-process Wy € CZKIZI”LQ. By the thadition [8], the Nelson —
Gliklikh derivative 1V x (t) = (2t) "' Wk (t) of the Wiener K-process is called "white noise".

2. Stochastic Sobolev Type Equations with Relatively
p-Bounded Operators

Let us move on to the finding the sufficient conditions of the existence and uniqueness
of the solution of Showaler — Sidorov problem (3), (4). The foundation of our research
are the theory of degenerate groups of operators and the phase space method for a
degenerate Sobolev type equation (1), described in [7] in the deterministic case, which were
successfullty transfered to the stochastic case [8-11]. We present the necessary information
on the theory of degenerate groups operators [7]|, and consider Banach spaces 4 and
3§, linear and bounded operators L, M € L(;F). Following the classical work [7], let
us conside L-resolvent set p"(M) = {p e C: (uL — M) € L(F; %)} and L-spectrum
ol(M) = C\ p“(M) of the operator M. If the L-specturm ol(M) of the operator M
is bounded, then the operator M is called (L, o)-bounded. If the operator M is (L, o)-
bounded, then the operators

1 1
P=_ RE(M)dp € L(Y), Q= o /Lﬁ(M)du € L(3)
Y Y

are projectors. Here RY(M) = (uL — M)~'L is a right, and L (M) = L(upL — M) is a
left L-resolvent of the operator M, v C C is the contour bounding the domain containing
ol(M). Let 40 (1) = ker P (imP), F° (') = ker Q (imQ) and by the L; (M}) denote
the restriction of the operator L (M) on U*, k=0, 1.

Theorem 4. (Splitting theorem, [7]) Let the operator M be (L, o)-bounded. Then
(i) the action of the operators Ly(My) € L(UF;F*), k = 0,1 is observed;
(ii) there exist operators My € L(F%U%) and LT € L(FH;Ub).

Then by Theorem 4 in the case of (L, 0)-boundness of the operator M we can construct
the operators H = My 'Ly € L(U°), S = L' M, € L(UY).
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Definition 2. Operator M is called (L, p)-bounded, p € {0} UN, if oo is a point of the
removable singularity (i.e. H = OQ,p = 0) or the pole of order p € N (i.e. H? # Q,
HP* = Q) of the L-resolvent (uL — M)™" of operator M.

Let us consider Showalter — Sidorov problem (3), (4), where the operators L = L(A)
and M = M(A) are the polynomials with real coefficients, and their degrees satisfy the
relation

degL > degh, (10)
acting in the Banach space of sequences. Futher let be L = lg””degLLg, § =1Ly, m € R,

q € Ry. It was shown in [5], that the operators L, M € L(U;§). Let K = {ux} be a
monotonically decreasing numerical sequence, such that klirn e = 0 and the numerical
—00

series Y g < +00.
k=1
Lemma 1. [5]| Let the condition (10) be satisfied and the polynomials L = L(s) and
M = M(s) have only real roots and have no common roots. Then the operator M is

(L, 0)-bounded.

Definition 3. Let us call a random K-process n € C}(I?LQ(O,T) a classical solution of
equation (3), if a.s. all its trajectories satisfy equation (3) for all t € (0,7). Moreover,
if the solution n = n(t) of equation (3) satisfies condition (4), we will call it a classical
solution of problem (3), (4).

In the work [12] the sufficient conditions of the existence of unique classical solution of
abstract problem (3), (4) were found. Let write the initial random variable 7, in the form

No = ZUOk\/Mkek- (11)
=1

Here the random variables 1o € Ly are uniformly bounded, i.e. there exists such number
Co > 0, that Dng, < Cp, Vk € N. Then in the case of arbitrarily operators L and M the
Theorem is hold.

Theorem 5. [12] Let the operator M be (L, p)-bounded, p € {0} UN. Then for each N €
L F), each random K -process © = O(t) such, that (I-Q)NO € C?LIIQ”LQ and QNO €
Ckl'Ly is satisfied, and for each random variable no € 17'La, not depending on © for
every fized t, there exists the unique solution n € C}(l’q”Lg of problem (3), (4), which has
the form

t
b o (a)
n(t) = Uno + / U™L'QNO(s)ds — Z HIM;'(T—- Q)N © ' (t). (12)
0 7=0
Here
Ut??o = Z euktn(]k\/,u_kek-

k:vpeol (M)

The proof of Theorem 5 is based on the methods of the theory of degenerate groups of
solving operators |7] as in the deterministic case. Now we turn to problem (3), (4), where

o
as an external impact we consider "white noise" © =Wk ().
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Theorem 6. Let condition (10) be satisfied and the polynomials L = L(s) and M = M(s)
have only real roots and have no common roots. Then for each N € L(L;F), every sequence
K such, that the conditions (I — Q)NWi(t) € CgliLy and QNWi(t) € Cgl*Ly are
satisfied, and for each random variable 1y € 17'Lia, not depending on Wi for every fized t,
there exists the unique solution € Ci "Ly of problem (3), (4), which have the form

n(t) =Ulno+ L7 |QNWk(t) — M, / U™ LI'\QNWg(s)ds | — My (T — Q)N V[?K ().
0

Here o
U'ny = Zleukt%k\/ukek,
k=1
LlE:i' ke Mlzzi’M(Ak)fkek My'E = e
! L)’ P M(Ay)’
k=1 k=1 k: L(A)=0
== {gk}v
v, = J\L/f((;\:)) are the points of L-spectrum ol(M) of operator M; wectors e, =

(0,...,0,1,0,...), where the unit stands on the k-th place; the sign " means the absence
of k-th members of a series of such, that the polynomial L()\) is equal to zero.

Remark 3. The proof of Theorem 6 is based on the results of Theorem 5 and the
limiting transition proposed in the paper [8]. Since "white noise" ©(t) = (2t) "' Wi (¢) is
not differentiable in the case ¢ = 0, by the analogue in [8] and by the definition of the
Nelson — Gliklikh derivative for all € € (0,¢), t € R, integrating by parts the second term
in right side (12) we get:

t o

JULT'QN Wi (s)ds = LT'QNWg(t) — U LT 'QN Wk (g)—

; ’ (13)
—SP [U™L'QNWg(s)ds.

Then passing to the limit in (13) for ¢ — 0, we obtain the reiquired, i.e.
t t

/ U L7'QN Wy (s)ds = LT'\QNW(t) — SP / U LT QN Wk (s)ds.

0 0
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HEKOTOPBIE MATEMATNYECKHWNE MOJIEJIVI C OTHOCUTEJIBHO
OI'PAHNYEHHBIM OIIEPATOPOM N AJJINTVIBHBIM <«BEJIBIM
IIIYMOM> B IIPOCTPAHCTBAX ITOCJIEJOBATEJBHOCTEN

K.B. Bacwuxosa, H.A. Manaxosa, IA. Csupudiox
FOxHO-YpaabcKuit rocyIapcTBeHHBIN YHHBEPCUTET, T. YeIsa0uHCK,
Poccuiickas ®@eneparius

CraTbhst TIOCBSIIIIEHA MCCIETOBAHNIO KIACCA CTOXACTUIECKUX MOJIesIell MaTeMaTHIecKoi
bu3rKY Ha OCHOBe abCTPAKTHOIO YPABHEHWS CODOJIEBCKOrO THUIA B DAHAXOBBIX MPOCTPAH-
CTBax IOCJIEI0BATEILHOCTE, sIBAIONUXCs aHajgoramu npocrpancts Cobosiesa. B kadecrse
MOCJIeIOBATENHHOCTEH , ABIAIOMUXCs ananoramu mpocrpancts CoboneBa. B kagecrse omepa-
TOPOB OGPy TCsi MHOTOYJIEHBI OT aHAJIOra oneparopa Jlamnaca c aeiicteurensHbiMu K03bdu-
[MEHTAMU, U TIPOU3BOAUTCS TIEPEHOC TEOPUU JIMHEHHBIX CTOXACTHIECKUX YPABHEHUH CO0O-
JIEBCKOT'O THUII Ha HAHAXOBBI MPOCTPAHCTBA MTOC/IeI0BaTeIbHOCTEN. BBOISATCS mTpocTpancTBa
mocJe0BATeNLHOCTEH MU (EPEeHITUPYEMBIX <IIIYMOB> U JIOKA3bIBAIOTCS CYIIECTBOBAHNE U
€IMHCTBEHHOCTD KJaccuaeckoro pemierna 3amaqdn [Hloyonrepa — CumopoBa aiga croxactu-
YeCKOr0 ypaBHeHUs COBOIEBCKOrO THITA ¢ OTHOCHTEIBHO OTPAHUYEHHBIM onepaTopom. Ilo-
CTPOEHHAs aDCTPAKTHAS CXeMa MOZXKET ObITh IPUMEHEHA, K UCCIIEIOBAHUIO IIIUPOKOTO KJIACCA
CTOXACTUYECKUX MOJEIel MaTeMaTuIecKoil (hU3nKM, TAKUX, HAPUMED, KaK MOme b Bapen-

6narra — 2Kenrosa — Kouunoit u momnens Xodda.

Karouesnte caosa: ypasHeHUA c060.4€6CK020 muna, bararosv npocmpaHcmea nocaedo-

samesvrocmets; npouseodnas Heavcona — Lnukauxa; <beavtli wyms.
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