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ÂÎÇÍÈÊÍÎÂÅÍÈÅ ÀÂÒÎÊÎËÅÁÀÍÈÉ Â ÑÈÑÒÅÌÅ
ÐÝËÅß Ñ ÄÈÔÔÓÇÈÅÉ

À.Â. Êàçàðíèêîâ, Ñ.Â. Ðåâèíà

Ðàññìàòðèâàåòñÿ ñèñòåìà ðåàêöèè-äèôôóçèè ñ êóáè÷åñêîé íåëèíåéíîñòüþ, êîòî-

ðàÿ ÿâëÿåòñÿ áåñêîíå÷íîìåðíûì àíàëîãîì êëàññè÷åñêîé ñèñòåìû Ðýëåÿ è ÷àñòíûì ñëó-

÷àåì ñèñòåìû Ôèòöõüþ � Íàãóìî. Ïðîñòðàíñòâåííàÿ ïåðåìåííàÿ èçìåíÿåòñÿ â ïðîèç-

âîëüíîé m-ìåðíîé îãðàíè÷åííîé îáëàñòè, ðàññìàòðèâàþòñÿ êðàåâûå óñëîâèÿ Äèðèõëå

èëè ñìåøàííûå êðàåâûå óñëîâèÿ. Íàéäåíû êðèòè÷åñêèå çíà÷åíèÿ óïðàâëÿþùåãî ïàðà-

ìåòðà, îòâå÷àþùèå êîëåáàòåëüíîé è ìîíîòîííîé ïîòåðå óñòîé÷èâîñòè íóëåâîãî ðàâíî-

âåñèÿ. Ïîëó÷åíû ÿâíûå àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ïðîñòðàíñòâåííî-âðåìåííûõ

ñòðóêòóð, êîòîðûå îáðàçóþòñÿ âñëåäñòâèå êîëåáàòåëüíîé ïîòåðè óñòîé÷èâîñòè íóëå-

âîãî ðàâíîâåñèÿ ïðè ðàçëè÷íûõ òèïàõ êðàåâûõ óñëîâèé. Ïîêàçàíî, ÷òî ïðîèñõîäèò

ìÿãêàÿ ïîòåðÿ óñòîé÷èâîñòè. Ñ ïîìîùüþ ïîñòðîåíèÿ àáñòðàêòíîé ñõåìû è ïðèìåíå-

íèÿ ìåòîäà Ëÿïóíîâà � Øìèäòà âûâåäåíû ôîðìóëû äëÿ îáùåãî ÷ëåíà ðàçëîæåíèÿ

àâòîêîëåáàíèé. Óñòàíîâëåíî, ÷òî äëÿ âñåõ ðàññìàòðèâàåìûõ êðàåâûõ óñëîâèé îáùèé

÷ëåí àñèìïòîòèêè âòîðè÷íîãî ðåøåíèÿ ïðåäñòàâëÿåò ñîáîé íå÷åòíûé òðèãîíîìåòðè-

÷åñêèé ïîëèíîì ïî âðåìåíè. Ïðèâåäåíû ïðèìåðû ïðèëîæåíèé îáùåé ñõåìû ê ñëó÷àþ

îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé, êîãäà âòîðè÷íûå ðåøåíèÿ îáëàäàþò äîïîëíè-

òåëüíûìè ñèììåòðèÿìè. Åñëè íà êîíöàõ îòðåçêà çàäàíû êðàåâûå óñëîâèÿ Äèðèõëå,

òî â âûðàæåíèå äëÿ n-ãî ÷ëåíà àñèìïòîòèêè âõîäÿò ëèøü êîíå÷íûå ëèíåéíûå êîìáè-

íàöèè ñîáñòâåííûõ ôóíêöèé îïåðàòîðà Ëàïëàñà ñ íå÷åòíûìè èíäåêñàìè íå âûøå n.
Åñëè íà êîíöàõ îòðåçêà çàäàíû ñìåøàííûå êðàåâûå óñëîâèÿ, òî â âûðàæåíèÿ n-ãî ÷ëå-
íà àñèìïòîòèêè âõîäÿò ëèøü êîíå÷íûå ëèíåéíûå êîìáèíàöèè ñîáñòâåííûõ ôóíêöèé ñ

èíäåêñàìè íå âûøå n+1
2 .

Êëþ÷åâûå ñëîâà: ñèñòåìà Ðýëåÿ; ìåòîä Ëÿïóíîâà � Øìèäòà; àâòîêîëåáàíèÿ;

ñèñòåìû ðåàêöèè-äèôôóçèè.

1. Ïîñòàíîâêà çàäà÷è

Â íàñòîÿùåå âðåìÿ íåìàëî ðàáîò ïîñâÿùåíû èññëåäîâàíèþ íåëèíåéíûõ ïàðàáî-
ëè÷åñêèõ ñèñòåì, íàçûâàåìûõ ñèñòåìàìè ðåàêöèè-äèôôóçèè, êîòîðûå øèðîêî ïðè-
ìåíÿþòñÿ â ìîäåëèðîâàíèè áèîëîãè÷åñêèõ, õèìè÷åñêèõ è äðóãèõ ïðîöåññîâ. Ñðåäè
íèõ îñîáî ñëåäóåò âûäåëèòü êëàññ ñèñòåì ñ êóáè÷åñêîé íåëèíåéíîñòüþ, ê êîòîðîìó
ïðèíàäëåæèò õîðîøî èçâåñòíàÿ ñèñòåìà Ôèòöõüþ � Íàãóìî [1,2], ïåðâîíà÷àëüíî âîç-
íèêøàÿ ïðè èçó÷åíèè ðàñïðîñòðàíåíèÿ íåðâíîãî èìïóëüñà:

vt = ν1∆v + ε(w − αv − β),
wt = ν2∆w − v + µw − w3,

(1)

ãäå v = v(x, t), w = w(x, t), x ∈ D, t > 0, D ⊂ Rm � îãðàíè÷åííàÿ îáëàñòü, µ ∈ R
� óïðàâëÿþùèé ïàðàìåòð, α ≥ 0, β ≥ 0, ε > 0, ν1 > 0, ν2 > 0 � ôèêñèðîâàííûå
ïàðàìåòðû. Ïîëîæèâ â (1) α = 0, β = 0, ε = 1 è âçÿâ êîýôôèöèåíòû äèôôóçèè
ðàâíûìè ν1 = ν2 = ν, ïîëó÷èì ñèñòåìó Ðýëåÿ ñ äèôôóçèåé:

vt = ν∆v + w, wt = ν∆w − v + µw − w3. (2)
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Â êîíå÷íîìåðíîì ñëó÷àå, êîãäà íåò çàâèñèìîñòè îò ïðîñòðàíñòâåííîé ïåðåìåííîé
x, ïîëàãàÿ y1(t) = v(t), y2(t) = w(t), ïðèõîäèì ê êëàññè÷åñêîé ñèñòåìå îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé Ðýëåÿ:

ẏ1 = y2; ẏ2 = −y1 + µy2 − y32. (3)

Èçâåñòíî, ÷òî íóëåâîå ðàâíîâåñèå ñèñòåìû (3) ïðè µ ≤ 0 àñèìïòîòè÷åñêè óñòîé÷èâî,
à ïðè µ > 0 íåóñòîé÷èâî; ïðè ïîëîæèòåëüíûõ µ â ñèñòåìå ñóùåñòâóåò óñòîé÷èâûé
ïðåäåëüíûé öèêë. Ïåðâûå ÷ëåíû àñèìïòîòèêè öèêëà íåîäíîêðàòíî íàõîäèëèñü â ëè-
òåðàòóðå; â [3] ïîëó÷åíû ÷åòûðå ÷ëåíà àñèìïòîòèêè ïðè ïîìîùè ìåòîäà Ëèíøòåäòà �
Ïóàíêàðå.

Ñèñòåìû ðåàêöèè-äèôôóçèè ñ îäíîé ñòîðîíû, ≪íàñëåäóþò≫ ñâîéñòâà îáûêíîâåí-
íîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå ïîëó÷àåòñÿ èç èñõîäíîé ñèñòåìû îò-
áðàñûâàíèåì äèôôóçèîííûõ ÷ëåíîâ, ñ äðóãîé ñòîðîíû, âîçíèêàþùèå â ïðîöåññå èç-
ìåíåíèÿ ïàðàìåòðîâ ïðîñòðàíñòâåííî-âðåìåííûå ñòðóêòóðû îáëàäàþò ãîðàçäî áîëåå
ñëîæíûì ïîâåäåíèåì, ÷åì â êîíå÷íîìåðíîì ñëó÷àå [4]. Â òî âðåìÿ, êàê ñèñòåìû âèäà
(1) èññëåäóþòñÿ â îñíîâíîì ÷èñëåííûìè ìåòîäàìè [5], îñîáóþ öåííîñòü ïðåäñòàâëÿþò
àíàëèòè÷åñêèå èññëåäîâàíèÿ è âîçìîæíîñòü ÿâíîãî ïîñòðîåíèÿ ðåøåíèé íåëèíåéíûõ
óðàâíåíèé, äàæå â âèäå àñèìïòîòè÷åñêèõ ôîðìóë.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå àñèìïòîòèêè àâòîêîëåáàíèé ñèñòå-
ìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ (2), îòâåòâëÿþùèõñÿ îò òðèâèàëüíîãî ðåøåíèÿ
ïðè èçìåíåíèè óïðàâëÿþùåãî ïàðàìåòðà µ è ôèêñèðîâàííîì êîýôôèöèåíòå äèôôó-
çèè ν. Èçâåñòíî, ÷òî â ñëó÷àå êðàåâûõ óñëîâèé Íåéìàíà äèôôóçèÿ íå îêàçûâàåò
âëèÿíèÿ íà õàðàêòåð àâòîêîëåáàíèé, â ýòîì ñëó÷àå íàáëþäàåòñÿ ïðîñòðàíñòâåííî-
îäíîðîäíûé àâòîêîëåáàòåëüíûé ðåæèì. Â íàñòîÿùåé ðàáîòå â êà÷åñòâå êðàåâûõ óñëî-
âèé ðàññìàòðèâàþòñÿ óñëîâèÿ Äèðèõëå èëè ñìåøàííûå êðàåâûå óñëîâèÿ. Ïîäðîáíûå
âûêëàäêè ïðèâåäåíû â [6]. Äëÿ ïîëó÷åíèÿ âòîðè÷íûõ ðåøåíèé ïðèìåíåí ìåòîä Ëÿ-
ïóíîâà � Øìèäòà â ôîðìå, ðàçâèòîé Â.È. Þäîâè÷åì [7]. Ìåòîä ïðèìåíèì ê äèôôå-
ðåíöèàëüíûì óðàâíåíèÿì, çàäàííûì êàê â êîíå÷íîìåðíûõ, òàê è áåñêîíå÷íîìåðíûõ
ïðîñòðàíñòâàõ, â òîì ÷èñëå ê óðàâíåíèÿì Íàâüå � Ñòîêñà [8�10]. Îáîñíîâàíèå àñèìï-
òîòèêè â äàííîé ðàáîòå íå ïðîâîäèòñÿ, åãî ìîæíî ïðîâåñòè ñ ïîìîùüþ ïðèìåíåíèÿ
òåîðåìû î íåÿâíîé ôóíêöèè â àíàëèòè÷åñêîé ôîðìå.

Â íàñòîÿùåé ðàáîòå ñíà÷àëà ñèñòåìà (2) çàïèñûâàåòñÿ â îïåðàòîðíîé ôîðìå. Íà-
õîäÿòñÿ êðèòè÷åñêèå çíà÷åíèÿ ïàðàìåòðà µ, ñòðîÿòñÿ ïåðâûå ÷ëåíû àñèìïòîòèêè.
Çàòåì âûâîäÿòñÿ ôîðìóëû äëÿ îáùåãî ÷ëåíà ðàçëîæåíèÿ. Äàëåå ðàññìàòðèâàþòñÿ
ïðèìåðû ïðèìåíåíèé îáùåé ñõåìû ê ñëó÷àþ îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé.

2. Îïåðàòîðíûé âèä óðàâíåíèÿ

Ñâåäåì ñèñòåìó Ðýëåÿ ñ äèôôóçèåé (2) ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó
óðàâíåíèþ â ãèëüáåðòîâîì ïðîñòðàíñòâå H âåêòîð-ôóíêöèé u = (v, w), êîìïîíåíòû
êîòîðûõ ïðèíàäëåæàò L2(D), ãäå D � îãðàíè÷åííàÿ îáëàñòü â Rm ñ êóñî÷íî-ãëàäêîé
ãðàíèöåé. Ñêàëÿðíîå ïðîèçâåäåíèå â H îïðåäåëÿåòñÿ ñòàíäàðòíûì îáðàçîì:

(f , g) =

∫
D

[f1g
∗
1 + f2g

∗
2]dx, f(x, t) = (f1(x, t), f2(x, t)), g(x, t) = (g1(x, t), g2(x, t)),

çâåçäî÷êîé îáîçíà÷åíî êîìïëåêñíîå ñîïðÿæåíèå.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Ïóñòü A(µ) : H → H � ëèíåéíûé îïåðàòîð, äåéñòâóþùèé íà âåêòîð-ôóíêöèþ
u = (v, w), v, w ∈ W 2

2 (D), ïî ïðàâèëó:

A(µ)u = ν∆u+ Bu+ µCu. (4)

Çäåñü ∆ � îïåðàòîð Ëàïëàñà, B =

(
0 1
−1 0

)
, C =

(
0 0
0 1

)
. Â îáëàñòè îïðåäå-

ëåíèÿ îïåðàòîðà A(µ), êàê îáû÷íî, ó÷èòûâàþòñÿ êðàåâûå óñëîâèÿ. Áóäåì ïðåäïîëà-
ãàòü âûïîëíåííûìè îäíîðîäíûå óñëîâèÿ Äèðèõëå (u|∂D = 0) èëè ñìåøàííûå êðàåâûå
óñëîâèÿ, êîãäà íà ÷àñòè ãðàíèöû çàäàíû êðàåâûå óñëîâèÿ Äèðèõëå, à íà îñòàâøåéñÿ
ãðàíèöå � Íåéìàíà (u|S1 = 0; ∂u

∂n
|S2 = 0; S1 ∪ S2 = ∂D).

Ïóñòü òðèëèíåéíûé îïåðàòîð K(a, b, c) : H3 → H äåéñòâóåò ïî ïðàâèëó:

K(a, b, c) = (0, a2b2c2) .

Òîãäà ñèñòåìó (2) ìîæíî çàïèñàòü â îïåðàòîðíîì âèäå:

u̇ = A(µ)u−K(u,u,u), u ∈ H. (5)

3. Çàäà÷à íà ñîáñòâåííûå çíà÷åíèÿ

Çíà÷åíèå ïàðàìåòðà µ, ïðè êîòîðîì ñîáñòâåííûå çíà÷åíèÿ ëèíåéíîãî îïåðàòîðà
A(µ) âûõîäÿò íà ìíèìóþ îñü, áóäåì íàçûâàòü êðèòè÷åñêèì è îáîçíà÷àòü µcr. Äëÿ
íàõîæäåíèÿ µcr ðàññìîòðèì ëèíåéíóþ ñïåêòðàëüíóþ çàäà÷ó:

A(µ)ϕ = σϕ, ϕ ̸= 0.

Èçâåñòíî, ÷òî â ïðîñòðàíñòâå H ñóùåñòâóåò îðòîíîðìèðîâàííûé áàçèñ
{e1ψk, e2ψk}+∞

k=1, e1 = (1, 0); e2 = (0, 1), ψk ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè ñêà-
ëÿðíîãî îïåðàòîðà −∆, çàäàííîãî â îáëàñòè D ñ ñîîòâåòñòâóþùèìè êðàåâûìè óñëî-
âèÿìè

−∆ψk = λkψk, (6)

à ñîáñòâåííûå çíà÷åíèÿ îáðàçóþò íåóáûâàþùóþ ïîñëåäîâàòåëüíîñòü {λk}+∞
k=1, ïðè÷åì

ïåðâîå ñîáñòâåííîå çíà÷àíèå ïîëîæèòåëüíî: λ1 > 0.
Ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà A(µ) èìåþò âèä:

σk
1,2(µ) =

−(2νλk − µ)±
√
µ2 − 4

2
, k = 1, 2, . . .

Îòñþäà íàõîäèì êðèòè÷åñêîå çíà÷åíèå ïàðàìåòðà µ:

µcr =
1

νλ1
+ νλ1 ïðè ν ≥ 1

λ1
; µcr = 2νλ1 ïðè ν <

1

λ1
.

Ïðè ν ≥ 1

λ1
â ñèñòåìå ïðîèñõîäèò ìîíîòîííàÿ ïîòåðÿ óñòîé÷èâîñòè, à ïðè ν <

1

λ1
èìååò ìåñòî êîëåáàòåëüíàÿ ïîòåðÿ óñòîé÷èâîñòè. Âñþäó â äàëüíåéøåì áóäåì èíòå-

ðåñîâàòüñÿ êîëåáàòåëüíîé ïîòåðåé óñòîé÷èâîñòè, ïîëàãàÿ, ÷òî ν <
1

λ1
. Â ýòîì ñëó÷àå

îïåðàòîð A(µcr) èìååò ïàðó ÷èñòî ìíèìûõ ñîáñòâåííûõ çíà÷åíèé:

σ1,2(µcr) = ±iω0, ω0 =
√
1− ν2λ21. (7)
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Î÷åâèäíî, ÷òî ñîïðÿæåííûé ê A(µ) îïåðàòîð A∗(µ) : H → H èìååò âèä:

A∗(µ)u = ν∆u− Bu+ µCu.

Ñëåäóÿ îáùåé ñõåìå ìåòîäà Ëÿïóíîâà � Øìèäòà [7], ñíà÷àëà íàéäåì ñîáñòâåííóþ
ôóíêöèþ φ ëèíåéíîé ñïåêòðàëüíîé çàäà÷è è ñîáñòâåííóþ ôóíêöèþ Φ ëèíåéíîé ñî-
ïðÿæåííîé çàäà÷è:

A(µcr)φ− iω0φ = 0, A∗(µcr)Φ+ iω0Φ = 0, (φ,Φ) = 1.

Îíè èìåþò âèä:

φ =
i

2ω0

(
1

νλ1 + iω0

)
ψ1(x), Φ =

1

(νλ1 − iω0)

(
1

−(νλ1 − iω0)

)
ψ1(x). (8)

4. Ïåðâûå ÷ëåíû àñèìïòîòèêè àâòîêîëåáàíèé

Äëÿ îòûñêàíèÿ
2π

ω
-ïåðèîäè÷åñêîãî ïî âðåìåíè ðåøåíèÿ óðàâíåíèÿ (5), ãäå ω-

íåèçâåñòíàÿ öèêëè÷åñêàÿ ÷àñòîòà, ïðèìåíèì ìåòîä Ëÿïóíîâà � Øìèäòà [7]. Ââåäåì
â (5) çàìåíó âðåìåíè τ = ωt, à ÷åðåç ε2 = µ − µcr îáîçíà÷èì íàäêðèòè÷íîñòü. Òîãäà
(5) ïðèìåò âèä:

ωu̇− A(µcr)u = ε2Cu−K(u,u,u), (9)

ãäå òî÷êîé îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî τ . Íåèçâåñòíîå 2π-ïåðèîäè÷åñêîå ïî τ
ðåøåíèå u è íåèçâåñòíóþ ÷àñòîòó ω áóäåì ðàçûñêèâàòü â âèäå ðÿäîâ ïî ïàðàìåòðó ε:

u =
∞∑
i=1

εiui, ω =
∞∑
i=0

εiωi, (10)

ω0 îïðåäåëåíî â (7). Ïîäñòàâëÿÿ ðàçëîæåíèÿ (10) â (9) è ïðèðàâíèâàÿ êîýôôèöèåíòû
ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïðèäåì ê öåïî÷êå óðàâíåíèé:

ε1 : ω0u̇1 − A(µcr)u1 = 0, (11)

ε2 : ω0u̇2 − A(µcr)u2 = −ω1u̇1 ≡ f 2, (12)

ε3 : ω0u̇3 − A(µcr)u3 = −ω1u̇2 − ω2u̇1 + Cu1 −K(u1,u1,u1) ≡ f 3, (13)

ε4 : ω0u̇4 − A(µcr)u4 = −ω1u̇3 − ω2u̇2 − ω3u̇1 + Cu2 − 3K(u1,u1,u2) ≡ f 4, (14)

ε5 : ω0u̇5 − A(µcr)u5 = −ω1u̇4 − ω2u̇3 − ω3u̇2 − ω4u̇1 +

+Cu3 − 3K(u1,u1,u3)− 3K(u1,u2,u2) ≡ f 5, (15)

. . .

εn : ω0u̇n − A(µcr)un = Cun−2 −
n−1∑
i=1

ωn−iu̇i −
∑

i1 + i2 + i3 = n

3K(ui1 ,ui2 ,ui3) ≡ fn.(16)

Â ôîðìóëå (16) è äàëåå áóäåì ïðåäïîëàãàòü, ÷òî èíäåêñû ñóììèðîâàíèÿ óïîðÿ-
äî÷åíû ïî âîçðàñòàíèþ: i1 ≤ i2 ≤ i3.

Íåîäíîðîäíûå óðàâíåíèÿ (12) � (15) èìåþò 2π-ïåðèîäè÷åñêèå ïî τ ðåøåíèÿ òîãäà
è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå ðàçðåøèìîñòè: ïðàâàÿ ÷àñòü îðòîãîíàëüíà
ðåøåíèþ îäíîðîäíîãî ñîïðÿæåííîãî óðàâíåíèÿ

2π∫
0

(fn,Φ)e−iτdτ = 0. (17)
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Äàëåå ïîñëåäîâàòåëüíî ðåøèì óðàâíåíèÿ (11) � (15). 2π-ïåðèîäè÷åñêîå ïî τ ðå-
øåíèå óðàâíåíèÿ (11) ìîæíî ïðåäñòàâèòü â âèäå:

u1 = α1(φe
iτ +φ∗e−iτ ), α1 > 0. (18)

Ðàññìîòðåâ óñëîâèå ðàçðåøèìîñòè äëÿ óðàâíåíèÿ (12) ñ ó÷åòîì óñëîâèÿ α1 > 0, çà-
êëþ÷àåì, ÷òî ω1 = 0. Ñëåäîâàòåëüíî, ðåøåíèå óðàâíåíèÿ ïðè ε2 (12) èìååò âèä:

u2 = α2(φe
iτ +φ∗e−iτ ).

Ñëàãàåìûå â ïðàâîé ÷àñòè óðàâíåíèÿ ïðè ε3 ìîæíî ñãðóïïèðîâàòü ïðè ñòåïåíÿõ
eiτ :

f 3 = f 13(x)e
iτ + f ∗

13(x)e
−iτ + f 33(x)e

3iτ + f ∗
33(x)e

−3iτ ,

ãäå f 13(x) = α1Cφ− 3α3
1K(φ,φ,φ∗) è f 33 = −α3

1K(φ,φ,φ). Òîãäà óñëîâèå ðàçðåøè-
ìîñòè (17) äàííîãî óðàâíåíèÿ ïðèíèìàåò âèä:

2π∫
0

(f 3,Φ)e−iτdτ = 2π(f 13(x),Φ) = 0. (19)

Îòäåëÿÿ âåùåñòâåííóþ è ìíèìóþ ÷àñòü â (19), íàõîäèì α2
1 è ω2:

α2
1 =

4ω2
0

3||ψ2
1||2L2

, ω2 = 0. (20)

Ãîâîðÿò, ÷òî èìååò ìåñòî ìÿãêàÿ ïîòåðÿ óñòîé÷èâîñòè, åñëè ïðè ïåðåõîäå ÷åðåç êðèòè-
÷åñêîå çíà÷åíèå ïàðàìåòðà ðàâíîâåñèå òåðÿåò óñòîé÷èâîñòü è ðîæäàåòñÿ óñòîé÷èâûé
ïðåäåëüíûé öèêë. Åñëè æå îòâåòâëÿþùèéñÿ öèêë ñóùåñòâóåò â äîêðèòè÷åñêîé îáëà-
ñòè çíà÷åíèé ïàðàìåòðà è íåóñòîé÷èâ, òî èìååò ìåñòî æåñòêàÿ ïîòåðÿ óñòîé÷èâîñòè.
Òèï ïîòåðè óñòîé÷èâîñòè çàâèñèò îò çíàêà ïðàâîé ÷àñòè â âûðàæåíèè êîýôôèöèåíòà
α2
1 [7]. Òàê êàê â (20) êîýôôèöèåíò α

2
1 > 0, òî ïðîèñõîäèò ìÿãêàÿ ïîòåðÿ óñòîé÷èâîñòè.

×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (13) çàïèøåì â âèäå:

up
3(τ) = w13(x)e

iτ +w∗
13(x)e

−iτ +w33(x)e
3iτ +w∗

33(x)e
−3iτ , (21)

ãäå w13(x) = −(A(µcr) − iω0I)
−1f 13(x) è w33(x) = −(A(µcr) − 3iω0I)

−1f 33(x), ïðè÷åì
âûðàæåíèå w13(x) èìååò ñìûñë â ñèëó âûïîëíåíèÿ óñëîâèÿ (19).

Òðèãîíîìåòðè÷åñêèé ïîëèíîì áóäåì íàçûâàòü íå÷åòíûì (÷åòíûì), åñëè îí ñîäåð-
æèò ëèøü íå÷åòíûå (÷åòíûå) ãàðìîíèêè, ò.å. ãàðìîíèêè âèäà e(2n+1)iτ (e2niτ ). Î÷åâèä-
íî, ÷òî up

3(τ) � íå÷åòíûé òðèãîíîìåòðè÷åñêèé ïîëèíîì òðåòüåé ñòåïåíè.
Ðåøåíèå óðàâíåíèÿ ïðè ε3 (13) èìååò âèä:

u3 = α3(φe
iτ +φ∗e−iτ ) + up

3(τ),

α3 îïðåäåëÿåòñÿ èç óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ ïðè ε
5. Èç óñëîâèÿ ðàçðåøèìî-

ñòè óðàâíåíèÿ (14) âûâîäèì α2 = 0, ω3 = 0. Ñëåäîâàòåëüíî, ïðàâàÿ ÷àñòü óðàâíåíèÿ
ïðè ε4 ðàâíà íóëþ è 2π-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (14) èìååò âèä:

u4 = α4(φe
iτ +φ∗e−iτ ).
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Àíàëîãè÷íî, èç óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ ïðè ε5 (15), ïðèõîäèì ê âûðàæå-
íèþ:

α3 + iα1ω4 = −3α2
1[2(K(φ,φ∗,w13(x)),Φ) + (K(φ,φ, (w13(x))

∗),Φ)+
+(K(φ∗,φ∗,w33(x)),Φ)] ≡ h5.

Îòäåëÿÿ âåùåñòâåííóþ è ìíèìóþ ÷àñòè, ïîëó÷àåì âûðàæåíèÿ α3 è ω4

α3 = Re(h5), ω4 =
1

α1

Im(h5). (22)

Òàêèì îáðàçîì, âûïîëíÿåòñÿ óòâåðæäåíèå

Ïðåäëîæåíèå 1. Â ñèñòåìå Ðýëåÿ ñ äèôôóçèåé (2) ïðîèñõîäèò ìÿãêàÿ ïîòåðÿ
óñòîé÷èâîñòè íóëåâîãî ðàâíîâåñèÿ è ïðè ìàëûõ ε > 0 â íåé ïðèñóòñòâóåò óñòîé-
÷èâûé ïðåäåëüíûé öèêë. Ïåðâûå ÷ëåíû àñèìïòîòèêè àâòîêîëåáàíèé èìåþò âèä:

u = εα1(e
iωtφ+ e−iωtφ∗) + ε3(α3(e

iωtφ+ e−iωtφ∗) + up
3(ωt)) +O(ε4),

ω =
√

1− ν2λ21 + ε4ω4 +O(ε5).
(23)

Çäåñü α1, u
p
3, α3, ω4 çàäàþòñÿ âûðàæåíèÿìè (20) � (22) ñîîòâåòñòâåííî.

5. Îáùèé ÷ëåí àñèìïòîòèêè àâòîêîëåáàíèé

Ïî èíäóêöèè äîêàçûâàåòñÿ óòâåðæäåíèå.

Ïðåäëîæåíèå 2. ×åòíûå êîìïîíåíòû àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ âòîðè÷íîãî
ïåðèîäè÷åñêîãî ïî âðåìåíè ðåøåíèÿ è íå÷åòíûå êîìïîíåíòû öèêëè÷åñêîé ÷àñòîòû
ω ðàâíû íóëþ: äëÿ âñÿêîãî k ∈ N u2k = 0, α2k = 0, ω2k−1 = 0.

Ïóñòü n-íå÷åòíî, n ≥ 5. Èç ïðåäëîæåíèé 1 è 2 ñëåäóåò, ÷òî äëÿ òàêèõ n óðàâíåíèå
(16) ìîæåò áûòü çàïèñàíî â âèäå:

ω0u̇n − A(µcr)un = Cun−2 −
n−4∑
i=1

ωn−iu̇i −
∑

i1+i2+i3=n

3K(ui1 ,ui2 ,ui3) ≡ fn, n ≥ 5, (24)

ãäå â îáåèõ ñóììàõ, ñòîÿùèõ â ïðàâîé ÷àñòè (24), èíäåêñû ñóììèðîâàíèÿ íå÷åòíû.
Ïðåîáðàçîâàâ ïðàâóþ ÷àñòü óðàâíåíèÿ (24), íàéäåì íå÷åòíûå ÷ëåíû ðàçëîæåíèÿ

àìïëèòóäû àâòîêîëåáàíèé è ÷åòíûå êîìïîíåíòû öèêëè÷åñêîé ÷àñòîòû ω:

Ïðåäëîæåíèå 3. Àìïëèòóäà αn−2 è êîìïîíåíòà öèêëè÷åñêîé ÷àñòîòû ωn−1 îïðå-
äåëÿþòñÿ èç óñëîâèÿ ðàçðåøèìîñòè óðàâíåíèÿ (24) ïî ôîðìóëàì

αn−2 = Re(hn), ωn−1 =
1

α1

Im(hn), (25)

ãäå

hn =
2π∫
0

(gn,Φ)e−iτdτ, gn = C(up

n−2)− 3K(u1,u1,u
p

n−2)−

−
n−2∑
i=3

ωn−iu̇i −
∑

i1+i2+i3=n

3K(ui1 ,ui2 ,ui3); (i1, i2, i3) ̸= (1, 1, n− 2),
(26)

à ÷åðåç upn−2 îáîçíà÷åíî ÷àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ ïðè εn−2.
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Ïðåäëîæåíèå 4. Ïðàâàÿ ÷àñòü óðàâíåíèÿ (24) åñòü íå÷åòíûé òðèãîíîìåòðè÷å-
ñêèé ïîëèíîì ïî âðåìåíè ñòåïåíè n:

fn =
n∑

k=1

(fkn(x)e
ikτ + f ∗

kn(x)e
−ikτ ), (27)

2π-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (24) òàêæå ÿâëÿåòñÿ íå÷åòíûì òðèãîíîìåò-
ðè÷åñêèì ïîëèíîìîì ñòåïåíè n:

un = αn(φe
iτ +φ∗e−iτ ) +

n∑
k=1

(wkn(x)e
ikτ +w∗

kn(x)e
−ikτ ), (28)

ãäå wkn(x) = −(A(µcr)− ikω0I)
−1fkn(x), à èíäåêñ ñóììèðîâàíèÿ k â ôîðìóëàõ (27) è

(28) ïðîáåãàåò òîëüêî íå÷åòíûå çíà÷åíèÿ.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü ñîîòíîøåíèå (27), òàê êàê ôîðìóëà (28) íåïî-
ñðåäñòâåííî ñëåäóåò èç íåãî. Ñíà÷àëà ïîêàæåì, ÷òî óòâåðæäåíèå âåðíî äëÿ n = 5.
Èçâåñòíî, ÷òî ïåðâûå ÷ëåíû àñèìïòîòèêè u1 è u3 ïðåäñòàâèìû â âèäå (28), à òðè-
ëèíåéíûé îïåðàòîð â ïðàâîé ÷àñòè óðàâíåíèÿ (15) ïðåäñòàâëåí îäíèì ñëàãàåìûì
3K(u1,u1,u3). Ïîäñòàâëÿÿ â ýòî ñëàãàåìîå âûðàæåíèÿ u1 è u3, ãðóïïèðóÿ ñëàãàåìûå
ïðè ýêñïîíåíòàõ è ó÷èòûâàÿ îñòàëüíûå ÷ëåíû â ïðàâîé ÷àñòè (24), ïîëó÷èì ôîðìóëó
(27) ïðè n = 5, ãäå:

f 15(x) = 3α2
1α3K(φ,φ,φ∗) + 2α2

1K(φ,φ∗,w13(x)) + α2
1K(φ,φ,w∗

13(x))+
+α2

1K(φ∗,φ∗,w33(x)) + α3Cφ+ Cw13(x)− iα1ω4φ,
f 35(x) = α2

1α3K(φ,φ,φ) + α2
1K(φ,φ,w13(x)) + 2α2

1K(φ,φ∗,w33(x)) + Cw33(x),
f 55(x) = α2

1K(φ,φ,w33(x)),

à ïîñòîÿííûå ω4 è α3 âûáðàíû òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå ðàçðåøèìîñòè.
Ïóñòü òåïåðü n > 5. Äîêàæåì, ÷òî ïðàâóþ ÷àñòü óðàâíåíèÿ (24) ìîæíî ïðèâåñòè

ê âèäó (27). Çàìåòèì, ÷òî ñóììû, ñòîÿùèå â ïðàâîé ÷àñòè, ìîæíî çàïèñàòü â âèäå
íå÷åòíûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ n è n− 4 ñòåïåíè ñîîòâåòñòâåííî:∑

i1 + i2 + i3 = n

3K(ui1 ,ui2 ,ui3) =
n∑

k=1

(Kk(x)e
ikτ +K∗

k(x)e
−ikτ ),

n−4∑
i=1

ωn−iu̇i =
n−4∑
k=1

(Gk(x)e
ikτ +G∗

k(x)e
−ikτ ),

ãäå G1(x) =
n−4∑
j=1

(iωn−j(αjφ + w1j(x)), Gm(x) =
n−4∑
j=1

iωn−jwmj(x),m = 2, . . . , n − 4, à

èíäåêñû ñóììèðîâàíèÿ i, j, k ïðîáåãàþò òîëüêî íå÷åòíûå çíà÷åíèÿ. Òîãäà ïðèõîäèì
ê (27), ãäå

f 1n(x) = αn−2Cφ+ Cw1(n−2)(x)− iα1ωn−1φ+K1(x) +G1(x),
f 3n(x) = Cw3(n−2)(x) +K3(x) +G3(x),

. . .
f (n−4)n(x) = Cw(n−4)(n−2)(x) +K(n−4)(x) +G(n−4)(x),

f (n−2)n(x) = Cw(n−2)(n−2)(x) +K(n−2)(x),
fnn(x) = Kn(x),

(29)
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ïðè ýòîì ïîñòîÿííûå αn−2 è ωn−1 âûáèðàþòñÿ òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå ðàçðå-
øèìîñòè (17). Òîãäà óðàâíåíèå (27) èìååò ïåðèîäè÷åñêîå ïî âðåìåíè ðåøåíèå, êîòîðîå
ÿâëÿåòñÿ íå÷åòíûì òðèãîíîìåòðè÷åñêèì ïîëèíîìîì ñòåïåíè n ïî τ è ïðåäñòàâèìî â
âèäå (28).

Âûðàæåíèÿ wkn(x) â (28) ìîãóò áûòü íàéäåíû â âèäå ðÿäîâ ïî áàçèñó ïðîñòðàí-
ñòâà H.

Ñëåäñòâèå 1. Âûðàæåíèÿ äëÿ wkn(x) â ôîðìóëå (28) èìåþò âèä:

wkn(x) = −
∑+∞

j=1 P
k
jψj; P k

j = (C1
jke1 + C2

jke2), (30)

ïðè÷åì êîìïîíåíòû âåêòîðà (C1
jk; C

2
jk) îïðåäåëÿþòñÿ ïî ôîðìóëå:

C1
jk = (f j2

kn − f j1
kn(µcr −Rk

j ))
(F k

j )
∗

|F k
j |2

, C2
jk = f j1

kn +Rk
jC

1
jk; f jm

kn = (fkn(x), emψj), (31)

ãäå Rk
j = νλj + k(iω0), F

k
j = (µcr − Rk

j )R
k
j − 1, ïðè k ̸= 1, j ̸= 1. Â ñëó÷àå, êîãäà

k = 1, j = 1 C1
11 = 1, C2

11 = 0.

Â ÷àñòíûõ ñëó÷àÿõ, íåêîòîðûå èç êîòîðûõ áóäóò ðàññìîòðåíû äàëåå, ðÿäû (30)
ïðåâðàùàþòñÿ â êîíå÷íûå ñóììû.

6. Ñëó÷àé îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé

Ïóñòü x ∈ [0, 1], è íà êîíöàõ îòðåçêà çàäàíû óñëîâèÿ Äèðèõëå ëèáî ñìåøàííûå
êðàåâûå óñëîâèÿ. Ïðèâåäåì âûðàæåíèÿ äëÿ ïåðâûõ ÷ëåíîâ àñèìïòîòèêè (23). Òàê êàê

α1 =
2
√
2ω0

3
, òî èç ôîðìóëû (18) íàõîäèì ïåðâûé ÷ëåí àñèìïòîòèêè àâòîêîëåáàíèé u1:

u1 =
i
√
2

3

(
1

νλ1 + iω0

)
ψ1(x)e

iτ − i
√
2

3

(
1

νλ1 − iω0

)
ψ1(x)e

−iτ .

Ðåøåíèå óðàâíåíèÿ ïðè ε3 èìååò âèä (28) ïðè n = 3, ãäå

w13(x) =
i
√
2

9
βP 3

1ψ3−M(x); β = νλ1 + iω0,

w33(x) = − i
√
2

9
β3P 1

3ψ1(x)− i
√
2

27
(β∗)3P 3

3ψ3−M(x),
(32)

ïðè÷åì M = 0 â ñëó÷àå êðàåâûõ óñëîâèé Äèðèõëå è M = 1 â ñëó÷àå ñìåøàííûõ
êðàåâûõ óñëîâèé, à êîýôôèöèåíòû P k

j îïðåäåëåíû â (30).
Ðàññìîòðåâ óñëîâèå ðàçðåøèìîñòè óðàâíåíèÿ ïðè ε5, ïðèäåì ê âûðàæåíèþ:

α3 + iα1ω4 = i
√
2(νλ1 + iω0)(

2

27
C2

13 +
1

27
(C2

13)
∗ +

1

9
C2

31 +
1

81
C2

33) ≡ h5.

Îòäåëÿÿ âåùåñòâåííóþ è ìíèìóþ ÷àñòè h5, ïîëó÷èì âûðàæåíèÿ äëÿ α3 è ω4:

α3 = Re (h5) ω4 =
3

2
√
2ω0

Im (h5) .

Ïðåäëîæåíèå 5. Åñëè x ∈ [0, 1], è íà êîíöàõ îòðåçêà çàäàíû êðàåâûå óñëîâèÿ Äè-
ðèõëå, òî â âûðàæåíèÿõ (27) è (28) êîìïîíåíòû âåêòîð-ôóíêöèé fkn(x) è wkn(x)
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ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîìáèíàöèè áàçèñíûõ ôóíêöèé ψk ñ íå÷åòíûìè èí-
äåêñàìè k íå âûøå n:

fkn(x) =
∑
i≤n

Ck
iψi(x), wkn(x) =

∑
i≤n

Dk
iψi(x), Ck

i ,D
k
i ∈ C× C, (33)

ãäå n ≥ 3, 1 ≤ k ≤ n, èíäåêñû i, k ïðîáåãàþò òîëüêî íå÷åòíûå çíà÷åíèÿ.

Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü, ÷òî fkn(x) ïðåäñòàâèìû â âèäå (33), òàê êàê
òîãäà èç ñëåäñòâèÿ 1 âûòåêàåò, ÷òî è wkn(x) ïðåäñòàâèìû â âèäå (33).

Èç (32) ñëåäóåò, ÷òî óòâåðæäåíèå âåðíî äëÿ n = 3. Ïóñòü n ≥ 5. Ïðåäïîëîæèì,
÷òî â âûðàæåíèÿõ äëÿ u1, u3, . . . , un−2 ôóíêöèè wkn(x) èìåþò âèä (33). Òàê êàê ïåð-
âûå äâà ñëàãàåìûõ â ïðàâîé ÷àñòè óðàâíåíèÿ (24), î÷åâèäíî, èìåþò íóæíóþ ôîðìó,
îñòàåòñÿ ïîêàçàòü ÷òî è ïîñëåäíèé ÷ëåí

∑
i1+i2+i3=n

K(ui1 ,ui2 ,ui3) ïðåäñòàâèì â âèäå

(33). Ïðåäñòàâèâ ukj(x) â âèäå (28) è ââåäÿ îáîçíà÷åíèÿ:

z1kj(x) = αnφ+w1n(x), zikj(x) = wikj(x), i > 1,

ïðèõîäèì ê ðàçëîæåíèþ:

K(uk1 ,uk2 ,uk3)=
∑

(j,l,m)≤(k1,k2,k3)

K(zjk1 ,zlk2 ,zmk3)e
i(j+l+m)τ+K∗(zjk1 ,zlk2 , zmk3)e

−i(j+l+m)τ ,

ãäå èíäåêñû j, l,m ïðîáåãàþò òîëüêî íå÷åòíûå çíà÷åíèÿ. Ïîêàçàòåëü ýêñïîíåíòû áó-
äåò òàêæå íå÷åòíûì êàê ñóììà òðåõ íå÷åòíûõ ÷èñåë. Ñ ó÷åòîì ðàçëîæåíèÿ (33),
ñïðàâåäëèâîãî äëÿ zikj(x), èìååì:

K(zjk1(x),zlk2(x), zmk3(x))=
∑

(p,r,s)≤(k1,k2,k3)

(
0

1
2
C̃prs(ψp+r−s + ψ−p+r+s + ψp−r+s ± ψp+r+s

)
,

ãäå C̃prs ∈ C, çíàê ïðè ψp+r+s âûáèðàåòñÿ ïîëîæèòåëüíûì â ñëó÷àå, êîãäà íà ëåâîé
ãðàíèöå îòðåçêà çàäàíî êðàåâîå óñëîâèå Íåéìàíà, à íà ïðàâîì - Äèðèõëå è îòðè-
öàòåëüíûì âî âñåõ îñòàëüíûõ ñëó÷àÿõ. Â ñèëó íå÷åòíîñòè p, r, s ïðè ðàçëîæåíèè
ïðîèçâåäåíèÿ ôóíêöèé ψpψrψs â ñóììó, â ðåçóëüòàòå ïîëó÷àòñÿ ôóíêöèè òîëüêî ñ
íå÷åòíûìè èíäåêñàìè. Òàêæå, ÿñíî ÷òî p+ r+ s ≤ n. Ñëåäîâàòåëüíî, K(uk1 ,uk2 ,uk3)
èìååò âèä (33). Òîãäà âñÿ ïðàâàÿ ÷àñòü óðàâíåíèÿ (24) ìîæåò áûòü ïðåäñòàâëåíà
â âèäå ëèíåéíîé êîìáèíàöèè áàçèñíûõ ôóíêöèé ψk ñ íå÷åòíûìè èíäåêñàìè íå âû-
øå n.

Ñëåäñòâèå 2. Îáùèé ÷ëåí àñèìïòîòèêè àâòîêîëåáàíèé ïðè n ≥ 5 è êðàåâûõ
óñëîâèÿõ Äèðèõëå ÿâëÿåòñÿ íå÷åòíûì òðèãîíîìåòðè÷åñêèì ïîëèíîìîì ïî âðåìå-
íè ñòåïåíè n, ïðè÷åì åãî êîýôôèöèåíòû ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîìáèíàöèè
áàçèñíûõ ôóíêöèé ψj ñ íå÷åòíûìè èíäåêñàìè k íå âûøå n.

Àíàëîãè÷íî äîêàçûâàåòñÿ óòâåðæäåíèå.

Ñëåäñòâèå 3. Ðàñìîòðèì óðàâíåíèå (24) â ñëó÷àå íå÷åòíîãî n ≥ 5. Åñëè x ∈ [0, 1],
è íà êîíöàõ îòðåçêà çàäàíû ñìåøàííûå êðàåâûå óñëîâèÿ, òî â âûðàæåíèÿõ (27) è
(28) ôóíêöèè fkn(x) è wkn(x) ïðåäñòàâëÿþò ñîáîé ëèíåéíûå êîìáèíàöèè áàçèñíûõ

ôóíêöèé ψk ñ èíäåêñàìè íå âûøå
n+ 1

2
.
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Ïðèâåäåì âûðàæåíèÿ, íåîáõîäèìûå äëÿ âû÷èñëåíèÿ ïåðâûõ ÷ëåíîâ àñèìïòîòèêè
âòîðè÷íîãî ïåðèîäè÷åñêîãî ïî âðåìåíè ðåøåíèÿ â ñëó÷àå ðàçëè÷íûõ òèïîâ êðàåâûõ
óñëîâèé. Äëÿ êðàåâûõ óñëîâèé Äèðèõëå èìååì:

µcr = 2νπ2, ω0 =
√
1− ν2π4, φ =

i

2ω0

(
1

νπ2 + iω0

)
sin(πx),

w13(x) =
i
√
2

9
(νπ2 + iω0)P

3
1 sin(3πx),

w33(x) = −i
√
2

9
(νπ2 + iω0)

3[P 1
3 sin(πx)−

1

3
P 3

3 sin(3πx)],

h5 = i
√
2(νπ2 + iω0)

(
2

27
C2

13 +
1

27
(C2

13)
∗ +

1

9
C2

31 +
1

81
C2

33

)
.

Äëÿ ñìåøàííûõ êðàåâûõ óñëîâèé (óñëîâèé Äèðèõëå ïðè x = 0 è óñëîâèé Íåéìàíà
ïðè x = 1) ïîëó÷àåì âûðàæåíèÿ:

µcr =
νπ2

2
, ω0 =

√
1− ν2π4

16
, φ =

i

2ω0

(
1

νπ2

4
+ iω0

)
sin(

π

2
x),

w13(x) =
i
√
2

9
(ν
π2

4
+ iω0)P

3
1 sin(

3π

2
x),

w33(x) = − i
√
2

9
(ν
π2

4
+ iω0)

3[P 1
3 sin(

π

2
x)− 1

3
P 3

3 sin(
3π

2
x)],

h5 = i
√
2(ν

π2

4
+ iω0)

(
2

27
C2

13 +
1

27
(C2

13)
∗ +

1

9
C2

31 +
1

81
C2

33

)
.

Ïîëó÷åííûå àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ àâòîêîëåáàíèé õîðîøî ñîãëàñóþòñÿ
ñ ðåçóëüòàòàìè ÷èñëåííîãî èíòåãðèðîâàíèÿ ñèñòåìû. Íà ðèñóíêå ïðåäñòàâëåíà âè-
çóàëèçàöèÿ àâòîêîëåáàíèé, äëÿ êîòîðîé èñïîëüçîâàíû âåäóùèå ÷ëåíû àñèìïòîòèêè.

Âòîðàÿ êîìïîíåíòà àñèìïòîòèêè âòîðè÷íîãî ðåøåíèÿ ïðè ν = 0, 1, µ = µcr + 0, 01
äëÿ êðàåâûõ óñëîâèé Äèðèõëå (a) è ñìåøàííûõ êðàåâûõ óñëîâèé (b)
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Ðàçðóøåíèå öèêëà áûëî èññëåäîâàíî ÷èñëåííî. Â ýêñïåðèìåíòàõ äëÿ ñëó÷àÿ êðà-
åâûõ óñëîâèé Äèðèõëå èñïîëüçîâàëîñü çíà÷åíèå êîýôôèöèåíòà äèôôóçèè ν = 0, 1,
êîòîðîìó ñîîòâåòñòâóåò êðèòè÷åñêîå çíà÷åíèå ïàðàìåòðà µ, ðàâíîå µcr = 1, 9739. Áû-
ëî óñòàíîâëåíî, ÷òî ïðè µ < µcr + 0, 01 â ñèñòåìå íàáëþäàåòñÿ àâòîêîëåáàòåëüíûé
ðåæèì, êîòîðûé ñìåíÿåòñÿ äâóõ÷àñòîòíûìè êâàçèïåðèîäè÷åñêèìè êîëåáàíèÿìè ïðè
óâåëè÷åíèè çíà÷åíèé óïðàâëÿþùåãî ïàðàìåòðà. Ïðè µ ≥ µcr +0, 05 â ñèñòåìå íàáëþ-
äàåòñÿ óñòîé÷èâîå ïðîñòðàíñòâåííî-íåîäíîðîäíîå ñòàöèîíàðíîå ðåøåíèå.
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A reaction-di�usion system with cubic nonlinear term, which is the in�nite-dimensional

case of classical Rayleigh oscillator, is considered in the present paper. Spatial variable

belongs to a bounded m-dimensional domain D, supposed that Dirichlet or Neumann

conditions are set on the boundary. Critical values of control parameter, corresponding to

monotonous and oscillatory instability are found. Asymptotic approximations of patterns,

branching from zero uniform solution due to oscillatory instability are found. Asymptotic

approximations are valid for di�erent types of boundary conditions. It is shown that soft

loss of stability takes place in the system. By developing an abstract scheme and applying

Lyapunov-Schmidt method, formulas for consecutive terms of asymptotic expansion are

found. It was found that all terms of asymptotic expansion are odd trigonometric

polynomials in time. Several applications of abstract scheme to one-dimensional domain

are shown. In this case, branching solutions have certain symmetries. It is shown that the

n-th term of asymptotic contains eigenfunctions of Laplace operator with indexes less or

equal to n in the case of Diriclet boundary conditions or less or equal to n+1
2 otherwise.

Keywords: Rayleigh equation; Lyapunov � Schmidt reduction; self-oscillations; reaction-

di�usion systems.
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