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BO3HUKHOBEHUE ABTOKOJIEBAHUY B CUCTEME
PRJIES C JTUODPY3UEN

A.B. Kasapnuxos, C.B. Pesuna

PaccmarpuBaerca cucrema peakimu-nuddy3un ¢ KyOUdecKol HETUHEHHOCTHIO, KOTO-
past siBJisieTcst OECKOHETHOMEPHBIM aHAJIOTOM KJIACCUIECKOH crucTeMbl Pajies v 9acTHBIM CITy-
qaem cucrembl Purixpio — Harymo. IIpocrpancrBennas mepeMeHHAsT M3MEHAETCS B MPOU3-
BOJILHOI M-MEPHOM OrpaHrIeHHON 00JaCTH, PACCMATPUBAIOTCA KpaeBble yciaoBusa Jlupuxie
WJIM CMEIIAHHBIE KPaeBble ycioBus. Haliienbl KpuTuYuecKne 3Ha9€HUsT YIIPABJIAONIETO Iapa-
MeTpa, OTBEYAIOIINE KOIebaTeThHONH 1 MOHOTOHHOM TIOTepe YCTOWIHNBOCTH HYJIEBOTO PABHO-
Becusi. [losyueHnl SBHBIE ACHMIITOTHYECKHE TIPEICTABICHUS TPOCTPAHCTBEHHO-BPEMEHHBIX
CTPYKTYDP, KOTOpbIe 00pa3yIoTcsl BCJEACTBHE KOsebaTeabHO! MOTEPH yCTOHUYMBOCTH HYyJIe-
BOT'O DABHOBECHS TIPU PA3IUIHBIX TUMAX KPaeBbIX yciaosuit. I[lokazaHo, 9TO mpomCXOIuT
MArKasg noreps ycroftayupoctu. C MOMOIIBIO TOCTPOEHUsT abCTPAKTHON CXeMbl M TPUMEHe-
uust merona Jlsmynosa — IlImuara BeiBegeHB! (HOPMYIIBI s OOIIETO UIEHA PA3JIOKEHUS
aBTOKOJIe0AHMIT. YCTAHOBIEHO, 9TO I BCEX PACCMATPUBAEMBIX KPAEBBIX YCIOBUH OOIIMii
YJIEH ACHUMIITOTHKH BTOPUYHOTO PEIEHWs TPEeJCTABIsgeT cO00H HEeYeTHBIN TPUTOHOMETPU-
qecKuil moauHOM 10 BpeMenu. IIpuBenenbr mpuMephl MPUITOXKEHUH 0BIIell CXeMBI K CJTy9aio
ONHON TPOCTPAHCTBEHHOM IMEPEMEHHOM, KOTJIa BTOPUYHBIE PENIeHrA O0aTal0T JOMOJIHU-
TeJbHBIMHU CHUMMeTpusMu. Eciaum Ha KOHIAX OTPe3Ka 33JaHbl Kpaesble yciaosus Jlupuxiie,
TO B BBIDAXKEHHUE [IJIsT N-TO YJIeHa aCUMITOTUKY BXOIAT JIUITh KOHEUHbBIE JTUHEHHBIE KOMOU-
HAIM¥ COOCTBEHHBIX (ByHKIHi oneparopa Jlamnaca ¢ HEUeTHBIMU WHIEKCAMU HE BBIIIE 7.
Eciz Ha KOHIIAX OTpe3Ka 3a1aHBI CMEIIAHHBIE KPAEBBIE YCIOBHUsI, TO B BHIPAXKEHUS N-TO UJIe-
HA ACUMIITOTUKY BXOIAT JINIb KOHEYHBIE JUHEHHbIE KOMOUHAIINN COOCTBEHHBIX (DYHKIIHH C

AHIEKCAMH HE BBIIIEC %

Karuesve caosa: cucmema Panea; memod Jlanynoea — IlImudma; aemokxosebarus;
cucmemst pearxyuu-ouddysuu.

1. IlocraHoBKa 3amadn

B macrosimee Bpems Hemasio paboT IOCBSIIEHBl UCCIEIOBAHUIO HEJHHEHHBIX Tapado-
JIMYECKHMX CUCTEM, HA3bIBAEMbIX CUCTeMaMu peakiuu-iuddy3un, KOTOpble MUPOKO IPU-
MEHSIIOTCSI B MOJEJTHPOBAHUN OMOJOTHYIECKUX, XUMUIECKUX U JIPYTUX mporeccoB. Cpegn
HUX 0COD0 CJIeyeT BBIJACIUTH KJIACC CUCTEM € KyOMdYecKo#l HeJMHEeHHOCTHIO, K KOTOPOMY
IPUHAJTIEZKUT XOPOIIO u3BecTHas cucrema Puriixpio — Harywmo [1,2], nepBoHadaIbHO BO3-
HUKIIAs TPU U3YIEHUN PaCIPOCTPAHEHUS] HEPBHOTO UMITYJIbCA!

v =1 Av+e(w —av — f),

3 (1)

wy = Aw — v+ pw — w?,

rie v = v(x,t), w = w(x,t), r € D, t >0, D C R™ — orpanuuennas obaacts, p € R
— ynpasiagomuii napamerp, o > 0, 8 > 0, > 0,v; > 0, 5 > 0 — dbukcupoBaHHbIE
napamerpel. [Tonoxkus B (1) a = 0, f = 0, ¢ = 1 u B398 kKo3bburmentor auddysnn
PaBHBIMH V] = Vo = I/, NOJIYIUM cucteMy Panesa ¢ quddysueit:

v =vAv+w, w=vAw—v+ pw — w, (2)
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B KOHEYHOMEPHOM CJ1yHuae, KOTJIa HET 3aBUCHMOCTH OT MPOCTPAHCTBEHHOM epeMeHHo
x, monaras y1(t) = v(t), y=(t) = w(t), npuxoANM K KJIACCHIECKON cHCTeMe OOBIKHOBEHHBIX
jucpdepennmaabubix ypaBuenuii Paes:

Y1 =y Y2 = —Y1+ 1Yz — Us. (3)
U3BectHO, 910 HysneBoe paBHOBecHe cucrembl (3) npu p < 0 ACUMITOTHYECKH YCTOHIHBO,
a mpu p > 0 HEyCTOWYHMBO; TPHU MOJOKUTEJBHBIX (i B CHCTEME CYIIeCTBYeT yCTOWIHUBBI
npeebHbI UKII. [lepBblie WIeHBl aCUMITOTHKY TUKJIa HEOTHOKPATHO HAXOIUIUCH B JIH-
TepaType; B |3] Moy YeHbl YeThipe WieHa ACHMITOTHKY IIPU MOMOIIH MeTo/a JIuHITe 1ra —
[Tyankape.

Cucrembr peakiuu-auddy3un ¢ 0JHON CTOPOHBI, <HACAEAYIOT> CBOHCTBA OOBIKHOBEH-
HOTO JTupdepeHnuaaIbHOr0 yPaBHEHNSI, KOTOPOe MOIydaeTcsd W3 MCXOTHOH CHCTEMBI OT-
OpacbiBanreM UG OY3MOHHBIX YJIEHOB, C JPYTroil CTOPOHBI, BOZHUKAIOIINE B MPOIECcce n3-
MEHEHHS [IapaMeTpPOB IPOCTPAHCTBEHHO-BPEMEHHbBIE CTPYKTYPBI 00/1aa10T Topas3 o bosee
CJIOXKHBIM TIOBEJIEHUEM, YeM B KOHEYHOMepHOM ciydae [4]. B To Bpems, Kak cucteMbl BUIA
(1) mcemeayoTess B OCHOBHOM YHCICHHBIME METOIAMHE [5], 0C00YI0 MEHHOCTD IPEeICTaBISIOT
AHAJTUTUIECKUE UCCJIEIOBAHIS U BO3MOYKHOCTD SIBHOT'O MIOCTPOEHUS PEIIEeHUI HeTHHEHHBIX
yPaBHEHW, TayKe B BHJIE aCUMITOTHIECKAX (DOPMYI.

[esibio HacTodmeir paboThl ABJIgeTCs IIOCTPOCHUE ACUMIITOTUKI aBTOKOIe0aHU cucTe-
MBI YPaBHEHHU{ B 9aCTHBIX TPOU3BOIHBIX (2), OTBETBISIONINXCS OT TPUBHAIBHOTO PEIIeHUsT
IpU U3MEHEeHNN YIPABJIAIONIEro mapamerpa (1 u (pukcupoBannoM Kodddunuente guddy-
3un v. V3BecTtHo, 4T0 B Ccjaydae Kpaesbix ycjoBuit Heiimana pudpdysusa ne okasbiBaer
BJIMSIHUST HA XapaKTep aBTOKOJe0aHWil, B 3TOM CJydae HAOJI0IAeTCs TPOCTPAHCTBEHHO-
OJTHOPOJTHBIH aBTOKOIe0aTeTbHBIN peykuM. B HacTosIei paboTe B Ka9eCTBE KPAEBhIX YCJI0-
BHII paccMaTpuBaloTcs yeJIoBus upuxie nim cMelanubie Kpaesble yeaoBus. [loapodmbie
BBIKJIQJIKK TIpuBeeHbl B [6]. [l mosrydenns: BrOPUYHBIX PEIleHuii npuMenes Meto JIs-
nyrosa — [Imuara B dopme, pazsuroii B.J. FOxosudem |7]. Merox npumennm k nudde-
PEeHIAIbHBIM yPABHEHUAM, 33/ ITAHHBIM KaK B KOHETHOMEPHBIX, TaK U OECKOHETHOMEPHBIX
IPOCTPAHCTBaxX, B TOM 4nc/ie K ypasaenusim Habbe — Crokca [8-10]. ObocHoBaHme acuMIT-
TOTHKHU B JAHHOU padoTe He IPOBOJMTCS, €I0 MOKHO ITPOBECTH C IIOMOIILIO ITPUMEHEHHUS
TeopeMbl O HesdBHOM (DYHKIHK B aHAJIUTHYIECKOH (bopme.

B nacrosimeit pabore cnadasa cucrema (2) sanuceiBaercst B oneparopuoit dpopme. Ha-
XOASATCA KPUTHIECKUE 3HAUEHWS MMapaMerpa [, CTPOATCS TePBBIE WIEHBI ACHUMIITOTHKH.
Barem BbIBOAATCS (OPMYJIBI st OOIero djiena passoxkenus. /lamee paccMaTpuBaroTCcs
HpUMEPBI IPUMEHEHUH 00IIeil cXeMBbl K CJIy4alo OJHOU MPOCTPAHCTBEHHON IIepeMeHHOil.

2. OmepaTopHbIii B ypaBHEHUS

Ceenem cucremy Panes ¢ quddysueii (2) kK obbikHOBeHHOMY nubDbEpEHITHATEHOMY
YPABHEHUIO B MMILGEPTOBOM mpocTparcTBe H BekTOp-byHKIMi © = (v, w), KOMIOHEHTHI
KOTOpbIX npuHaiexar Lo(D), tne D — orpanuyennas obaacts B R™ ¢ KycouHO-IJIA KO
rpanuteii. CkanspHoe npoussegeHne B H onpenensiercss craHIapTHBIM 00Pa30M:

(fag) = /\[flgiﬁ + f29;]dx> f(l’,t) = (fl(‘%t)» fZ(xat))a g<x>t) = (gl(x7t)> 92(x>t))v

D

3363,ZLO‘{KOIL/1 0003HAUYEHO KOMILIEKCHOE COIIpd2KeHue.
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[Mycrs A(p) : H — H — jmmeitusiii oneparop, aefictByomuii Ha BeKTOP-QyHKINIO
u = (v,w), v,w € W§(D), no npasuy:

A(p)u = vAu + Bu + uCu. (4)

3mecs A — omeparop Jlamnaca, B = ( _01 (1) ), C = ( 8 (1) ) B obsactu ompeme-

nenus oneparopa A(p), Kak 00BIMHO, yUUTBHIBAIOTCA KPAEBbIE YCJIOBUSA. ByaeM mpenoa-
raTh BBIIOJTHEHHBIME OTHOPOAHbIe yeaoBus Jlupuxie (ulpp = 0) win cMeraHHble Kpaesblie
YCJIOBHSI, KOI/Ia Ha JaCTH IPAHMIIBI 33IaHbl KpaeBble ycaoBus Jlupuxiie, a Ha oCTaBIIeHCs
rpanute — Heiimana (uls, = 0; 9%|s, = 0; S; U S, = dD).

[lycrs Tpumueiinsiit oneparop K(a,b,c) : H> — H neiicTByeT 1o IpaBUIy:

K(a, b, C) = (0, CLQbQCQ) .
Torya cucremy (2) MOXKHO 3alHCATH B OMEPATOPHOM BH/IE:

w=A(p)u— K(u,u,u), ué€ H. (5)

3. 3amada Ha cobCTBEHHBIE 3HAYEHUS

Suadenne mapaMerpa i, Ipu KOTOPOM COOCTBEHHBIE 3HAYEHHS JIMHEHHOTO OIepaTopa
A(pt) BBIXOAST HA MHUMYIO OCb, Oy/IeM HAa3bIBATH KPUTHYECKUM U ODO3HAUATH [ie-. JLast
HaXOXKJIEHUS [l PACCMOTPUM JUHENHHYIO CIIEKTPAJIBHYIO 3a/a4dy:

Al =od, ¢ #0.

WNsBectno, 4ro B mpocrpancrse [H  cyniecTByer OpPTOHOPMHMPOBAHHBIN — Ha3uc
{e1tr, ea 129, er = (1,0); ex = (0,1), 1y, sBastorca cobecrbenubIME (DYHKIUAME CKa-
JISIPHOTO oneparopa —A, 3aJaHHOTO B 001acTH D ¢ COOTBETCTBYIOIINMH KPAEBBIMU YCJIO-
BUAMHU

— Ay = Ny, (6)
+00
a coOCTBEHHbIE 3HAYCHHsT 00PA3YIOT HEYOLIBAIONIYIO OCIEI0BATENILHOCTD { Ak |2, MpHIeM

nepBoe COOCTBEHHOE 3HAYAHUE TMOJOXKUTETbHO: A1 > 0.
CobcrBennbie 3Hauenus oneparopa A(u) umenor Bu:

(22U — p) £ /12 —4 k=19
2 ’ Ty Sy

Orciofa HaXOAUM KPUTHYECKOe 3HAYEHUEe TapaMeTpa [i:

Uf@(ﬂ) =

= —1 + VA > —1 = 2U\ < —1
= v v : , =2V v .
e Y 1 Iopu N e 1 Ipu Y

1
I[Ipn v > — B cucTeMe NPOUCXOJUT MOHOTOHHAS TOTEPSA yCTOMYUBOCTH, a NPH V < —

)\1 )\1

MMeeT MeCTO KoJjiebaTenbHasl moTepst ycroiunBocTu. Berony B pasbHeiinem OyaeM nHTe-

pPecoBaThCsl KOedaTeTbHOM moTepeit yeTONINBOCTH, mMoJ1aras, 9To v < —. B aTom cayuae

A

oeparop A(lie) IMEET mapy YUCTO MHUMBIX COOCTBEHHBIX 3HAMCHMUIL:

012(#07«) = :tin, Wo = 14/ 1— 1/2)\%. (7)
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OueBuno, uro coupsizkennbiii K A(u) oneparop A*(u) : H — H umeer Buu:
A*(p)u = vAu — Bu + uCu.

Caeays obmieit cxeme meroga Jlsmynosa — Ilmuara |7], cnadana naiijgem cobCTBEHHYIO
GYHKINIO (o JIMHEHHON creKTpajibHoil 3a/aun u cobcrBennyo dynknuio ® jmueitnoit co-
HPAYKEHHOHR 33 1a4u:

A(prer)p —iwop =0, A (ter)® +iwo® =0, (¢, P) = 1.

OHN UMeroT BUI:

L 2Lwo ( 28 iz’wo ) ¥i(a) ®= (W\l—izwo) ( —(V)\ll— iwo) ) o) 8

4. IlepBble 4jIeHbl AaCUMIITOTUKN aBTOKOJIeOaHMIA

2T
JI1 OTHICKAaHWST —-TIePHOJMYECKOTO 10 BPEeMeHH periieHusi ypaBaenus (5), rae w-
w

HEU3BECTHAS IMKJIMYecKast dacrora, npuMenum Mero) Jlsmynosa — Hmuara [7]. Beenem
B (5) 3ameny Bpemenu T = wt, a uepes €2 = (i — [l 0003HAYUM HAJKPUTHYHOCTH. Torja
(5) mpumer Bu:

wit — A )u = 2Cu — K(u,u, u), 9)
rjie Toukoit oboznaueno npucpdepenmposanue o 7. HenzsectHoe 2m-nepuogndeckoe mo 7
pellleHre U U HeU3BECTHYIO YacTOTY w OyZeM Pa3bICKUBATh B BUJE PSAJIOB 110 TapaMeTpy €:

[e.e] o0
u = E e'u;, w= E £'wi, (10)
i=1 =0

wp onpeseaeno B (7). [logcrasnss pasaoxenns (10) B (9) u npupasuuBas Ko3bbUITEHTHI
PH OJIMHAKOBBIX CTEIEHSX €, MPUIEM K TeNOUKe ypaBHeHHil:

gl wotty — A(pter)uy = 0, (11)
£2 wolky — A(fler)Us = —wiUy = fo, (12)
g3 wotty — A(ler )z = —witty — wotty + Cuy — K (ug, up, uy) = fs, (13)
€ wWolty — A(fler)Uy = —w1 U3 — Wolty — watty + Cug — 3K (uy, uy, us) = f,, (14)
£5 wolts — A(fler)Us = —w1Ty — wWolly — Wity — Wyt +
+Cus — 3K (ur, ur, uz) — 3K (u, uz, uz) = f, (15)
n—1
" wolly — A(ter) Uy = Cupy_o — > Wyl — > 3K (wiy, Wiy, uiy) = f,,.(16)
i=1 i1+is +ig=n

B dopmyre (16) u gamee Gymaem mpenosararb, 9T0 WHAEKCH CYyMMUPOBAHUS YIOPs-
JIOYEHBI TI0 BO3PACTAHUIO: 11 < 19 < 3.

Heonnopomubie ypaprenus (12) — (15) uMeroT 27-nepruoindecKue Mo T PEIeHns TOrIa
¥ TOJIBKO TOTJIA, KOTJa BBIIOJHEHO YCJIOBHE PA3PEIIUMOCTH: IIPaBasd 4acTh OPTOrOHAIbHA
PEIIEHIIO OIHOPOIHOIO CONPAXKEHHOTO YPABHEHHUSI

2T
—T _
/(fn, ®)e "dr = 0. (17)
0
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Hanee nocsrenoBarebuo pemmm ypasaenust (11) — (15). 2m-nepuonuaeckoe 1o 7 pe-
menne ypasaerus (11) MOXKHO OPeJCTABUTH B BUJE:

uy = ay (e’ + pteT), ag > 0. (18)

PaccMoTpeB ycsioBue paspemuMocTd Jist ypaBaenus (12) ¢ yaerom ycaosus ap > 0, 3a-
kaodaeM, 4To w; = 0. CireoBaTebHO, pellende ypaBHenus npu €2 (12) umeeT BUI;
T * _—4T
uy = an(pe’” + e ).

Caaraemble B IpaBoil 4acTu ypaBHEHHUs IPU £3 MOXKHO CI'PYIIIMPOBATH [PU CTEIEHIX
T .
A i 3 s
3= Fiz(@)e” + f’fg(x)@ Tt faz(w)e” + f§3(x)e v,

rae fi3(z) = a1Cp — 33K (p, o, ") 1 fi3 = —a3K(p, p, ). Toraa yciosue paspemnmn-
moct (17) maHHOTO ypaBHEHWS MPUHUMAET BUJIL:

2w

/ (F3®)e dr = 2n(f1(x), @) = 0. (19)

0

OTjie/isis BeIeCTBeHHYI0 U MHUMYIO YacThb B (19), Haxoqum oF u ws:

B 4w8
3147117,

loBOpAT, 9TO UMEEeT MeCTO MATKas MOTePs YCTOWINBOCTH, €CJIN ITPHU Tepexoie depe3 KPUTHU-

od wy = 0. (20)

4ECKOe 3HaYECHUEe apaMeTrpa paBHOBECUE TepdeT YCTOMYUBOCTDb U POZKAAeTCd YCTONYUBbIN

npeebHbIil NHKJI. [ean yKe OTBeTBIAIONANACS ITUKJI CYIECTBYET B TOKPUTHYECKON 0b1a-

CTHU 3HAYEHUl ImapamMerpa U HEYCTONYUB, TO UMEET MECTO KeCTKad 1oTepd YCTORYNBOCTH.

Twun norepu yecTONYMBOCTH 3aBUCHT OT 3HAKA MPaBOil YaCTH B BBIpazKeHUU KOy DUImeHTa

a? |7]. Tax kax B (20) koscbpunment o > 0, TO TPOUCXOIUT MATKAS MOTEPsT YCTOHIUBOCTH.
YacTHOE pereHre HeoTHOPOJIHOTO ypaBHeHus (13) 3amurmeM B BuJe:

ul(7) = wiz(x)e’ + wiz(z)e™" + waz(2)e*T + wis(x)e 7, (21)

rie wy3(r) = —(A(per) — iwol) ' f13(x) 1 wsz(x) = —(A(per) — Siwol) ™ Fa3(x), npuaenm
BBIDayKeHne Wi3(x) WMeeT CMBICJ B CHJIY BBITIOJHEHWs ycioBus (19).
TpuronoMeTpuIecKuii MOIUHOM OY/IeM HA3BIBATH HEUETHBIM (UETHBIM), €CJIH OH COJIEP-
JKUT JIATTH HedeTHLIe (JeTHbIe) TapMOHEKH, T.e. TApMOHEKH BUTa e 2+ ViT (207 Ouepnp-
HO, 4TO Uh(7) — HEYETHBIH TPUIOHOMETPUUECKHI HOJUHOM TPETheil CTeleHu.
Pemenne ypasnenust npu €® (13) umeer Bu:

uz = az(pe’” + @*e ) + ub(1),

(3 OTPeJIeJIACTCSA U3 YCJOBHA PAa3PeIIIMOCTH YPaBHeHH IIpH £°. 113 yeaoBus paspermnmMo-
cru ypaBuenus (14) erogum ap = 0,  ws = 0. CireoBaTesIbHO, MpaBas 9acTh YPABHEHUS
npu £! papna Hym0 U 27-TIepuoIEYecKoe pelenne ypasHenus (14) uMeeT BHI;

Uy = 064(@6” + go*e_”).
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AHAJIOTHYHO, U3 YCJIOBHS PA3PEIIIMOCTH YPABHEHUs IPU £ (15), npuxoauM K BbIpazKe-
HHIO:

asz +iciwy = —3a2[2(K (p, @*, wiz(z)), @) + (K (@, @, (wiz(x))*), ®)+
+(K(QO*’ 90*7 w33($))7 (I))] = h5'

OTaensist BEIECTBEHHYI0 U MHAMYIO YaCTH, MOJIYIaeM BBIPAKEHUS (3 U Wy
1
3 = Re(h5), Wy = —Im(h5) (22)
aq
Takum 0OpazoM, BBIIOJHAETCH yTBEPKICHUE

IIpensioxkenune 1. B cucmeme Panea ¢ duddysuet (2) npoucxodum mazkas nomeps
Yemotiuu8ocmu HYAE8020 PasHosecus U npu marux € > 0 6 nel npucymemeyem ycmoti-
wueul npedesvuul yuka. Ilepsovie waenv, acumMnmomukry a8moxosedaHUsT umem 6uod:

u = cay (e + e i) + 3 (as (el + e i) + ub(wt)) + O(e),

w=/1—12\ +clws + O(&%). (23)

Bdecov ay, U, as, wy 3adaromes swpasicenusmu (20) — (22) coomeemcemeeno.

5. OO01mmii 4jieH acCMMIOTOTUKN aBTOKOJiebaHMii

[Io uHAYKINA TOKa3BIBAETCSA YTBEPZXKICHMUE.

IMpennoxkenue 2. Yemnvie KOMNOHERMDBL ACUMNMOMUNECKO20 PASAOHCEHUSL BINOPUMHO20
NEPUOUMECK020 NO BPEMEHU PEULEHUM U HEUETHBLE KOMNOHEHMbL YUKAUNECKOT 4aCMOmMbL
W pashve HYa0: oaa ecakoeo k € N ug, = 0, agr =0, w1 = 0.

[IycTh n-neverno, n > 5. 3 npepyioxkennit 1 u 2 cjepyer, 94To JJisd TAKUX 1 YpaBHEHUE
(16) moxkeT GBITH 3aIUCAHO B BUJIE:

n—4
Wolky, — Ater )y, = Ctyy_g — E Why—iT; — E 3K (wy, uiy, uiy) = f,, n>5, (24)
=1 11+i2+i3=n
rae B 06enx cyMMax, CTOSIINX B IPABOH YacTh (24), WHAEKCH CyMMHUDOBAHHS HEYOTHBI.
[Tpeo6pazoBaB mpaByio 9acTh ypaBHeHus (24), HaiijeM HeYeTHBIE YJeHBl PA3I0KeHUsT
AMILIUTYIBI AaBTOKOJIe0aHUH U YeTHble KOMIIOHEHTHI IIUKINIECKON 4acTOThI W:

IMpennoxkenune 3. Amniumyda o, _o U KOMNOHEHME UUKAUSECKOT 4AGCMOMbL Wy_1 ONPe-
0eNAOMEA US YCAOBUA PAPEWUMOCTNU YPASHEHUA (24) no dopmyram

1
an_o = Re(hy), wy—1 = a—]m(hn), (25)
1
ede
2
— —1 _ p p
hn = | (g,,®)e""dr, g, = C(u,_,) — 3K (uy,u,ul_,)—
0
n—2 (26)
- an—i’u’i_ Z 3K(“i17ui27ui3); (11722723) # (17]-’”_2))
=3 i1+i2+i3=n
a 4epes uﬁ_Q 0003HAMEHO YACTHOE peweHue H@OdHOpO@HOZO ypasrerus npu €n_2.
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Hpe,JIJIO}KeHI/Ie 4. Hpaeaﬂ Hacmnv YpacHeHUA (24) ecms Hewemmull mpuzoHomempule-
cKutl noAUHOM Mo GpPEMEHU cmeneHu n:!
n
_ ikt * —ikT
k=1
27T-TL6pU0()U“t€C7€O€ pewerHue YypasHeHUuA (24) mawxotce ABAACMCA HELEMHBIM MPULOROMEN -
purMecKUM NOAUHOMOM CMENERY T’

Uy = an (€™ + @)+ (Wi ()™ + wh, (x)e ), (28)
k=1

2de Wiy, (1) = —(A(er) — tkwol) 7 f1,(2), a undexe cymmuposanua k ¢ gopmynazx (27) u
(28) npobezaem moavko HeuemHble SHAUEHUA.

Jlokasamenvemso. ToctarodHo moka3ath cooTHormenne (27), Tak Kak dopmy.a (28) wero-
CPeJICTBeHHO cjeayeT u3 Hero. CHadasga MOKaxKeM, YTO YTBepKIeHWe BEPHO JJId N = O.
3BecTHO, UTO MepBble WICHbl ACHMITOTHKH Wi W W3 MPEJCTABUMbL B BHIE (28), a Tpu-
JMHERHbIT omeparop B mnpaBoil Yactu ypasHenusi (15) mpejcraBjieH OJHHM CJIAraeMbIM
3K (w1, w1, us). [ogcrasasisg B 3T0 ¢aaraeMoe BHIPAYKCHHS U U Uz, TPYIIHAPYS CIATACMbIE
IIPU SKCIIOHEHTAX M YYIUTHIBast OCTATbHbIE WIEHB B IpaBoii dact (24), nomxyanm dbopmyry
(27) upu n = 5, rue:

Fra(e) = 3020y K (9, 0, 0%) 1 203K (p, 0 wis(x)) + 03K (9, o, wis (1)) +
+a2 K (p*, ¢, wa3(x)) + azCp + Cwiz(z) — iaqwaep,
f35(7) = afas K (@, 0, ) + K (g, ¢, wi3(2)) + 207 K (p, ¢, wa3()) + Cwss(x),
f55($) - OZ%K((,O, ¢7w33($))7

a TIOCTOSTHHBIE Wy W (r3 BBIOPAHBI TaK, YTOOBI BBITIOJIHAIOCH YCJIOBHE PA3PENTUMOCTH.
[Iycrs Teneps n > 5. Jlokazkem, 9To npaByio 4acTh ypaBHeHus (24) MOXKHO IPUBECTH

K By (27). 3aMeTuM, 9TO CyMMBI, CTOSIIHE B MPAaBOil 4acTH, MOXKHO 3allUCAThb B BH/E

HEYETHBIX TPUTOHOMETPUUYECKUX TIOJIMHOMOB 1L U 1. — 4 CTeIeHu COOTBETCTBEHHO:

n

Z 3K (uiy, Wiy, uiy) = Z(Kk(x)eikT + K(2)e ),

i1 +i2+iz=n k=1
n—4 n—4
D wnitti =Y (Gi(x)e* + Gi(x)e ™),
i=1 k=1
n—4 n—4
e Gi(z) = Y (twn—j(aje + wi(z)), Gp(x) = Wy j W (z),m = 2,...,n —4, a
j=1 j=1

HHJIEKCHI CYMMHPOBAHUA 1, j, K IpoGeraloT TOIbKO HedeTHble 3HaveHns. Torma npuxoanm
K (27), e

fin(x) = ap2Cp + Cwi-9)(x) — iciwp_1p + Ki(x) + G1(x),
f3n<x> = Cw3(n*2) (.TJ) + K3($) + G3(x)>
fn-an (@) = Cwi_gy(n-2) () + K n-1)(2) + Gn1)(2),
Fn—2n (@) = Cwioy(n-2)(7) + Kn-2)(2),
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LPH 9TOM IIOCTOSIHHBIE (¥, o U Wy, 1 BHIOUPAIOTCs TaK, YTOOBI BHITIOJIHSIOCH YCJIOBUE pa3pe-
mumocru (17). Torga ypasuenue (27) nMeer HepHOAUIECKOE O BPEMEHH PEIICHIE, KOTOPOEe
ABJIAETCAd HECYETHBIM TPUTOHOMETPHUYICCKUM IMOJIMHOMOM CTEIIEeHH 7 110 T U IpeJCTaBUMO B

Bue (28). O

BeipakeHuss Wy, (x) B (28) MoryT GbITh HAiJIeHBl B BUJE PAJOB 10 GA3UCY MPOCTPAH-
crBa H.

Caencrsue 1. Buwipasrcenua 0aa Wi, (x) 6 popmyae (28) umerom eud:

win(z) = = Y5 Phyy; PY = (Clien + Cley), (30)

J J

npUYeM KOMNOHEHB, 6EKMOPA (Cjk, C: k) onpedeaaromea no Gopmyie:

ede R? = v\ + k(iwo), FF = (per — Rf)Rf — 1, npu k # 1,5 # 1. B cayuae, xo20a

j
B wacTHBIX cirydasix, HEKOTOpPBIE M3 KOTODBIX OYAyT paccMOTpeHbl pajee, psabl (30)
MPEBPAIIAIOTCH B KOHEUHBIE CYyMMBbI.

6. Cuyuail ogHOII TPOCTPAHCTBEHHOI MEePEMEHHOI

[Iycts x € [0,1], u HA KOHIAX OTPe3Ka 3aJaHbl ycJaoBus lupuxie aub0 CMelaHHble
Kpaesble yCJI0Bus. [IpuBejieM BhIpayKeHust J1Jisl HePBBIX WieHoB acumnToruku (23). Tak kax

2v/2wq
3

ap = , 70 13 hopmystbl (18) HAXOMUM TIEPBBI WIEH ACUMITOTHKH ABTOKOJIEOAHHN U :

7’\/§ 1 T Z\/§ 1 —iT
=g ( VA1 + iwp )%(x)e 3 ( VA1 — iwp )wl(x)e '

3

Pemenne ypaBuenust ipu £° umeer Bug (28) npu n = 3, e

wi3(r) = Z\[ﬁp sy (x); B =rvA + iwy,
w3 () = Zfﬁgp i(z) — B2 Pis_u (@),
npudem M = 0 B ciaydae KpaeBbix yciaoBuih lupuxiae u M = 1 B ciaydae cMeIIaHHBIX

KPaeBbIX VCJI0BUI, a KOADDUIUEHTDI P? onpesesensl B (30).
PaccMOTpeB yeaoBue paspelInMOCTH YPaBHEHHS IPH £°, IPAIEM K BHIPAYKEHNIO:

(32)

. . _ 2 1 1
g +ionwy = iV2(v A + zwo)(2—7013 + 0= (C 3)" + §C’§1 + §C§3) = hs.

OT,HGJIHH BeIIeCTBEHHYIO U MHUMYIO YaCTHU h5, IIOJIYy4YUM BbIPpazKeHUA OJIAd (3 U Wy

= Re(hs) ws= Im (hs) .

3
2\/5&)0

IMpenyioxenune 5. Ecau x € [0, 1], u na xonyax ompeska sadanv, kpaesvie yerosus Ju-
puxae, mo 6 supasrcenusr (27) u (28) komnonenmu, sexmop-dynruut fi,(r) u we,(x)
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npedcmaesaniom coboli Aunetinbe KomouHayul 0a3ucHus GYnKyUl Yy ¢ HeYemmbLmMu UH-
dexcamu k ne eviwe n:

Fin(@) =) CHy(z),  wp(x) =) Dipi(x), C;,DfeCxC, (33)

i<n i<n
2den >3, 1 <k <n, undexco, i, k npobezarom mosvko HEYEMHBLE 3HAYEHUA.

Jlokasameavemso. octatodno gokasars, uto f, (z) npeacraBumbl B Buje (33), Tak Kak
TOTJIA M3 CJEJCTBAS 1 BBITEKACT, UTO U Wk, () TpeacTaBuMbl B Buje (33).

13 (32) caenyer, aro yrBepK/aenue BepHo g n = 3. Ilycrs n > 5. [peanosoxum,
9TO B BHIPDAYKEHUSAX IS Uy, US, . . ., Upy_2 OQYHKIHA Wiy, (2) umeror Bu (33). Tak kak mep-
BBIE JIBA CJIATAEMbIX B MPABOil 9acTH ypaHeHust (24), OUEBUIHO, UMEIOT HYKHYIO (HopMmy,

OCTaeTCs MOKA3aTh 4TO W TMociaequuit wien  y.  K(u;,U;,, W;,) OpeJCTAaBUM B BU/e
11+ig+i3=n
(33). Ipencrasus uy;(x) B Buzge (28) u BBeAs 06O3HAUCHUSI:

211, (T) = antp + W1, (7), zip, () = wi, (v), > 1,
IPUXOIUM K Pa3JI0KEeHHUIO:

o i(j+l+m * —i(j+l+m
K(uk1>uk2>uk3>_ E K(zjkla zlkg?'zmkg)e U )T+K (ijl, zle,zmks)e ( )T,

(g,l,m) < (k1 ,k2,k3)

IJIe MHJIEKCHI J, [, m 1poberaroT ToJIbKO HedeTHble 3HaYeHus . [lokasaTesb SKCIOHEHTHI By~
JeT TaKyKe HeYeTHBIM KaK CyMMa TpexX HedeTHBIX unces. C yueroMm passoxkenus (33),
CIIPABEUTHBOIO IS Z; (), IMeeM:

0
K<zjkl(x)’ZZkQ(x)jzmk?)(x)): Z ( lé (w + —Hﬂ +r+ +7v/} + :l:w +r+ ) 7
5~ prs\¥p+r—s —p+r+s p—r+s p+r+s

(p,r,8)<(k1,k2,k3)

rjie épm € C, 3Hak mpu 94,45 BEIOHpaETCS MOJOKATEIBHBIM B CIydae, KOIa Ha JIeBOI
rpaHuile oTpeska 3aJaHo Kpaesoe ycjoBue Heiimana, a ma npasom - upuxie m orpu-
IATEJbHBIM BO BCEX OCTAJIBHBIX CAydasX. B CHIy HEYETHOCTH P, T, S IPU PA3IOKEHUN
npousBefienns GyHKIUR Y, B cymMMy, B pe3ylabTaTe MOJydaTcd (DYHKIUHA TOJIBKO C
HedeTHbIMU nHekcaMu. Takxke, sicHo 4ro p+ 7+ s < n. CuegoBarenbuo, K (uy,, Ug,, Uy,)
uveer Buz (33). Torma Best mpapast 4acTb ypabHeHus: (24) MoxKeT OBITH HpeACTABICHA
B BHJIC JINHEHHONU KoMOuHanuu 6a3ucHBIX (PYHKIUN ¥ ¢ HEYeTHBIMH HHJICKCAMU HE BBI-
e n. [

CaenctBue 2. Ob6wuil 4ieH GCUMNMOMUKY 48MOKOACOGHUT Npu N > D U Kpaesux
YCA0BUAT LUPUTAE ABAACNCA HEUEMHBIM MPULOHOMEMPUMECKUM NOAUHOMOM N0 SDEME-
HU CMENEHY N, NPUYEM €20 KoIPPuLueHmv, NPedcmasimsom cobol surelinbie KoMOUHAUUY
basucuvir GyHKkyuld V¥ ¢ nevemuvmu undexcamu k ne sviuie n.

Anasiornano JOKa3bIBACTCA YTBEP2KACHUE.

CaeancrBue 3. Pacmompum ypasnenue (24) 6 cayuae newemnozo n > 5. Ecau x € [0, 1],
U HG KOHUAT 0MPe3Ka 3a0aHbL CMEULAHHYE KPAEBBIE YCAOBUA, MO 6 eupascenusr (27) u

(28) dynruuu fi,(x) u wi,(x) npedemasaarom coboli aunetinvie KomOuHaUUY 6a3UCHHLT
n+1

Pyrruul YV ¢ undexcamu He evlule
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[IpuBejieM BblpakeHus, HeOOXOUMBbIE JIJIS BBIYUC/IEHUS [I€PBbIX YJIEHOB aCUMIITOTUKY
BTOPUYHOTO TIEPUOIMYECKOTO 110 BPEMEHH PEIeHHUs B CJAyYae PA3JIUYHbIX THUIIOB KPAeBbIX
yeqaosuit. s kpaesbix yesiosuit /Iupuxiie nmeem:

fer = 20T, wo = V1 — 1271, p= . ( 1 . ) sin(mz),

2w \ 2+ iwg

iv/?2

wis(z) = T(VWQ + iwg) P sin(37x),
1
wsz(x) = \9/_(V7T + iwp)? [P sin () — ng sin(3mx)],
1 1
_ . 2, e
hs = iV/2(vm? + i) (270 7(0 3)" + 9031 + 81033> .

s emermanHbIX Kpaebix yeaosuii (yesaosuii Tupuxie npu © = 0 u yeaosuii Heitmana
npu x = 1) moJiydaeM BbIparKeHWsI:

v’ i 1 _ (7r )
= ’ = , sin(—=z),
fer =75 Y7 20 \ 2 i 2
iv2 3T
wis(z) = 5 (VZ + iwg) P3 sm(7x)
Z\/_ w2 LT 1 Y
wsz(x) = _T(VZ + iwg)* [ P3 51n(§x) - ng Sm(;x)],

, I 2 1 L1 1
h5 = Z\/i(VZ + ZCL)(]) ﬁcf?) + §(0123> + §C§1 + 8—10-3?3

[lorygeHHBIE ACHIMTITOTHYIECKIE TTPECTABIEHNS AaBTOKOJIEOAHN XOPOTIIO COTTIACYIOTCS
C pe3yJbTaTaMi YHUCJIeHHOTO WHTerpupoBaHHdA cHcTeMbl. Ha pucyHKe mpejicTaBiieHa BH-
3yaJu3anus aBTOKOJIe0aH!id, s KOTOPON MCIOIb30BAHBI BEIYIIUE YWIEHBI ACHMITOTHKH.

0.2 0.156

0.1

il i i
0.05 ity i ﬂ'.f”ﬁ'ﬂﬂﬂ

.vr','l' i
i

il
il
\\\\“ Ui

i i
i . . i ” i l.‘ﬂﬂf;r‘ i Hl_.'i.'fm”\\w

i i nﬂ’ ﬂfl .'im:; }\{
it
meﬂ

.'l'h'
-0.05 i ;ﬂ \\}\\’1\

0.1

-0.15

18.75

(a) (b)

Bropas KOMIIOHEeHTa acCMMIOTOTHKHM BTOpUYHOro pemienus npu v = 0,1, u = e + 0,01
JJ1sT KpaeBbix ycesopuil /lupuxie (a) u cMenanHbiX Kpaesbix yciaosuit (b)
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Paspynienue nukJjia ObL10 UCC/I€I0BAHO YnucjieHHO. B akcrnepuMmenTax st cjiydasi Kpa-

eBbIX ycjoBuii /lupuxie ucnosb3oBaioch 3Hadenue Koadgdunuenta auddyzun v = 0,1,
KOTOPOMY COOTBETCTBYET KPUTHUYECKOE 3HAUEHUE TTapaMeTpa (i, PaBHOE (i, = 1,9739. Bui-
JIO YCTAHOBJIEHO, 4TO IpH i < fer + 0,01 B cucreme nabiiroaercs aBTOKOJeOATEIbHBIH
PEKUM, KOTOPBIH CMeHsIeTCsl IBYXJaCTOTHBIMU KBA3UMEPUOINIECKUMI KOJIEeOAHUIMU TTPH
yBeJMUYEHUN 3HAUEHU yirpaBisonero napaMmerpa. [pu p > ue. + 0,05 B cucreme Hab.110-
JIAETC YCTOWYMBOE MPOCTPAHCTBEHHO-HEOHOPOIHOE CTAIMOHAPHOE PEIIeHue.
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The Onset of Auto-Oscillations in Rayleigh System with Diffusion
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S.V. Revina, Southern Federal University, Rostov-on-Don; Southern Mathematical
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Russian Federation, revina@math.rsu.ru

A reaction-diffusion system with cubic nonlinear term, which is the infinite-dimensional
case of classical Rayleigh oscillator, is considered in the present paper. Spatial variable
belongs to a bounded m-dimensional domain D, supposed that Dirichlet or Neumann
conditions are set on the boundary. Critical values of control parameter, corresponding to
monotonous and oscillatory instability are found. Asymptotic approximations of patterns,
branching from zero uniform solution due to oscillatory instability are found. Asymptotic
approximations are valid for different types of boundary conditions. It is shown that soft
loss of stability takes place in the system. By developing an abstract scheme and applying
Lyapunov-Schmidt method, formulas for consecutive terms of asymptotic expansion are
found. It was found that all terms of asymptotic expansion are odd trigonometric
polynomials in time. Several applications of abstract scheme to one-dimensional domain
are shown. In this case, branching solutions have certain symmetries. It is shown that the
n-th term of asymptotic contains eigenfunctions of Laplace operator with indexes less or

equal to n in the case of Diriclet boundary conditions or less or equal to ”TH otherwise.

Keywords: Rayleigh equation; Lyapunov — Schmidt reduction; self-oscillations; reaction-
diffusion systems.
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