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O MOJIEJINPOBAHUN JTE®@OPMAIIUN IIJIACTIH
A.JI. Ywaxos

Paccmarpupaerca saaunTrdecKue KPAeBhble 3aJaUd I€TBEPTOTO TOPSIIKA, JEXKAIIAE B
OCHOBE MaTeMaTUIeCKUX Mojeseil nedopmanuii IacTuH Ha, yOPYTUX OCHOBAHUSX TIPU CMe-
[MIAHHBIX KPAEBBIX YCJIOBUAX YETHIPEX TEOPETUIECKU BO3MOXKHBIX TUNOB. [Ipemmaraiorcs 3a-
MEIeHUsT ITUX 33/1a9 B BapualMoHHOI dopMe Ha nX DUKTHUBHBIE TPOJOKEHHA. PerreHus
HMOCTEHAX 34439 C HOMOIIBI0 MOAUMUKAIUI MEeTOI0B (PUKTUBHBIX KOMIIOHEHT CBOJILATCS
K DeIeHusM 337349 B TPAMOYTOJbHON obnactu. IIpuBOAATCS ONTUMAIbHBIE OIEHKUA CXO-
MUMOCTY WTEPAIMOHHBIX MPOIECCOB HA HEmpepbiBHOM yposHe. Ilpu mpocroit muckperusa-
1uu (DUKTUBHO TPOIOJIZKEHHBIX 3329 IO METOAY KOHEYHBIX JIEMEHTOB HA TapabOTuIeCKuX
BOCITOJTHEHUAX TTOTY IaI0TCsI 9P PEeKTUBHBIE IUCAECHHBIE MOAN(MUKAIIAA METOA0B (PHKTHBHBIX
KOMIIOHEHT TIPOCTBIE MPU IpakTudeckoil peamu3anun Ha DBM. ITonygyaembie cucremsr Ju-
HEUHBIX aareOpanvecKux YPaBHEHUN MOTYT ONTUMAJBHO PEIIaThCs € MOMOINBI0 METOA0B
UTEPAIMOHHBIX (hakTopu3aluii. B urore mpenjiokeHHble IUCIEHHBIE METOII ABJISTIOTCS JIO-
rapudMUYeCKn ONTUMAJIbHBIMUA VTN OMTUMAJJbHBIMY TI0 KOJIUIECTBY apuMMETUIECKUX OIe-
patuit, HeoOXOIUMBIX TS TOCTHYKEHUS 331ABAEMbIX OTHOCUTENBHBIX MMOTPEITHOCTEH.

Karuesne crosa: deopmayus naacmun; Gukmuenvie npodosrceHus.

1. Maremarudeckue momesu aedopmanuu miaactus. [Iycrs Q, C R? — orpannuenmbie
obsactu. PaccmarpuBaiorcs MaTeMaTudecKne MO TEOPUU YIPYTOCTU JJIsi BBIYUCICHUN JTe-
dopmanuii mIacTuH 1y HA YOPYTUX OCHOBAHUSIX IMOJ, I€HCTBUSIMU JaBJICH fa P PA3JIUIHBIX
OTHOPOJJHBIX KPAEBBIX YCIOBHUIX

2v v r
A%ty + Aaliq = fo, a=1,2,

~ ot v o

ua|1"a,o = 822 oo =0, an‘l“ayl = la,lua|pa’1 =0, (1)
ot o o o
ﬁ Lo - la72ua|ra,2 = 0’ la’luQ|Fa,3 = la,2ua|1—‘a73 = 0

Baecs rpanrutbt Sq = 02 = Lo o UTa1 UTa2UTa s, DaiNla,; =0, ecmui # j, 4,5 =0,1,2,3,
Tl — BHemmHme HopMaan K I, dqo € [0; +00), 04 € (0; 1) — xoucrantor. JInddepennnannsanie
OIIE€pPATOPEI
o o o 2 v 2
la,lua = Auoz + (1 - Ua)na,lna,2uaxy — Ng2Uazz — Na 1 Uayy,

OA y . y
lapua = = <+ (1- aa)ias (Na,1M0,2(Tayy — Taza) + (nal - naz)umy),
(0% (6%
LPUYEM Ng1 = — COS(Nq, L), Na2 = — C€0S(Nq,y). Kpaessle ycinosus u3 (1) oupepensior, 4o y

mractud Ha ' o KecTkas 3anenka, Ha I'o1 — mapuupHoe onupanue, Ha 'y 2 — cumverpus n Ha
I'y 3 — cBOOOIHOE OmUpaHwe.
Mogensm u3 (1) COOTBETCTBYIOT CJIEAYIONIME BAPUAIMOHHBIE MOJen 1ehOpMAIN TIJIACTHH

lig € Hy : Ao(fia, Da) = Ja(Va) Vi € Hy,§o € H,a = 1,2, (2)

rie
o ] ] 0%
H, = Ha(Qa) = {Ua € WQQ(QQ) : Ua‘ra,oura,l =0, # ‘Fa,OUFa,Q = 0} -
a

co00JIEBCKIE TIPOCTPAHCTBA, (DYHKIHH Ha, obracTax (1,

Aa (ﬁom lu)oa) = / (UaAaaAfDa + (1 - an)(aaa::cqjocz’x + 2aaxyqjaxy + ﬁayyijayy) + aaﬁaﬁa)an_
Qo
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Gununeiinbie HopMbl U §o(Ua) = / fa0adQq, — nuneiiabie dyukimonasbl. [Ipeamnonsoxum, aro

JUTS 3371297 (2) IMEIT MEeCTO OIeHKH
Jer, e € (05400) : et [[Ballfyzio,) < AalBarTa) < 2 [|Balliyz(0n) Ya € Haya = 1,2,

2. ®uKTUBHBIE TTPOJOJI?KEHNsI HENPEPBIBHBIX 3a4ad M mX perneHuii. Paccmorpum buk-
THUBHBIE TIPOJIOJIZKEHNST BAPUAIMOHHBIX Moeseii gedopmanuii miactus (2) Buja

9

uweV: A(u, [10)+ Ay(u,0) = g1 (110) + go(0) VO € V J3-a(0) =0 V0 € 173_&, a=1,2, (3)

re

0v

o

V:V(Q):{aewg(m: Olro Ut :0, ]poup2 :0}—

cobosieBckoe mpocTpancTso bynKnmit Ha obtactn 2 ¢ zopmoit |||y, = /A(0, ¥). Orpammriennbie
nnockue obactu , Q3o Takue, uro Oy, Qo C Q, Q = O |, QlﬂQg =0, T1oNT23 2
N0 =S # (Z). I'parmma s = 9 = FOUI‘1UF2UF3, IiNL; =0, ecm i # 7, 4,5 =

0,1,2,3, mpuuem 7i ee BHEIHAST HOpMab. OmpesesnM TOANpOCTPAHCTBA MPOCTPAHCTBA V'
Vig:{ﬁiz €Vt an, :0}, i=1,2

Bagaaum A(u, 0) = A1 (a,0) + Aa(a,0), npuaem A;(a,0) = Ai(tla, ,0]q, ), ¢i(0) = Gi(v]q, )
npu J06bIx 4,0 € V, 1 =1, 2. B 3T0M ciiyuae 6yjgeM CINTATH, ITO UMEIOT MECTO OIEHKN

Jer, 00 € (05400) ¢ e [z () < AW, 8) < e [[8][fyz(0) VO € V.

IIycts f/o = Tv/l D 174 — IpsIMasl CyMMa, TTIOATTPOCTPAHCTR ‘;;2, 1= 1,2, B cKaJIpHOM TTPOU3BEIEHUHT
A(-,-), moampocTpancTBO Vi = {173 ceV: A(v3,09) =0 Vg € ‘7()}, re. V=Vo®Vsn CKaJIIPHOM
npoussenernn A(-, ). Ilpuuem uepes 0y € V, ¥3 € V obosnauenst TIPOEKIINN U Ha COOTBETCTBY-
IOIIIE MOIPOCTPAHCTBA, Jamee BBOAATCA IOAIPOCTPAHCTBA Vé 3i = Vg ® V2 1 =1, 2, Torna
umeer mecto V = Vi @ Va. Bygem cumrars, uto H; = Hy(Q) = Vi(Q:), V(%) = Vg, i = 1, 2,
Hy =V (Qy). § } §
Onpenenum, aro Iz : V. — V2, i =1, 2, — orpanuvernble oneparopsl, mpudem Viz = iml2.
3amMerum mpu 3TOM, 4T0 [;2 = Ii22, T.e. I;2 TPOEKTOPHI, HO HEe 06I3aTEIHHO OPTOPOEKTOPHI. By mem
caurtarh, aro Iy = Iy + I4. Buecw I : V=V - OTPAHUYEHHBIN OIEPATOP, IPUIEM Vo = imlp,
npu 3tom Iy = I3, T.e. Iy TPOEKTOP, HO He 06A3aTETBLHO OPTOMPOEKTOP. MOMKHO OTMETHTE, ITO

Ay (@, Io®) = Ay (i, [18), g1 (Io®) = 1 (10)Vi, b € V.
IIpeamonoxkenue 1. Hmerom mecmo caedyrowjue HEPABEHCTNEA
361 € (0;1] 3Bz € [B1;1]: BiA(3,03) < Ao(,03) < B2, 03) Vg € Va.

3. Moandukaiiuu MeToa0B (PUKTUBHBIX KOMIIOHEHT. g Bbraucaennit gedopmarnii mia-
CTHWH HA HEMPEPBIBHOM YDOBHE OBLIN MPE/IOKEHBI CIeTYIOIIIe UTePAIHOHHbIE MPOTecchl [1].

aF eV AGF — b1 o) = —mp (AL (R 0B) 4 Ag(@F 1, 9) — Gu(10) — §2(0)) VB € V,
n=02-a)+(a—1)1, 7€ (0;2), (4)
e € (0; 28, ), ke N\{1}; Vi’ € V, CV, a=1, 2.

Teopema 1. Jlas umepayuoHuvls npoueccos us (4) umerom mecmo cACOYOuLUe OUEHKU

at -l < & ||a’ keN,a=1,2.
1%
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|t — || < nly ||d -

uaa:L
v

2de
0< &0 <((2—a)di + (a—1)g)¢"

01 Z\/thlé—l, I =Ny, 0 < =max{[l —751], 1—7|}, 7€ (0;2),
0<qg=max{|l —761|, |1 =76} <1,7€(0;28;,").

3ecs I onepatop Toxiectsennoro npeodpasosanna uz Ve V. Eoma =2u7m =7 = 2 /(14 /1),
10 q1 = (1 - p1)/(1+ B1). Ecn 7, = 7 = 2/(B2 + B1), T0 ¢ = (B2 — B1)/(B2 + B1), k € N\ {1}.
4. Muckpern3anyu (PUKTUBHO MMPOJOJIXKEHHBIX 3a4a4. [Ipu juckperusanuun 3aga4 u3 (3)
OyaeM JOIOJTHUTEIBHO IIPEII0IaraThb, ITo

. 9 . . ov
V=VQ) = {v € Wg(ﬂ) : U‘FoUIH =0, pr }poupz = 0},

e obmacts 0 = (0;b1) x (0;b2), ¢ rpanunavmu g = 0, Ty = {b1} x [0;b2] U[0;b1) x {2},
s=T1JTs, I'3=0,s =099, by,by € (0;+00), T.e. paCCMATPUBAIOTCA 3a,Ja4H, PEIIeHIe KOTOPBIX
uzyqanoch yxe panee B [2]. IIpepnaraerca paccMoTperh Ha OCHOBE METOJA KOHEUHBIX 3JIEMEH-
TOB CHCTEMBI JINHEHHBIX aare0panvecKuX ypaBHEHNiT, Oy Jai0NIXCs IPY JUCKPETU3AIUN 33,124,
IPEeIOKEHHBIX B (3),

Biu=3g. (5)
Brecs @ € RNV, g € RN, Ilyers © € RY: © = (v1,...,un), N =m-n, m, ne N, a Un(im1)4j =
vij, 1t = 1,...,m, j = 1,...,n, u v;j aBIAIOTCA 3HAYEHNAMMU (DYHKIMN JIMCKPETHOI'O apryMeHTa,
COOTBETCTBYIOIIEro y3mam ceTku (24, Yy;) = ((1 — 0,5)h1, (j — 0,5)he), marn cerkn hy = by /(m +
0,5), ha = by/(n+0,5), cocTosmeit n3 ykazanubIX Bbiie y3108. Marpuna B pazmepuoctu N X N

(Bu,v) = A (@, [17) + Ao(@,9) Vi, 0 € V C V,
a BeKTOpHI § ompeenenst (g, 1) = §1(119) + §a() mms moboro & € V. 3nech (-, -) — ckaaaproe
N

MPOM3BEIEHNE BEKTOPOR, mpuueM (i, U) = Z UV h1ho A5t TIOOBIX U, U € RY. TloampocTpancTBo
k=1

n

m
‘7 = 0:0= szi,j(pi’j(xay)vvi,j € R, C ‘V/,
i=1 j=1

riae basucHble QYHKITUT
O (2,y) = U1i(2)W2(y), Vi,i(z) = B(1/) U (x/hy — i+ 3)+U (/b — i+ 2)=E(i/m)¥(z/hy — i

Wy i(y) = E(1/5)¥(y/he — j + 3)+¥(y/ha — i+ 2)=E(j/n)¥(y/ha — j),i =1,...,m,j =1,....,n,
0,522, z € [0;1],
U(z) =< —224+32z-1,5, z€[1;2],
0,522 —3z 44,5, z € [2;3],

~
~—

U(z) =0, z¢[0;3], E(-) — menag gacts uncaa. Bygem npeanosarars, aro omneparop Iy npocto
obHyngeT Bce KO3PPUIUenTsl v; j y 6a3ncHbIX MyHKITHI %7 (2,y), HOCHTEN KOTOPHIX HMEIOT He
IyCTOe TIepecevenue ¢ rpanureii S, r.e. ¢ rpanuneil (4acTbio rpaHUIbl 061ACTH), 9€Pe3 KOTOPYIO
OCYTIIECTBJISIIOTCS TTPOIOJIKEHNS 331a4 U MX perrennii. BeemeM B paccMoTpenne moampoCTpaHCTBA

%2:{171-26‘7:171»2‘9\92. :0}, i=1,2
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IIycrs ‘70 =VeW npgMas CyMMa, [OJIPOCTPAHCTB ‘;;2, 1 = 1,2, B CKQJIIPHOM TTPOUBBEICHUHT
A(-, ). MopmpocrpancTBO

%:{@361/: A(ﬁg,ﬁo):owoe%},

Te. V = Vo ® V3 B CKAIAPHOM NPOH3BEICHAN A(-,-), a gepe3 Uy € V, o3 € V oboznaue-
HBI IPOEKIUK U HA COOTBETCTBYIOIINE MMOAIIPOCTPAHCTBA. BBegem cieyromniue moampoCcTPanCTBa;
f/g,;% = ‘73 @b f/iz, ¢t =1, 2, Torjaa uMeer MecTo V= ‘71 &5} f/g

3ameuanue 1. Vlmeror MecTo ciemyionme HEPABEHCTBA

1€ (0:1) 3B € |Bis1]  BuA(E, ) < Ao(Ta, Ta) < BoA(Ta, T) Vi € Va.

5. Mogudukanuu meronoB PUKTUBHBIX KOMIIOHEHT HA AUCKPETHOM yposHe. lIpemra-
TAlOTCS UTEPAIMOHHBIE TPOIECCH BRIYUCACHUN JedOpMalii IIACTHH Ha UCKPETHOM YPOBHE

ik eV Aak — @b~ 0) = —m (A (@1, [18) + Ag(@F 1, D) — g1 (1D) — §2(0)) VB €V,
n=02-a)+(a-1r 7€(0;2), (6)
€ (0; 26, 1), ke N\{1}; Vi’ € V, CV, a =1, 2;

Moau UK METOI0B (PUKTUBHBIX KOMIIOHEHT Ha MATPUIHOM YPOBHE

" e RN : A@@h — a1 = —7(Buh ! - g),
n=2-a)+ (a1 7€(0;2), (7)
7 € (0; 26, 1), ke N\ {1}; V@’ € V, c RN, a =1, 2,

rie
f/l:{ﬁlef/: 1716‘71},‘72:{1726‘7: A(@Q,@l)zovmeﬁ},

Va C RY — moampocTpancTBa, COOTBETCTBYIOMIE MOAIPOCTPARCTBAaM Vo, o = 1, 2, a maTpuna A
pasmeproctu N X N onpegnensiercss (A, v) = A(@,0) ays 106X U, 0 € Vcv.

3amedanue 2. Ecau mpeanonararh, 9To oneparop [1mpocTo obHyIsseT Bce KOdhdumeHTs!
v;; y OasncHBIX dyHKIMIT @ (z,y), HOCHTEIM KOTOPHIX NMEIOT He mycToe nepecedenne ¢ Q\),
T0 B (6), (7), B OIlEHKAX OTHOCHTEIHHOI OTPEITHOCTH MOXKeT MOSBATHCS 3aBUCHMOCTD OT INAroB

CeTKu
Jee(0+00): &1 =/|Ll} -1, [I-1

Bameuanue 3. Ecm B (6), (7), a =2u 1 =7 = 2/(1 + 1), 10q1 = (1 —51)/(1 + B1).
Ecm B (6), (7) 7, = 2/(52 + 1), 10 g = (P2 — Bl)/(BQ +B1), ke N\{1}.

BoiBoa. [Ipu pemennn 3a/1a4, BO3HUKAIONIMX HA KAZKJIOM [IAIE UTEPALMOHHBIX POLEccoB u3 (7)
MOKHO MCIIOJIB30BAaTh METOJ nTeparnoHHbIx dakropusanuii n3 [2]. Tus pemenns 3amaa us (5) ¢
N mensBecTHbIME (IIATW CETKU OHOTO TOPSJIKA) MO TPEJIOKEHHBIM UTEPAIMOHHBIM TIPOIECCaM
u3 (7) rpebyercs, ecim a = 1 ne Gosee uem O(NIn N1n?e.!) apudbmernueckux onepanuii, ec-
o = 2 me Gosee uem O(N In? e, 1) apudmernuecknx omeparmii. JI1g BHIGOpA HTEPATIHOHHEIX
napamMerpoB Ty He Tpebyercss 3HAHWS KOHCTAHT Bl, Bg. IIpu BBIOOpPE 3THX TApPAMETPOB MOXKHO
HCIIOJIb30BATH M3BECTHBIE BAPHUAIMOHHBIE METOALI U PEKOMEHI0BaTh, P & = 1 CO BTOPOI mTe-
pamuu MeToJ, CKOPEHIero Crycka, a npu o = 2 yKe C [MepBOil MUTepalud MeTO) MUHUMATbHBIX
IIOIIPABOK.

o <clh| ™2, |n| = min {h1, ho}.
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About Modelling of Deformations of Plates

A.L. Ushakov, South Ural State University (Chelyabinsk, Russian Federation),
ushakov_al@inbox.ru

Of concern are the elliptic boundary problems of the fourth order which are underlying
in mathematical models of deformations of plates on the elastic bases under the mixed
boundary conditions of four theoretically possible types. Replacements of these problems in
a variation form to their fictitious continuations are proposed. Solutions of the last problems
by means of modifications of fictitious components methods are reduced to solutions of
problems in a rectangular area. Optimum estimates of convergence of iterative processes
at the continuous level are given. At simple sampling of fictitiously continued problems
by method of final elements on parabolic completions, effective numerical modifications
of fictitious components methods turn out to be suitable for practical realization on the
computer. The received systems of linear algebraic equations can be optimally solved by
means of iterative factorizations methods. As a result the proposed numerical methods are
log-optimal or optimal by number of arithmetic operations necessary for achievement of set
relative errors.

Keywords: deformations of plates; fictitious continuations.
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